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M (r, s)-inequality for (X,Y) in L(X,Y)
RAINIS HALLER, MARJE JOHANSON, AND EVE OJA

ABsTrRACT. We study Banach spaces X and Y for which the subspace
of all compact operators K(X,Y) forms an ideal satisfying the M (r, s)-
inequality in the space of all continuous linear operators £(X,Y). We
prove that K(X,Y) is an M(r3rs,s3s2)- and an M(ri73, s153)-ideal in
L(X,Y) whenever K(X) and K(Y) are M(r1, s1)- and M (rz, s2)-ideals in
span(K(X) UIx) and span(K(Y) UIy), respectively, with r1 +s1/2 > 1
and T2 + s2/2 > 1. Our results extend some well-known results on
M-ideals.

Introduction

According to the terminology in [3], a closed subspace IC # {0} of a Banach
space L is said to be an ideal in L if there exists a norm one projection
P on £* with ker P = K. If moreover, there are 7,5 € (0,1] so that
W1l = r||Pfll+sllf—Pf| forall f € £L*, then we say that IC is an M (r, s)-ideal
in £. (In [2] and subsequent works such a K was called an ideal satisfying
the M(r, s)-inequality in £.) Well-studied M-ideals (see [4] for results and
references) are precisely M (1, 1)-ideals.

If € is an ideal in £, then it is well known and straightforward to verify that
for every f € L*, Pf € L* is a norm-preserving extension of the restriction
flx € K*. Therefore, ran P is canonically isometric to £* and we shall
identify them whenever convenient, identifying Pf and f|x for all f € L*.

In this paper we study Banach spaces X and Y for which the subspace of all
compact operators (X, Y") forms an M (r, s)-ideal in the space of all continu-
ous linear operators £(X,Y) from X to Y. Instead of (X, X) and L(X, X)
we write I(X) and £(X), respectively. Our results assume (sometimes im-

" plicitly) that X or Y has a (shrinking) metric compact approximation of the
identity.
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Recall that a net (K,) of compact operators on a Banach space X is a
metric compact approzimation of the identity (MCAI) provided || K,| < 1,
for any «, and K, — Ix strongly (where Ix denotes the identity operator
on X). If, moreover, K} — Ix~ strongly, then (K,) is called shrinking.

Our main theorem (see Theorem 11 and Corollary 12) asserts that £(X,Y)
is an M (r172, s153)-ideal in £(X,Y’) whenever K(X) and K(Y') are M (1, s1)-
and M (rg, s9)-ideals in £(X) and L(Y"), respectively. This theorem contains,
as a special case of r; = 81 = 19 = s9 = 1, its prototype from [9] (see also [4,
p. 301]): if K(X) and K(Y) are M-ideals in £(X) and L(Y'), then £(X,Y)
is an M-ideal in £(X,Y). The theorem will be proven in Section 3 relying
on results of [11], on conditions expressed in terms of £(X,Y) for L(X,Y)
to be an M(r, s)-ideal established in the next Section 1, and on Section 2
where M-ideals results and methods from [9] are extended and developed.

Let us fix some more notation. The closed unit ball of a Banach space X
is denoted by Bx. The linear span of a set A C X is denoted by span A.

1. The M(r, s)-inequality in terms of L(X,Y)

Let X and Y be Banach spaces. By the proof of Lemma 1 in [5], if (K,) is
a weak* convergent (in /C(X)**) shrinking MCAI of X (respectively, a weak*
convergent (in IC(Y)**) MCALI of Y), then K£(X,Y) is an ideal in £(X,Y)
with respect to the projection P on £(X,Y)* defined by

Pf(T) = li(Enf(TKa), felX,Y), TeL(X)Y)
(respectively,

Pf(T) = liglnf(KaT), feLl(X,)Y), TeLl(XY)).
Following [12] we call P the Johnson projection. The following result holds

by the proof of Theorem 2.4 in [8, p. 36]. We present a self-contained proof
for completeness.

