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Examination of generalized Tribonacci dual
quaternions

ZEHRA ISBILIR AND NURTEN GURSES

ABSTRACT. This manuscript deals with introducing and discussing of a
new type dual quaternions which are named generalized Tribonacci dual
quaternions (GTDQ, for short). For this purpose, several new proper-
ties, such as Binet formula, generating function, exponential generating
function, matrix formula, and determinant equations, are established.
In addition to these, some numerical algorithms are constructed. In the
last part, some special cases of the family of the GTDQ are examined
regarding 7, s, t values and initial values considering concluded results.

1. Introduction

Hamilton’s quaternions have various applications and importance over
the number theory and they extend complex numbers with a remarkable
way [17,[18]. Quaternions are widely used in many areas such as pure and
applied mathematics, motion geometry, differential geometry, graph theory,
computer animation, robotics, etc. The algebra of quaternions is associative,
non-commutative, and a 4-dimensional Clifford algebra. A quaternion is
represented by ¢ = qo + q1¢ + q27 + g3k, where qo, q1,92,q93 € R and 4,5, k
are quaternionic units that satisfy the rules ([17,/18]): 2 = -1, j? = —1,
k> = —1,4ij = —ji = k, jk = —kj = i, ki = —ik = j. Many researchers
have studied and examined various types of quaternions in the quaternion
family, such as split quaternions, generalized quaternions, etc. [9,25}31}
34]. Additionally, the concept of quaternion-valued short-time special affine
Fourier transform is introduced and examined in [57].

The most attractive ones in the quaternion family are dual quaternions
which have been studied by Majernik [30]. Dual quaternions are determined
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by the set Hp = {ql¢ = g0 + q1i + q27 + g3k, qo,q1, 92,93 € R} where i,75, k
satisfy the following rules ([11.30]):
==k =ijk=0, ij=ji=jk=kj=ki=1ik=0. (1)
On the other hand, special sequences (or numbers) are popular, interest-
ing, and essential topics of mathematics (especially in number theory). A
growing number of ongoing studies has been done on special numbers with
different orders. Fibonacci and Lucas numbers ([10,29]) are the most pop-
ular members of the general second-order linear recurrence sequence named
Horadam [20]. Horadam polynomials are examined in geometric function
theory [56,58,59] as well. Besides, the members of third-order linear re-
currence sequences, such as Tribonacci, Tribonacci Lucas, Padovan, Pell-
Padovan sequences, have also attracted a great attention as members of gen-
eral third-order linear recurrence sequence named as generalized Tribonacci
sequence (see the studies |1,/4-8,/12.|14}26,27,33.[35-55,63-65]). Generalized
Tribonacci sequence {71}, (1o, T1,T2;7,5,t) tn>0 ({Tn}n>0, in short) satisfies
the recurrence relation
Ty =rTh 1+ 8Ty o+tl, 3, n=>3, (2)

where the initial values Ty = a,77 = b,T5 = c are arbitrary integers and
r,s,t € R [2]. It can be extended to negative subscripts as follows [41]:

Top= =T )= i) + 1Ty m€LT, 70 (3)

Hence is valid for every n € Z.

Additionally, one can observe that the study of various types of quater-
nions with special numbers components is an intensively discussed topic
in the literature. Fibonacci and Lucas real quaternions are examined in
[13,/16},19,22]. Narayana (or Fibonacci-Narayana) generalized quaternions
are discussed in [13]. Padovan and Pell-Padovan quaternions are introduced
in [60]. Some properties of Padovan quaternions are studied in [15]. Padovan
and Perrin generalized quaternions are determined in [24]. Real quaternions
with generalized Tribonacci numbers are examined in [2]. Bicomplex gen-
eralized Tribonacci quaternions are observed in [28]. Dual third-order Ja-
cobsthal quaternions are discussed in [3]. Padovan, Perrin and Pell-Padovan
dual quaternions are examined in [23]. Dual Fibonacci quaternions are stud-
ied in [62] and generalized dual Fibonacci quaternions are examined in [61].

The fundamental aim of this present work is to determine and examine a
new type of dual quaternions which are called the generalized Tribonacci dual
quaternions (GTDQ). These types of quaternions are discussed regarding
special initial values and r,s,t values. Additionally, a recurrence relation,
a Binet formula, a generating function, an exponential generating function,
matrix equalities, determinant equations, and several special properties are
studied. Some numerical algorithms are given to find the nth term of GTDQ.
At a final glance, special cases are examined in detail using concluded results.
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2. Basic notions

This section gives the general notions about dual quaternions ([11}30])
and basic discussions regarding generalized Tribonacci numbers ([1},4-8,/12,
14126},27,32,(33}35[-55|,63-66] ).

The dual quaternion ¢ € Hp can be written as ¢ = Sq—i—Vq, where S; = qo
is the scalar part and 7q = q1t + q2J + g3k is the vector part. For q,p € Hp,
regarding , the following operations are given:

* =P <= qo=Dpo,q1 = P1,92 = P2,q3 = P3,

« qEp=qoEpo+ (@ £p1)i+ (g2 £ p2)j + (a3 £ p3)k,

o A\q = Aqo + Aq1i 4 Agej + Agzk, A € R,

e qp = (qo + q1i + g2 + q3k)(po + pri + p2j + p3k).
Also, this implies that S¢+, = qo £ po = Sq £ S, and tip = 7q + 71,.
The conjugate of a dual quaternion ¢ is § = qo — q1¢ — q25 — q3k. Then,
q=S5,— éq and the norm of ¢ is N, = qg = qq = 3 ([30]).

