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Character amenability of vector-valued algebras

TERJE HILL AND DAVID A. ROBBINS

ABSTRACT. Let {A, : © € X} be a collection of complex Banach al-
gebras indexed by the compact Hausdorff space X. We investigate the
character amenability of certain algebras A of A-valued functions in
relation to the character amenability of the A,.

1. Preliminaries

Suppose that X is a set (usually, a topological space), and that {A, : z €
X} is a collection of Banach spaces (algebras) indexed by X, over a common
scalar field K, either R or C. Let A C [[{A4s : * € X} be a Banach space
(algebra) of functions o, so that o(x) € A, for all x € X. If A has a property
P whenever each A, has property P (or maybe when only some do), we say
that P is hereditary for A. It seems reasonable to ask for which spaces A
and properties P this hereditary condition holds.

This subject has been addressed in a number of papers over the years,
with conditions as follows. We take X to be a compact Hausdorff space and,
as above, we let A C [[{Az : * € X} be a vector space which satisfies the
following:

C1) for each z € X, A, = p,(A) = {o(x) : 0 € A} (A is said to be full;
Pz is the evaluation map at x);

C2) for each o € A, the norm map z — ||o(x)|| is upper semicontinuous
(and hence o is bounded) on X;

C3) A is a C(X)-module under the pointwise operations;

C4) A is complete in the sup-norm (for o € A, ||o|| = sup{|o(z)| : = €
X1}); and

C5) if each A, is a Banach algebra, then A is also closed under pointwise
multiplication (and hence is a Banach algebra).
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We call such a space A which satisfies C1) - C4) an upper semicontinuous
function space (algebra, if C5) also holds) with fibers A;, and abbreviate
to just “function space” or “function algebra.” Then B, C, etc. will denote
such function spaces, with fibers B,, C,, etc. This is based on the language
of [I], which called these spaces “upper semicontinuous function modules.”
The study of such upper semicontinuous function spaces dates back many
years; see the end of Section 2 of [6] for a brief (and quite incomplete)
bibliographical note.

Examples of such function spaces (algebras) A can be found (using slightly
different language) in [0, Section 2] and its references, and also in [4] and
[12]. Particular examples of such spaces A are the following.

Example 1. If X is compact, a C(X)-module M is said to be C'(X)-
locally convex if (among other equivalent formulations) whenever f,g €
C(X) with fg = 0 and m € M, then |[(f +g)m|| = max{|lfml, lgml|}:
see [4, Theorem 7.14]. It is easy to check that a space A satisfying the
conditions C1) - C4) above is C'(X)-locally convex. Conversely, suppose M
is C'(X)-locally convex. For z € X, let I, be the maximal ideal in C(X)
consisting of functions which vanish at z, and let A, = M /I, M, where I, M
is the closed span in M of elements of the form fm (f € I,,m € M). Then
M is C(X)-isometrically isomorphic to a space of type A, where m € M
maps to m € A, m(x) =m+ [, M € A, (see [4, Theorem 5.9]).

Example 2. Let X be compact and A a Banach space (algebra). Then
A = C(X, A), the space of continuous A-valued functions on X, is a function
space (algebra) with A, = A for all . If X is locally compact, and we let
Xoo = X U {oo} be its standard one-point compactification, then we can
identify Cy(X, A), the space of continuous A-valued functions vanishing at
infinity, with the function space (and C(Xo)-module) B consisting of the
continuous A-valued functions on X, which vanish at oo; the fibers B, of
B are Ay, if x # oo, and By = {0}.

We note some important properties of function spaces A.

I) Let z € X, and let B, be a closed subspace (ideal) of A;. Then B, =
{o0 € A:0o(x) € B,} is a closed subspace (ideal) and C(X)-submodule of
A. The fibers of B, are Ay, if y # x, and B,. (Proof of the last assertion:
Suppose that y # x, let U and V be disjoint neighborhoods of z and y,
respectively, let a, € Ay, b, € By, and let 0,7 € A, with o(y) = ay and
7(x) = by, Let f,g € C(X) be supported on U and V, respectively, with
f(y) =1and g(x) = 1. Because B, is a C'(X)-submodule of A, then fo+g1 €
B, and we have (fo+g7)(y) = ay and (fo+g7)(x) = by. Thus, py(B;) = By
and py(B) = Ay.)