Proposition 1. Let X and Y be Banach spaces. Then K(X,Y) is an
M (r, s)-ideal in L(X,Y) with respect to some Johnson projection whenever
there is an MCAI of Y (respectively, a shrinking MCAI of X) with

limsup ||rS +s(T — K, T)|| <1
63
(respectively,
limsup ||rS + s(T — TK,)|| <1)
for any S € B(x,y) and T € Br(xy)-

Proof. Let (K,) be an MCAI of Y (the proof is almost verbatim with
obvious changes if we assume that there exists a shrinking MCAI of X). By
the weak” compactness of Bi(x)--, passing to a subnet if necessary, we can
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assume that K(X,Y) is an ideal in £(X,Y) with respect to the Johnson
projection defined by

(PIT) =lim f(K.T), feLX,Y), TeLX)Y).
Let us fix f € L(X,Y)* and ¢ > 0. Recalling that |Pf| = ||f|c|, we
choose S € By x,v) and T' € B(x,y) so that
rIPfll+sllf = PfIl — e < rf(S)+s(f — PF)(T).
Therefore, by definition of P, we have
rI|PfIl + sllf — Pfll — e <rf(S)+sf(T) - slim f(K,T)
=lim f(rS + s(T — K, T))
< |If|| imsup ||[rS + s(T — K, T)||
< II£ll;
whenever limsup,, (7S + s(T' — K,T)|| < 1. O

Remark. From [2, Theorem 3.1] it easily follows that Proposition 1 is
invertible in the case when X =Y and r + s/2 > 1: if K(X) is an M(r, s)-
ideal in £(X), then X admits a shrinking MCAI (K,,) such that

limsup ||rS + sT(Ix — K,)|| <1

for any S € By(xy and T € Br(x)-

2. Properties M(r,s) and M*(r, s)

Let r,s € (0,1]. According to [1], we shall say that a Banach space X has
property M(r,s) if

limsup |[ru + sz, || < limsup |jv + z,||
[0 (63

whenever u,v € X satisfy |[u|| < ||v|, and (z,) is a bounded net converging
weakly to null in X. We shall say that X has property M *(r, 8) if

lim sup [|ru* + sz,|| < limsup |[v* + |
o o

whenever u*,v* € X* satisfy |[u*|| < |jv*|, and (z%) is a bounded net con-
verging weak™ to null in X*.

An impulse for investigating properties M (r,s) and M*(r,s) came from
the study of M-ideals where the prototypical properties (M) and (M*), in-
troduced in [7] (see also [6]) (where the sequential version was used; see [9] for
the general version), have turned out to be the key structure conditions for
X in order for K(X) to be an M-ideal in £(X). A much more general version
of property (M*), namely property M*(a, B, c), was introduced and studied
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in [11] (see also [10]). It can easily be seen that property M*(s,{—s},r) is
precisely property M*(r,s) and property M*(1,1) is property (M*).

Analogously to [7, Proposition 2.3] (see also [9, Proposition 2] or [4, Propo-
sition 4.15] and [11, Proposition 1.3]), one can prove that property M*(r,s)
implies property M (r, s) and, moreover, it implies that X is an M (r, s)-ideal
in X™* with respect to the canonical ideal projection on X***.

Similarly to [7, Lemmas 2.1 and 2.2] (see also [9, Lemma 4] or [4, Lemma
4.14]) one can prove the following lemma. For the sake of completeness, we
present its proof here.

Lemma 2. Let X and Y be Banach spaces with properties M (r1,s1) and
M((rq, s2), respectively. If (u,) C X and (vy) C Y are relatively norm-
compact nets with ||v,]] < |Jug|| for every a, and (z,) is a bounded weakly
null net in X, then

lim sup ||r17evs + 818272, || < limsup ||ug + Z4 |
[0 o
for any T € Bz (x,y)-
Let X andY be Banach spaces with properties M*(r1,s1) and M*(ra, s2),
respectively. If (u}) C X* and (vi) C Y* are relatively norm-compact nets

with ||[ul|] < ||vk|| for every «, and (y%) is a bounded weak*-null net in Y*,
then

lim sup ||rireu), + s152T"yy || < limsup ||v), + v ||
87 o
for any T' € Br(xy)-

Proof. We only give the proof of the first half of the lemma; the other
half is a matter of similarity. We first do the case ||T|| = 1. Suppose that,
contrary to our claim,

lién lr17move + s182T 0| > liﬁryn lua + 24|

for some relatively compact nets (u,) C X and (vy) C Y with |jua]| < ||ual]
for every «, and for some bounded weakly null net (z,) C X. By passing to
subnets, we may assume that u, — « in X and v, — v in Y. Consequently,

lim ||rirev + 81827 %, || > lim ||u + z4 |-
a7 o

For any ¢ choose z € Bx so that (1+ ¢€)||Tz| > 1. Note that (T'z,) is a
bounded weakly null net in Y. Applying property M (rz, s2) we have

liorln |lr1mov + s182Tx, || < limsup ||r1(1 + e)||v||Tx + s1Tz, |
o
< limsup |71 |Jv]|lz + s124| + €]|v]],
(e

and applying property M (r1,$1) we have

limsup [[r1[|v]|2z + 5124 < lim [[u + z4].
o :
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This leads to
lién |r172v + s189T 'z, || < li;n llu + z4|l,

which is a contradiction.
The general case follows now by writing T € Br(x,y) in the form T =
AT"+ (1 = \)T” for some A € [0,1] and T/, T" with ||| = |T"|| =1. O