On the other hand, the characteristic equation of generalized Tribonacci

numbers (see ([2)) is
2 —ra? — sz —t=0. (4)
The roots of are given as

r1=%+a+p8, za=%L+ea+e?B, z3=%L+la+ep,

where
_ 3/rs TS t _ 3/r3 TS t
0‘*\/2*7+€+5+\/l7a B=\m+% T3V
— —14iV3 _r’t _r?s® | st 8% 2
e=—9 =% " 18 T ~ @t
and x1 + 9 + 13 =71, T1x2 + T1x3 + Toxz = —S, x1x9x3 = t. The following

equality is called the Binet formula for generalized Tribonacci numbers ([2]):

Pz Rax? Sz
In = (331*962)(:151*953) T (932*961)(;2*903) - (933*11)(303*902) ’ (5)
where N
]3 =c— (xa + 23)b + xaz30,

R=c— (z1 + 23)b + 21230, (6)
S =c— (1 + x2)b+ z1290.

Howard and Saidak [21] show that the Binet formula of numbers satisfying
is valid for every n € Z [41]. Besides, a useful way to generate T), is

r s t
using the S-matrix ([36,(63]) S= | 1 0 0 |, which is studied as a gener-
010

alization of the R-matrix (see [27,/64]). Then, the matrix representations of
some third-order special recurrence sequences with negative subscripts are
studied in [32] and [66]. Also, considering these basic facts, Table [1] rep-
resents several members of this family according to both initial values and
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r, s,t values. Also, some special subfamilies of this quite large sequence fam-

ily according to 7, s,t values can be examined in Table 2l For getting more
1 (601/6366].

detailed information see studies |

4812414126, 27,32,

TABLE 1. Several members of generalized Tribonacci numbers.

Name {Tn} ={Tn(To, Th,T2;7,s,t)} Recurrence Relation
Tribonacci {A,} ={Tn(0,1,1;1,1,1)} Apn=An_1+An 2+ An_3
Tribonacci—Lucas {B,} ={Tn(3,1,3;1,1,1)} B, =B,_-1+Bn_2+ Bn_3
Tribonacci—Perrin {Cn} ={Tn(3,0,2;1,1,1)} Cn=Cn_1+Cpn_o+Cnh_3
M. Tribonacci {Dn} = {Tn(1,1,1;1,1,1)} Dy =Dp_1+ Dn_s+ Dn_3
M. Tribonacci—Lucas {E,} ={Tn(4,4,10;1,1,1)} E,=E, 1+E, 2+ E,_3
A. Tribonacci—Lucas {F,} ={Tn(4,2,0;1,1,1)} Fo,=F, 1+ Fn_2+F,_3
Padovan (Cordonnier) {Gn} ={Tn(1,1,1;0,1,1)} Gn =Gn_2+Gn_3

Perrin {H,} ={T»(3,0,2;0,1,1)} H,=H, s+ H,_3

Van der Laan {I,} ={T.(1,0,1;0,1,1)} I,=1I,_2+1,_3
Padovan—Perrin {Jn} ={T%(0,0,1;0,1,1)} Jn =Jn_o+ Jn_3

M. Padovan {K»}={T-(3,1,3;0,1,1)} K,=K, 2+ K,_3

A. Padovan {L,}={T»(0,1,0;0,1,1)} Ly,=Lp_o+Ly_3
Pell-Padovan {M,}={T,(1,1,1;0,2,1)} M, =2M, _>+ M, _3
Pell-Perrin {N,} ={T,(3,0,2;0,2,1)} N, =2N,,_2+ N, _3

T. Fibonacci—Pell {0} ={T.(1,0,2;0,2,1)} O, =20,_2+0,_3

T. Lucas—Pell {P,} ={T.(3,0,4;0,2,1)} P, =2P,_2+ P,_3

A. Pell-Padovan {R,}={7-(0,1,0;0,2,1)} R, =2R,_2+ Rn_3

T. Pell {Sn} ={T»(0,1,2;2,1,1)} Sn =2Sn—1+ Sn—2+ Sn_3
T. Pell-Lucas {Un} = {T0n(3,2,6:2,1,1)} Un = 2Un—1+Un—s + Un_s3
T. modified Pell (Vi) = {Tn(0,1,1;2,1,1)} Vi = 2Vn1 + Vo + Va_s
T. Pell-Perrin {W,} ={T.(3,0,2;2,1,1)} Wp =2Wh_ 1+ Wy o+ W,_3
T. Jacobsthal {Xn}={T1(0,1,1;1,1,2)} Xn=Xn_-1+Xn_2+2X,_3
T. Jacobsthal-Lucas {V,} ={Tn(2,1,5;1,1,2)} Y.,=Yn_1+Yn_2+2Y,_3
M. T. Jacobsthal {Zn} = {Tn(3,1,3:1,1,2)} Zn = Zn1+ Znn+2Zn_3
T. Jacobsthal-Perrin {I',} ={T.(3,0,2;1,1,2)} T'p=Tp_1+Th_2o+2,_3
Jacobsthal-Padovan {xn}={Tn(1,1,1;0,1,2)} Xn = Xn—2+ 2Xn—3
Jacobsthal-Perrin {A,} ={T,(3,0,2;0,1,2)} Ay =ADAp_2+2A,_3