IT) If A is a function algebra, and if each A, contains a bounded ap-
proximate identity {ux,} (Az € Ag), and these approximate identities are
uniformly bounded (i.e. for some m, all A\, € A,, and all A,, we have
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|lua, || < m), then A also has an approximate identity of the same bound;
this is the content of Corollary 2.3 and its preceding Lemma in [9]. We will
prove later that if each A, contains merely an approximate identity, then A
also has an approximate identity.

Previous work has shown, for example, that under reasonable boundedness
conditions, both amenability (see [9]) and module amenability (see [6]) are
hereditary for function algebras A; this motivates a search for an analogous
boundedness condition for character amenability. Going back farther, and
taking A to be simply a function space with fibers A,, then A satisfies the
approximation property if and only if each A, does so also ([3]). Other
examples, e.g. some hereditary geometric properties, can be found in [15],
[7], and [§]. Below, in Section 2, we will recall some definitions and properties
relating to character amenability for a Banach algebra A, describe what we
mean for these properties to be hereditary for vector-valued function algebras
of type A, and obtain conditions sufficient for the properties to be hereditary
for A.

2. Character amenability and heritability

We first establish some vocabulary and notation. Recall the notion of
amenability for Banach algebras, as introduced in [10]. If A is a complex
Banach algebra, and if E is a Banach A-bimodule, then a bounded linear
map D : A — E is called a derivation if D(ab) = aD(b) + D(a)b € E for all
a,b € A. If a derivation D : A — E has the form

D(a) = 0mm(a) = am — ma

for some m € FE, then D is said to be inner. If E is such a bimodule, then
E* can be made into a Banach A-bimodule in a standard fashion via the
actions

{am*,m) = (m*,ma) and (m*a,m) = (m*, am)

for alla € A,m € E, and m* € E*. We then say that A is amenable if for
any A-bimodule E, and every derivation D : A — E*, we have D = =
for some m* € E*. We note that amenability of A can also be expressed in
homological terms, the details of which are not necessary here.

Over the years, there have been many variations and generalizations of
the idea of amenability. Examples are weak amenability, module amenability
and, the one on which we will focus here, character amenability, as defined
in [L1].

Let A be a complex Banach algebra, and let ¢ # 0 be a character of A, i.e.
an algebra homomorphism ¢ : A — C. Then ¢ is automatically continuous,
and ker ¢ is a (maximal) closed ideal in A of codimension 1. If E is a right
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Banach A-module, and ¢ is a character on A, define a left action of A on F
by

a*xm = ¢(a)m
for a € A and m € E, thus making F' a Banach A-bimodule, denoted by Ey;
as sets, we have ¥ = Ey. The right action * of a € A on m* € E7 is thus
given by

(m* xa,m) = (m*, axm) = (m*, ¢(a)m) = (p(a)m*, m) .

Following [I1], we say that A is ¢-amenable if for any right Banach A-
module E and any continuous derivation D : A — E;; there exists m* & E(’;
such that for all a € A we have

D(a) = 0+ (a) = am™ —m™* x a = am™ — ¢p(a)m”.

Then, denoting the space of all characters on A by A(A), A is said to be
character amenable if A is ¢p-amenable for each character ¢ € A(A).

As in [14], for ¢ € A(A) we say that A is locally approzimately ¢-amenable
if for any right A-module E and any continuous derivation D : A — E;g there
is a net {&, : A € A} C E* such that for each a € A the inner derivations
dey (@) = aly — & x a = ad\ — ¢(a)é) converge in norm to D(a) in EF.

We call a net {uy : v € I'} C A a locally approximate ¢-mean if ¢p(uy) =1
for all 7, and |Juya — ¢(a)uy| — 0 for all a € A. If the locally approximate
¢-mean is uniformly bounded, i.e. if there exists m such that ||u,| < m for
all ~, then we call {uy} a bounded approximate ¢-mean.