Remark. In the special case of r1 = 51 =79 = 59 = 1 Lemma 2 reduces to
[9, Lemma 4].

The following lemma, (inspired by [9, Theorem 5, (d)=>(e)]) shows how to
fulfill the lim sup assumptions of Proposition 1.

Lemma 3. Let X and Y be Banach spaces with properties M (r1,s1) and
M (ra, s2), respectively. If there exists a shrinking MCAI (K,) of X such that

limsup limsup ||FKp + 5(Ix — K,)|| < 1
ﬁ o

for some 7,8 > 0, then
limsup ||rS + s(T — TK,)|| < 1
forany S € Bx(xy) and T € Br(x,y), where r = rirof and s = s15,5.

Let X andY be Banach spaces with properties M*(r1,s1) and M*(rq, s2),
respectively. If there exists an MCAI (K,) of Y such that

lim sup lim sup ||FKg + §(Iy — K,)|| <1
B a

for some 7,5 > 0, then
limsup |78 + s(T — K, T)|| < 1

for any S € By(xy) and T € Br(x,y), where r = rirof and s = 515,5.

Proof. Assume that (K,) is a shrinking MCAI of X. Fix S € Bx(x,v)
and T' € By (x,y). Since K — Ix- uniformly on compact sets, SK, — S
Therefore

limsup ||rS + s(T — TK,)|| < limsuplimsup ||[rSKs; + s(T — TK,)|.
a7 B @
Fix 3. We may assume that there is a net (z,) C Bx such that
limsup ||rSKp + s(T — TK,)| = limsup ||[rSKsz, + s(T — TK,)zo||-

Note that (SKszs)e C Y and (Kgz,)s C X are relatively norm-compact
nets with |[SKgxz,| < |[Kz.| for any o, and ((Ix — K,)z,) is a bounded
weakly null net in X. Hence, by Lemma, 2,

limsup [[rSKpzs + (T — TK,)zo| < limsup ||[FEKsza + 3(Ix — Ko)zo||
o o

< limsup K5 + 5(Ix — Ka)| < 1,
(6%
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and the claim follows.
Assume now that (K,) is an MCAI of Y. Fix S € Bgxyy) and T €
Br(x,y)- Since K, — Ix uniformly on compact sets, K,S — S. Therefore

limsup ||rS + s(T — K, T)|| < limsuplimsup ||rKgS + s(T' — K, T)||
a B a
= lim sup limsup ||rS* K} + s(T* — T*K,)||.
I} o

Fix . We may assume that there is a net (y)) C By~ such that
limsup |[[rS*Kj + s(T" — T*K,)|| = limsup ||[rS* Ky, + s(T* — T*K},)y,|l-

Note that (S*Kjy,)o C X* and (Kjy,)o C Y™ are relatively norm-compact
nets with ||S*K yall < | Kzy5 | for any o, and ((Iy — Ko)*yp) is a bounded

weak*-null net in Y*. Hence, by Lemma 2,
limsup ||rS* Ky, + s(T™ — T K}y, || < limsup [|FKZy,, + 3y — Kao) "y,
< limsup [[FK; + 5(Iy — Ko)*| < 1,

and the claim follows. : O

3. Main results

As auxiliary results, we shall need two more lemmas together with
their obvious corollaries. We first introduce the special notation Z(X) for
span(fC(X) U Ix) while X is a Banach space.

Lemma 4 (see [11, Corollary 4.4]). Let X be a Banach space. If r,s €
(0,1] satisfy r + s/2 > 1, then the following assertions are equivalent.
1° K(X) is an M(r, s)-ideal in Z(X).
2° X has an MCAI and property M*(r,s).

Lemma 5 (see [2, Theorem 3.1]). Let X be a Banach space and let L C
L(X) be a closed subspace containing Z(X). Ifr,s € (0,1] satisfyr+s/2 > 1,
then the following assertions are equivalent.