A. Jacobsthal-Padovan {wn} ={T»(0,1,0;0,1,2)} Wn = Wn_2 + 2Wn_3

M. Jacobsthal-Padovan {Q.}={T.(3,1,3;0,1,2)} Qpn =Q_2+20,_3
Narayana {9.} ={T»(0,1,1;1,0,1)} Ip =9n—1+In_3
Narayana—Lucas {mn}={T»(3,1,1;1,0,1)} Tn = Tn—1+ Th—3
Narayana—Perrin {on} ={T»(3,0,2;1,0,1)} Op =0p—1+0n_3

3-primes {kn} ={Tn(0,1,2;2,3,5)} Kn =2Kp—1+ 3Kkn—2 + BKkp_3
Lucas 3-primes {6.,.} = {T(3,2,10;2,3,5)} 0, =20,,_1+30,_2+50,_3
M. 3-primes {vn} ={T7n(0,1,1;2,3,5)} Yn = 2Yn—-1 +3Vn—2 + 5Yn—-3
Reverse 3-primes {V,}={T.(0,1,5;5,3,2)} Vin=5Vp_1+3Vp_2+2V,_3
Reverse Lucas 3-primes {An} ={T.(3,5,31;5,3,2)} Ap =5Ap—1 + 3N —o+2A,_3
Reverse M. 3-primes {#n} ={Tn(0,1,4;5,3,2)} ¢n =5¢n—1 +3bn—2 +2¢n_3

*M.:Modified, A.:Adjusted, T.:Third order

TABLE 2. A brief classification for generalized Tribonacci numbers.

Name {Tn} ={Tn(To, Ty, T2;7,s,t)} Recurrence Relation

G. Tribonacci (usual) {A.} ={Tn(To, T1,T>;1,1,1)} A =Apn_ 1+ An_2o+An_3

G. Padovan {Gn} = {Tn(To,T1,T2;0,1,1)} Gn =Gn—2+Gn-3

G. Pell-Padovan {My} ={Tn(To, Ty, T2;0,2,1)} Mp =2Mp_2+ My _3

G. T. Pell {Sn} = {Tn(To, T1,T2;2,1,1)} Spn =28, 1+S8Sn-2+S8n_3

G. T. Jacobsthal {X0} = {To(To, T1, Ta: 1,1, 2)} Xy = Xno1 + Xz +2Xn_3

G. Jacobsthal-Padovan {xn} ={Tn(To, Th,T2;0,1,2)} Xn = Xn—2 +2Xn_3

G. Narayana {ﬂn} = {Tn(TO7 T1,T%;1,0, 1)} Gp =9p_1+Pn_3

G. 3-primes {kn} = {Tn(To,T1,T2;2,3,5)} Kn =2Kn_1+3Kkn_1+5Kkn_3
G. Reverse 3-primes {V,}={Tn(To,T1,T2;5,3,2)} Vn=56Vnu_14+3V,_1+2V,_3

*G.:Generalized, T.:Third Order
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3. The generalized Tribonacci dual quaternions (G7DQ)

In this original section, GTDQ are defined and some particular properties
of them are discussed.

Definition 1. Let T, be nth generalized Tribonacci number (see )
Then the nth GTDQ is denoted by 7, and identified as

In =T+ Togri+ Tny2j + Toysk, V=0 (7)

with the initial values

o= a+bi+cj+ (re+ sb+ta)k,

F= bci+ (re+sb+ta)j+ [(r®+s)c+ (rs+1t)b+rtal k,

Ty = c+ (re+sb+ta)i+ [(r*+s)c+ (rs+t)b+rtal j
+[(r3+2rs+t)c+ r23+s2+rt)b+(r2t+st)a} k.

Here i, j, k satisfy the rules in .

Theorem 1 (Recurrence Relation). Let 7, be the nth GTDQ. Then, the
following recurrence relation holds:

In=1Ip-1+8Th—2+tIh—3, Yn>3. (8)
Proof. By equations and , the proof is completed as

7‘%71 + 8%72 + t%,g, = 1T+ 8T+l 3+ (TTn +8T—1 + tTn72)i
+(rTn1 + sTn +tTh-1)j + (rTheo + sTh1 + tTh)k
= T,+ Tn-{-li + Trb+2j + Tn-l—?:k
= 7,

O

Similarly, GTDQ can be also extended to negative subscripts by the equa-
tion

T =T ,+ T,(nfl)i + T,(n,Q)j + T,(nfg)k, Vn € Zt. (9)
Hence the recurrence relation for them can be obtained as:
T = —%9_(,1_1) — %y—(n—2) + %y_(n_g), Vn € Z+, (10)

where t # 0. Thus, some values of the GTDQ with negative subscripts can
be calculated as:

T = %—%b—%a—kai—kbj—kck,

7om b fa b Tl o

T3 = z—bz(z—zb—za)—z[z—za—z(z—za—*b)]
B e e e )

Note 1. It should be noted that equations and are satisfied for
every n € Z.
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Algorithm 1 Finding the nth term of the GTDQ

1: Begin

2: Input 9, 71 and 9%

3: Compose 7, with respect to for every n > 3
4: Count up 9,

5: Output % = Tn + Tn+1i + Tn+2j + Tn+3k’

6: Final

Algorithm 2 Finding the —nth term of the GTDQ
Begin

Input 9 1,7 5 and J_3

Form 7, according to (10))

Calculate 7_,,

Output 7, =T +T_py1i + T py2j + T i3k
Final

In this step, using numerical Algorithm [I]and Algorithm [2] one can calcu-
late nth and —nth terms of GTDQ with respect to the recurrence relations
and .

After this part, since putting n — —n gives straightforward calculations
(see Note , it is not necessary to write the following definitions and recur-
rence relations for negative subscripts GTDQ for the sake of brevity.

Now, let us discuss some fundamental algebraic properties of .7,. Let
I =Tp + Thi1t+Thy2j + Thisk and TIm =Tm + Toi1t+ Tiny2j + Tinysk
be the nth and mth GTDQ for every n,m € Z, respectively. Then

. <7n = ym < T, = va Tn+1 = Tm—i—l’ Tn+2 = Tm+27 Tn+3 = Tm—i—?n
° =7n + ym = (Tn + Tm) + (Tn—f—l + Tm—&-l)i + (Tn+2 + Tm+2)j
+ (Tht3 £ Tinys)k,
« \T}y = NIy + NTpps1i + NTyoj + ANTpisk, M ER,
° %gm =TT + (TnTm-‘rl + Tn—i—le)Z + (TnTm+2 + Tn+2Tm)j
s + (TnTm+3Tn+3Tm)k7
. <771 =T, — Tn+17; - Tn+2j - Tn+3ka

where .7, denotes the conjugate of .7,. It should be noted that is
taken into account for multiplication. Additionally, the scalar part of .7, is
Sz, = T,. The vector part of .7, is 7% = Tht1t + Thyog + Thysk. This
implies that Sz 12, =1, £T,, =S4, £5g, and V 5,4+ =V 2 £V 7 .

In light of , recurrence relation , Table [1| and Table [2| we present
some special subfamilies of the GTDQ in Table [3] This table can be classi-
fied particularly by bearing in mind Table [I| regarding recurrence relations
and the initial values. For shortness, a particular element of them can be
examined in Table[dl Moreover, in Table [f|and Table [6], we give some initial
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values of the special cases of the GTDQ and negative subscripted GTDQ,

respectively.
TABLE 3. Some special subfamilies of the GTDO.
Name Definition Recurrence Relation
G. Tribonacci usual D.Q. E”' =A, +Apt1i+ Anyoj + Anysk .An = An 1+ .An 2+ .Aw 3
G. Padovan D.Q. Gn =0n + Gnt1i+ Gni2j + Gnysk gn =Gn_ —2 + G 3
G. Pell-Padovan D.Q. .//\\/ln =Mp+Mppii+Mppoj+ My g3k M.,L = 2Mn 2 + ./Vln
G. T. Pell D.Q. S, =8, + Sn+1i +Sn+2j —+ 8n+3k Sn = QSn 1 +Sn 2 +Sn 3
G. T. Jacobsthal D.Q. Xy = X + Xpp1i+ Xpgoj + Xpgsk Xy =X 1+ Xy +2X,_
G. Jacobsthal-Pad. D.Q. X" =Xn + Xnt1? + Xni2d + Xnisk X" = )’Zn 5+ 2)27l 3
G. Narayana D.Q. Yp = 9n + "9n+1i + 19‘nr+2j + "9n,+3k "Sn = ﬂn 1+ ﬂn 3
G. 3-primes D.Q. Bn = Kn + Knt1i + Kny2d + Kngsk lin =2Rn_1+3Kn_2+5Rkn_3s
G. Reverse 3-prim. D.Q. V, =V, +V,411i+V,4i2j+ V,i3k Vi@ =5Vnp1+3Va 2+2V,_3

*G.:Generalized, T.:Third Order, D.Q.: Dual Quaternion

TABLE 4. Particular elements of subfamilies given in Table

Name Definition Recurrence Relation
Tribonacci-Perrin D.Q. Cn =Chn + Cn+1i -+ Cn+2j + Cn+3k7 Cn = Cn-1+Cn_o+ En_s
Van der Laan D.Q. I = I, + Ittt + Ingoj + Inysk Iy = Fn—2+ Fn_3

T. Lucas—Pell D.Q. P = Pp + Ppg1i+ Ppi2j + Ppisk Py =2Pp_o+ Pr_3

T. Pell-Lucas D.Q. Un =Up + Upy1i+ Upg2j + Unysk Uy =2Un -1+ Un—2 + Un_3
T. Jacobsthal-Lucas D.Q. Wy =Yn +Yoni1i+ Yogoj + Yayisk U =1+ Un2+2% _3
Jacobsthal-Perrin D.Q. Zn =A,+Ant1t+ Apjoj + Apysk An = An 2+ 2An 3

Narayana—Lucas D.Q.
Modified 3-primes D.Q.

Reverse Lucas 3-prim. D.Q.

Tn =Tn + Tnt1i + Tni2d + Tnisk
’ln =Y + ’)’n+1i + 'Yn+2j + 'Yn+3kf
Ap = Ap +App1i+ Apgoj + Anysk

Tn = Tn—1+Tn—3
Yn = 2Yp—1 + 3Yn—2 + 59n—3
Ay =5Ap 1+ 3Ny 2+ 2A, 3

*T.:Third Order, D.Q.: Dual Quaternion

TABLE 5. Initial values of particular elements.