1° K(X) is an M(r, s)-ideal in L.
2° There exists a shrinking MCAI (K,) such that

limsup |rSK, + s(T — TK,)| VS,T € Bg.
[
Corollary 6. Let r,s € (0,1] satisfy r +s/2 > 1. If K(X) is an M(r, s)-

ideal in T(X), then X has property M*(r,s) and there is a shrinking MCAI
(K,) of X with

limsup [|[rS +s(Ix — Ko)|| <1 VS € Byx)-
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Corollary 7. Letr,s € (0,1] satisfy r +s/2 > 1. If K(X) is an M(r, s)-
ideal in L(X), then K(X) is an M(r, s)-ideal in T(X).

The M-ideal prototype (that is the case when 71 = s; = ry = s9 = 1) of
the following Theorems 8 and 9 and their Corollary 10 is [9, Theorem 8.

Theorem 8. Let X and Y be Banach spaces. Assume that K(X) is an
M(r1,81)-ideal in T(X) with r1 + s1/2 > 1, and Y has property M (ro, s3).
Then K(X,Y) is an M(r?ry, s2s2)-ideal in L(X,Y).

Proof. By Corollary 6, X has property M*(ry, s1), recall that this implies
property M(ry,s1), and there is a shrinking MCAI (K, )aeca of X with

limsup ||mKs+s1(Ix — K,)|| <1 VBe A
o
By the first part of Lemma 3,
limsup ||r?raS + s2s5(T — TK,)| < 1
o

for any S € By(x,y) and T € By (x,y). Now the claim follows from Proposi-
tion 1. 0

Theorem 9. Let X andY be Banach spaces. Assume that X has property
M*(r1,51) and K(Y') is an M(rq, s3)-ideal in Z(Y) with 13 +s2/2 > 1. Then
K(X,Y) is an M(rir2, s153)-ideal in L(X,Y).

Proof. Analogously to Theorem 8, the claim follows from Proposition 1 by
Corollary 6 and the second part of Lemma 3. O

Recall that M (1,1)-ideals are just M-ideals. Hence, the following Corol-
lary 10 is immediate from Theorems 8 and 9 by Corollary 7.

Corollary 10. Let X be a Banach space such that K(X) is an M-ideal in
L(X). Then K(X,Y) is an M(r,s)-ideal in L(X,Y) for all Banach spaces
Y with property M(r,s), and K(Y, X) is an M(r, s)-ideal in L(Y,X) for all
Banach spaces Y with property M*(r, s).

Gathering the assumptions of Theorems 8 and 9 together and using
Lemma 4 yield our main result.

Theorem 11. Let X and Y be Banach spaces. Assume that K(X) is an
M(r1,81)-ideal in (X)) with 1 + s1/2 > 1 and K(Y) is an M(ry, s3)-ideal
in Z(Y) with ro + 52/2 > 1. Then K(X,Y) is an M(r?ry,s2sy)- and an
M (r173, s182)-ideal in L(X,Y).

Using Corollary 7 this immediately implies
Corollary 12. Let X andY be Banach spaces. Assume that KK(X) is an
M (r1,81)-ideal in L(X) with r1 +s1/2 > 1 and K(Y) is an M(rq, s5)-ideal

in L(Y) with r2 + 52/2 > 1. Then K(X,Y) is an M(r?ry,s?s5)- and an
M (r172, s18%)-ideal in L(X,Y).
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Remark. Corollary 12 extends [9, Corollary 9] (which is [4, Corollary 4.18])
from M-ideals to M(r, s)-inequalities.

The following is immediate from Corollary 7 and Theorem 11.

Corollary 13. Letr+s/2 > 1. If K(X) is an M (r, s)-ideal in L(X), then
K(X) is an M (r, s)-ideal in Z(X). If K(X) is an M (r, s)-ideal in Z(X), then
K(X) is an M(r3, s®)-ideal in L(X)

Problem. In the special case of r = s = 1 Corollary 13 reduces to Kalton’s
theorem |7, Theorem 2.6 (see [9, Theorem 5] or [4, Theorem 4.17] for its
non-separable case): K(X) is an M-ideal in £(X) if and only if £(X) is an
M-ideal in Z(X). It is not known whether Corollary 13 could be improved
to yield the desirable result: IC(X) is an M (r, s)-ideal in £(X) if and only if
K(X) is an M(r, s)-ideal in Z(X).
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