For n=2~0 n=1 n=2

%, 3+2j 45k 2i +5j 4 Tk 2+ 5i 4+ 75 + 14k

I, 1+j+k i+ji+k 1+i+j+2k

P, 3445 +3k 4i + 35 + 8k 4+ 3i+ 8j + 10k

U, 3420465+ 17k 2+ 6i 4+ 175 + 42k 6 + 170 + 425 + 107k

%, 2+4i4 55+ 10k 14 5i+ 105 + 17k 5+ 10i + 175 + 37k

A,  342j+6k 2i + 65 + 2k 2+ 6i + 25 + 10k

Tn 3+i+j+4k 144445+ 5k 14 4i + 55 + 6k

o i+j+ 5k 144455+ 18k 14 50 + 185 + 56k

An 3+5i+31j+176k 5+ 31i4 1765 + 983k 31 + 1760 + 9835 + 5505k




242 ZEHRA ISBILIR AND NURTEN GURSES

TABLE 6. Some values of particular elements with negative subscripts.

For n=-—1 n=-2 n=-3

Cn —1+3i+ 2k —2—i+3j 6 —2i —j+3k
I i+k j 1+k

P, —2+ 3i + 4k 4—2i+3j —5+4i — 2j + 3k
U, —1+3i+2j + 6k —3—1i+3j+2k 8 —3i—j+3k
Y, 1+2i+j+5k —1+i+2j+k 1—i+j+2k
A, —1+3i+2k 1-1it+3j Uidi—Lj+3k
T 3i+j+k —2+3j+k 3— 2+ 3k

Y-n —s+i+tk = —ri+k — st asi— 3]
A, —3 +3i+55+ 31k — 3435 +5k i 3543k

Now, we obtain some new features about G7 DO in the following theorems.

Theorem 2. For every n € Z, the following properties hold:

(i) T — Tng1i — Tnyoj — Tnask =T,

1) T+ Tnt1i + Tny2d + Tnisk =29, — Ty,

V) T + @ = 2T,

) T — T = 2T, — 2T,

) %2 - T,% + 2TnTn+1i + 2TnTn+2j + 2TnTn+3k = 2Tn% - Tr%;
(vil) 7" = T2 — 2T, Ty 10 — 2T, T 2j — 2T T3k = 3T2 — 21,7,
Proof. (ii) Considering equations and , we obtain
I+ Tn1i + Tnyof + Tngzk = T+ Thpri+ Thgoj + Thgsk

(Tt + T2t + Togzj + Tnyak)i
+(Tn+2 + Tn+3i + Tn+4j + Tn+5k)j
+(Tn+3 + Tn+4i + Tn+5j + Tn+6k)k
= 29, —T,.
(vi) From the equations (T]), and multiplication of two GTDQ, we get
T2 = (Tp+ Tni1i + Tnaoj + Tnisk) (T + Trna1i + Thioj + Thask)

= T2 42T, Tyyri + 2T Tpyoj + 210 Ty sk
= 27,9, — T2

(vii) From , conjugate of 7, and multiplication of two GT DO, we get

T = (Tn = Tpp1t = Tnyoj — Tnysk) (Tn — Tngri — Tnoj — Taysk)
= T2 2T, Tpi1i — 2T Tnyoj — 2T, T i3k
= 372 - 2T, %,.

The other parts are clear from the equations , and conjugate of
T O

Theorem 3. For every n € Z, the following properties hold:
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(1) %ym - znzm = 2(Tnym - Tmf%t - 2TnTm);
(i) T T+ Tn T = 2T T,

Proof. Considering the equations , , conjugation and multiplication
properties for GTDQ, the proofs are completed:
(i) TnIm+ TnTm
= (Tn + Tog1 + Tni2j + Tov3k) (T + Tint1i + Ting2j + Tm3k)
+(Tn - Tn+17; - TnJij - Tn+3k) (Tm - m+1i - Tm+2j - Tm+3k5)
= 2T, T},.
(i) FnTm — T nIm
= (Tn + Ty 1i + To2j + Toisk)(Ton — Ting1i — Ting2j — Tmy3k)
—(T — Th1i — Tov2j — Tntsk) (T + Tn1i + Tiny2j + Tintsk)
=2(TnTn — TnIm).
O

Theorem 4. For every n € Z, the Binet formula for GTDQ is
o ﬁz"fl Ew"ig 517"53
In = (901*902)1(11*903) + (962*961)2(962*:63) (903*961)3(903*302) ’

where T1 = 1+x1i+a?j+aik, To = 1+agitadj+adk, Ts = 1+agi+aij+adk
(see P,R,S in (0)).
Proof. From the equations and we obtain
TIn = T+ Topri+ Toyoj + Toysk

= (:Elfx];)x(iifxg) + (:):Qfmjj)r(ngxg) + (ngm%gm)
+ (m—ff);z:—m + (mz—}:f)%;;—wa) + (ma—ff)g(:;—xz)
+ (azl—f:)gf—xg) + (m—ff)%i—xg) + (mg—ff)%:z—m) J
+ (;cl_ffﬁj—m + (Iz—ff)%;j—x:;) + (353—5?)%:2—@)

15:1:’1151 + Ez%fg + gngg .
(z1—x2)(x1—23) (x2—x1)(z2—23) (z3—2z1)(T3—72)

0

Theorem 5. The generating functions for non-negative and negative sub-
scripted GTDQ are given as

00 _ _ o 2
£ g BT T (Fr ATt
n=0

1—rx—sz?2 —tx3

S 7 = T+ (Ta+ 35D + (T2 + 3T+ 5 H)a*

12
n=0 —§+%I+%ﬂ?2 ( )
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o0
Proof. Let the function Y 2" = J + Jx+ Fox? + ...+ Tpa" + ...
n=0
be a generating function of .7;,. Multiplying both sides of this equation with
ra, sx?, te?, and then applying gives as

(1 —rz — sx? — ta?) § I =T+ (A —rR)x+ (% —r A — sz
n=0

With a similar idea, let Y 7 2" = S+ T 10+ T 22°+.. 4+ T p2z"+... be

n=0
a generating function of GT7TDQ with negative subscripts. Then considering
(10), we can write

S T i = Tt Taw+ Toz?+ S Topa®

n=0 n=3

(o]
=%+ Tzt Taa® + 3 (<37 = § -0+ 1 Tonmg) 2"

o0 o0
— %+<7_1:E+<7_21:2+% Z y_nanrBi% Z y_nxn+1

n=0 n=2

o 2
_% Z Tt

n=1

T+ T 1z + T oz + % 20 T_pants
,% (i <g_nxn+1 _ 3_1352 _ %x) _ ? (i <y_nxn+2 _ %x2)
n=0 n=0

o+ (Ta+3T) o+ (Ta+3T0 +2T) 22 + 1o ¥ T an
n=0

o0 9 o0
S n T n
—3x Yy, T pa™ = Fa? Y T pat
n=0 n=0

Hence can be obtained by rearranging the last equation. ([l

Theorem 6. The exponential generating functions of GTDQ with non-
negative and negative subscripts are the following:

o n D= Ty D= T2y Q. T3y
5 9ny7 _ Pzxie L Rxoe Sxse ’ (13)
n=o n  (r1—z2)(z1—x3) (x2—x1)(x2—123) (23— 21)(23 —22)
~ Y ~ Y ~ Y
) y" Pziex1 Rzoew2 STsews
Tn=—= + + - (14
n;O nl (1 —@2)(z1 —x3) (w2 —x1)(22 —w3) (23— 21)(w3 — 22)
Proof. Considering , we have:
o0 o0 = ~ = ~ = ~
yn o Pzl Rxb o Sz T3 y"
nz::()%”! - nX::O ((371—3»’2)(961—953) T (x2—w1)(z2—23) (z3—z1)(x3—x2) /| n!
_ Pz, ioz (@)™ | Ry io: (z2y)™
(z1—z2)(x1—23) = n! (x2—z1)(z2—23) = n!

S% X (zsy)™
T3 2
+(a:3—$1)(z3—:c2) 7120 n!

ﬁilexly + §52ex2y + 5536x3y .
(x1—x2)(x1—23) ' (z2—21)(T2—23) ' (23—21)(T3—22)
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Similarly, by putting n — —n in , is obtained owing to the fact that
it holds for all integers. ([l

Inspired by the study [44], we obtain the sum formulae for GTDQ in
Theorem [7] and Theorem [0] The proof is straightforward, so we omit it.

Theorem 7. For every m,n € N, the following sum formulae for GTDQ
hold:

Imi3+ 1 =1 T2+ (L =7 —=5)T 41 — S

A A -DA+(r+s-1)%
W nz::oy"* r+s+t—1 '
(1= 8) Tomsz + (t 4+ 18) Toms1 + (2 + 1t) Tom,
(i) i”:y A DRt (t—rs) A+ (1P =5+t +25 - 1) %
a0 T (r+s+t—1)(r—s+t+1) '

(r+t)Zomaa+ (s — 82+ 12+ 1t) Doy + (t — 5t) Tom
+H=r =)+ (—1+s+r2+rt)7 + (—t + st) T
(r—s+t+1)(r+s+t—1)

(i) 3> Tons1 =
n=0
where the denominators are not equal to zero.

Special Case 1. If s = 1, we reach the following sum formulae for special
cases of part (i) and part (iii) of Theorem [7| for non-zero denominators:

m Tom, tTom — S T
(i) 3 Fon = 2om+1 T 172 1+7 0
n=0

r+t
. Fom+2 + tTomy1 — o+ 1A
(il) Y Fonp1 = — . :
n=0 r+t

Thanks to Cerda-Morales [2], we adapt Theorem

Theorem 8. For every m,n € N, the following sum property is satisfied

for GTDQ:

m T — ym+2+(1_r)<7m+l+t9m+n
—~ 5 ’
n=0

where
d=r+s+t—1,

A=(r+s—1a+(r—1)b—c
n=A+M\—-6a)i+AN=d(a+b)]j+N=6(a+b+c)k.
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Proof. By means of @ and the study [2] (see Lemma 2.3 on page 6 in
[2]), we get

m m
Z In = Z (Tn + Tn-i—li + Tn+2j + Tn+3k)
n=0 =
m m
= Z T, + Z Tht1t + Z Thtoj + Z Thisk

n=0 =0 =0

Tm+2 +01- )Tm+1 + T + A\
} +[Tmts + (1= 1) g2 + tTq1 + A — dali
§| t[Tmgat (A =r)Tnys + thnp2 + A =6 (a+b)]j
+[Tomas + (1= Tpga + Tz + A= (a+b+ )k
Tmy2+ (1 —71) Tnp1 +tIm + 1

)
0

Theorem 9. For every m € Z*, we have the following summation for-
mulae for GTDQ with negative indices:
—(r+s+t)7_, 1 —(s+t)T o —tT 3+ P
o 1 -n)F+ (17— 5%
(i) Lz::lﬁ—n— r+s+t—1 7
—(r+t)Tomir + (P2 +rt+s—1)Topm + (st — ) Tom—1
+(1—-8) T+ (t+r8) 7+ (1 —rt—25s—12+ 52T
(r+s+t—1)(r—-—s+t+1)
(S — 1)§,2m+1 — (t;r Ts)yfgm — (t2 + Tt)yfgmfl
UL +r+6)FH+A-—1r*—rt—s5) A+ ({t—st)D
(i) n;y”"“_ (r—s+t+1)(r+s+t—-1)
where the demominators are not equal to zero.

(ii) é T =

Special Case 2. If s # 1 and r +t = 0, we attain the following sum
formulae for special cases of part (ii) and part (iii) of Theorem [9)

L T o —tT om1+ B+ tA+ (1 -5)%
(1) nXZ:O y_Qn = s—1 )
L —7 _oms1 —tT—om + A +tTh

(ii) n;(] T ony1 = s_1 :

In the following theorem, we will discuss some matrix formulae regarding
GTDQ with non-negative and negative subscripts.

Theorem 10. For every n € Z*, the following matriz properties are
obtained:

Tnt2 rs t\" [ %
Q)| e | =100 LR
T, 010 T
T o 1 o\"/ %
G | 7 | =0 0 1 T
T2 T I T2
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Proof. By mathematical induction, the proof is completed easily. O

Thanks to Kizilates et al. [28], we shall obtain a new determinant property
which will be used to find the nth and —(n + 1)th terms of GTDQ, given as
the following theorem.

Theorem 11. For every n > 0, the following equalities hold:

% -1 0 0 0 ... 0 0
2 0 -1 0 0 0 O
% 0 0 -1 0 0 O
0 t s r  —1 0 0
T = . (15)
o o0 0 0 O r —1
o0 0 0 0 ST lnt1)x(n+1)
g1 -1 0 0 0 0 O
T4 0 =1 0 0 0 O
T3 0 0 -1 0 0 0
o L —r s 0 0
T_(n+1) = t Lot (16)
0 o o0 0 o -3 -1
0 0 0 0 0 _% _% (n+1)x (n+1)

Proof. The proof is straightforward by (8)) and the study [28] (see Theorem
5 on page 5 in [28]). O

Inspired by the studies [6] and [7], we can give Theorem (12| without a
proof for the sake of brevity.

Theorem 12. Let 9, and Z_, be the nth and —nth GTDQ with non-
negative and negative subscripts, respectively. For everyn > 0, the following
equalities hold for determinants with size n + 1 :

Ty 1 0O 0 0 0 0 0
rTy — A r 9%0 0 0 0 0
0 rh—-% r t 0 0 0 0
0 T -2 r t 0 0 0
Tn = 0 0 e A 0 0 (17)
0 0 0 0 0 0 t
0 0 0O 0 0 0 -5y
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where 9y # 0,
T 1 0 0 0 0 0 0
7 1
rT 1 — T o r 7 0 0 0 0 0
0 r7.o—J.3 T 10 0 0 0
0 T roo—2 1 9 0 0
T (ny1) = 0 0 o r -2 1 0 0 (18)

0 0 0 0o 0 0 -5 1
0 0 0 0 0 0 roo=2

where 91 # 0.

One can see numerical Algorithm [3] and Algorithm [] related to the de-
terminant equation in Theorem |11] to find the nth and —(n + 1)th terms of
GTDQ. Additionally, Algorithm [5] and Algorithm [6] are linked to Theorem
to find the terms of GTDQ.

Algorithm 3 Finding the nth term of the GTDQO

1: Begin

2: Input %, 7 and %

3: Form 7, with respect to

4: Compute 7,

5: OutPUt % = Tn + Tn+1i + Tn+2j + Tn+3k
6: Final

Algorithm 4 Finding the —(n + 1)th term of the GTDQ

Begin

Input 71,7 9 and I3

Form J_,,41) with respect to

Compute I_(,41)

Outriut T 1) =T (ny1) + T (nrry41t + T (ny1yr2d + T (nr1)+3k
Fina

Algorithm 5 Finding the nth term of the GTDQ

1: Begin

2: Input

3: %, 71 and %

4: Form .7, according to (|17))

5: Compute 7,

6: Output 7, = Ty, + Tpy1i + Thoyoj + Ty 3k
7: Final
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Algorithm 6 Finding the —(n + 1)th term of the GTDQ
Begin

Input 1, 7 5 and J_3

Form J_, 1) according to (18)

Calculate J_(,41)

Output I_ (1) = T_(ns1) + T-(ny1)41% + T—(ns1)42J + T—(ng1)43k
Final

4. Reviewing results for special cases: Narayana and
3-primes dual quaternions

Let us examine the obtained theorems and definitions for Narayana dual
quaternions and 3-primes dual quaternions in the following Corollary [I] and
Corollary [2] as special cases. The other special cases can be examined in
detail. One can also see the results for Padovan, Perrin and Pell-Padovan
dual quaternions in the study [23].

Corollary 1. Consider the nth Narayana dual quaternion 1;,1 with the
recurrence relation 9, = Up—1 + 9n—3 and the initial values:

o= i+j+k V1 = 1+i+j+2k Uy = 1+i+2j+3k,
Y11= j+k, Y_o= 1+k, Y_3 = 1.

Then the following holds for Narayana dual quaternions.
(i) The Binet formula:

o $n+151 :E;H—IEQ $g+153
Un = (z1—22)(T1—23) + (r2—2z1)(z2—23) + (@3—z1)(w3—22)
(ii) The generating functions:
0o - .
9 _ Yo+(¥1—90)z+(I2—V1)2>
ZO ﬁnl‘n - 171'7.%3 7
0 A
Z N Yo+9_124+(_24+90)z?
0 —n - 1+:1:273v3
n:

(iii) The exponential generating functions:

i 1’5 ﬁ _ r1T1e%1Y + ToToeT2Y + x37T3e%3Y
2 U= { {

x1—x2)(T1—23) x2—x1)(T2—T3) z3—x1)(x3—22)

0o n v v v
Z 19 yf — r1T1e%1 4 ToToe T2 + r3T3e%3 .
= —-n n! (x1—22)(x1—23) (xz2—x1)(x2—23) (r3—21)(T3—72)

(iv) The summation formulae for any m € N:
(a) > O, = 5m+3 - 527
n=0

(b) > Do = % (52771-&-2 + §2m+1 + 209, — Uo — U1 + 50) )

n=0
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(c) nio Dan1 = i (252m+2 + 202041 + Vom — 202 + 01 — 1%) ,

(d) i—: O =201 — Vs — Vs + V2,

(e) niblg—% = % (*25—2m+1 + 5—2m - '5—2m—1 + 52 + 51 — 50) ,

(f) ni T oomir = 5 (“0osmir = Do — 20y + 205 — D+ 00)
m

(8) S U = Omgo + U + (=1 —i — 25 — 3k).
n=0

(v) The matrix equalities:

Do 10 1\"{ 9
(@) | Jppr | = 1 0 0 9 |
9. 01 0 9
. 0 1 0\"[
® | 9y =0 0 1 94
G 1 -1 0 9y
(vi) The determinant equalities for any n € N:
db -1 0 0 0 ... 0 0
9 0 -1 0 0 0 0
do 0 0 -1 0 0 0
~ 0 1 0 1 -1 0 0
(a) In =
0 O 0 0 0 1 -1
0 0 0 0 0 N P
d_, -1 0 0 0 0 0
Jd, 0 -1 0 0 0 0
ds 0 0 -1 0 0 0
~ 0 1 -1 0 -1 0 0
(b) 19—(n+1) =
0 0 0 0 o . 0 -1
U P A PR
(vii) Since Y9 = ¥_1 = 0, we can not construct the methods given in

equations and . Hence Theorem is mot applicable for
Narayana dual quaternions.

Corollary 2. Consider the nth 3-primes dual quaternion K, with the
recurrence relation Ky, = 2kn—1 + 3Kn—2 + dkn_3 and the initial values

Ro= i+2+Tk, Fi= 142i+7j+25k Fa= 2+Ti+25j+8lk,
7{*1 = .7+ 2k7 E72 = %‘f’ k, ’,“{73 = —2—35 —+ %7]
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Then the following holds for 3-primes dual quaternions.

(i) The Binet formula:

- g + al T, T x3+153
T (mi—w2)(vi—w3) | (w2—z1)(w2—z3) | (z3—71)(T3—22)

(ii) The generating functions:

Ko + (El — 2%0)1: + (EQ — 2K — 3%0)1’2

’/% .’Ijn = J)
nz::o” 1— 2z — 322 — 523
L Ro+ (F-1 + 2Ro)z + (F—2 + 2F_1 + 2Ro)2?
= 1+ 22+ 222 — 143

(iii) The exponential generating functions:

n

o0 ~ ~ ~
Z 5 y — r1x1€*1Y + ToToer2Y x3x3e*3Y ,
" (z1—22)(w1—23) = (z2—m1)(x2—23) ' (23—21)(T3—122)

n o o o
Z ,/% yf _ r1x1e*1 + xroxoe T2 + xr3T3e*3 .
'l (1—z2)(z1—z3) * (z2—z1)(z2—w3) * (23—21)(z3—22)

(iv) The summation formulae for any m € N:

(a) Z Fn = § (Fm+3 — RBm+2 — 4Bm41 — K2 + R + 4Ko) ,
(b) Z KRop = E (*2%2m+2 + 11E2m+1 + 35%27" + 2%2 - 11%1 + 10%0) 5
(C) Z R2n+1 = % (7E2m+2 + 29R2m+1 — 10K9,, — Tka + 16K1 + 10%0) R

(—10F 1 — 82 — 5F—m_3 + Fo — F1 — 4F0) |

—

2
3

NGER
o

=
3
Il
el

n=1

(€) Y Fean = 35 (TR gmp +16F_am + 105 251 — 2R2 + 1151 — 10R),
n=1
m

(£) > Font1 = 35 (26 _2mn — 11K _9m — 35K _om + TRz — 16K1 — 10R)

n=1
() i - Em+42 — Km+41 + 9Km JS; (=1 —14—105 — 28k) '
n=0
(v) The matriz equalities:
Finta 2 3 5\" /[ R
lﬁ)n_;,_l = 1 0 0 El )
010 Ko
0 1 0 \"/ Fo
K n—1 = 0 0 1 ’IZJ,1

(vi) The determinant equalities for any n € N:
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kKo —1 0 0 0 0 0
kK 0 -1 0 0 0 0
ko O 0 -1 0 0 0
N 0 5 3 2 -1 0 O
(a) Ry =
0 0 0 0 0 2 -1
0 0 0 0 0 3 2 (n+1)x (n+1)
k1 —1 0 0 0 0 0
ks 0 =1 0 0 0 0
k_3 O 0 -1 0 0 0
~ .
(b) F_(ny1) = )
o 0 0 0 0 . =%
2 3
0 0 0 0 0 5 5 lnt1)x(n+1)

(vii) Since ko = k—1 = 0, we cannot construct the methods given in equa-

tions and . Hence, Theorem is not applicable for 3-
primes dual quaternions.
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