Especially, note that if {uy} is a locally approximate ¢-mean for the al-
gebra A, then for u € {uy} we have u + ker ¢ is the identity in A/ ker ¢, i.e.
ua + ker ¢ = a + ker ¢ = au + ker ¢ for all a € A. In particular, we see that
|lux + ker ¢|| is constant across all A € A.

It is the case that, in a fashion similar to amenability in its classic def-
inition (see e.g. [5, p. 254]), there are intrinsic characterizations of local
approximate ¢-amenability and ¢-amenability. We have the following, taken
from [I4] and its references.

Proposition 1 ([I4], Lemmas 1.1 and 1.2). Let A be a complex Banach
algebra, and suppose ¢ € A(A). The following are equivalent:

1) A is ¢-amenable;

2) A has a bounded approzimate ¢-mean; and

3) ker ¢ has a bounded approximate right identity.

Proposition 2 ([14], Lemmas 1.1 and 1.2). Let A be a complex Banach
algebra, and suppose that ¢ € A(A). The following are equivalent:

1) A is locally approximately ¢-amenable;

2) A has a (possibly unbounded) locally approximate ¢-mean; and

3) ker ¢ has a (possibly unbounded) right approximate identity.
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In the following, A will always be a function algebra (i.e. a function space
which is also a Banach algebra) over the compact Hausdorff space X, with
fibers A, (which are themselves Banach algebras).

We need to specify the notion of hereditability of (locally approximate)
character amenability that we will explore, and use the following short de-
velopment to obtain the “correct” such notion.

Let B be a complex Banach algebra. Recall that a representation of B is a
continuous algebra homomorphism 7' : B — L(Z), where Z is some Banach
space and L(Z) denotes the space of continuous operators from Z to itself.
The representation T is said to be irreducible provided that T' # 0 and that,
for b € B, the only invariant subspaces in Z for T'(b) are {0} and Z itself.

Translating the language of Proposition 1 of [13] to our current situation,
we can then identify the characters of a function algebra. Again, p, : A —
Ay, 0 — o(x), is the evaluation map at z € X.

Lemma 1 ([I3], Prop. 1). Let A be a function algebra, and suppose that
for some Banach space Z, T : A — L(Z) is an irreducible representation
of A. Then there exists unique v € X and an irreducible representation
Sy Ay — L(Z) such that T = S, o p,.

Lemma 2. Let B be a complex Banach algebra, and let ¢ € A(B). Then
¢ 1s an irreducible representation of B onto L(C) = C.

Proof. For b € B, we can interpret ¢(b) as an element of L(C) = C: if
a € C, the action of ¢(b) on « is defined by [p(b)](a) = ¢(b) - a, where -
is scalar multiplication. Evidently, the only invariant subspaces of C under
¢(b) are {0} and C itself. O

We then apply these lemmas to obtain a complete description of the ele-
ments of A(A).

Corollary 1. Let A be a function algebra, and suppose that H € A(A).
Then there exists a unique x € X and ¢, € A(Ag) such that H = Hy, =
¢ 0 pe. Conversely, if ¢, € A(Az), then Hy, = ¢, 0 p, € A(A).

As a result of the immediately preceding Corollary, we can identify A(.A)

L]
with (J{A(A4z) : * € X}, the disjoint union of the character spaces of the
A, We note that this is one of a number of similar such results for spaces of
vector-valued functions involving the upper semicontinuity of the norm (for
Banach spaces) or seminorms (for where the function spaces take values in
locally convex topological vector spaces).

It is then easy to identify the kernel of Hy, = ¢, o p, € A(A) : we have
Hy, (o) =0 if and only if ¢,(0(x)) =0, ie. o € ker Hy, =ker (¢ op,) C A
if and only if o(x) € ker ¢, = Ky, C A,. Using the notation from Section 1,
set Ky, ={c € A:0(x) € Ky, } =ker Hy, . Note that ||Hy, || = ||¢z] -



262 TERJE HILL AND DAVID A. ROBBINS

Corollary [1| then leads us to the notion of hereditability for (locally ap-
proximate) character amenability we will explore: If A is a function algebra,
and if ¢, € A(A,) is such that A, is (locally approximately) ¢,-amenable,
we will look for conditions sufficient to guarantee that A is (locally approx-
imately) Hy, = (¢ o pz)-amenable.

Now, Propositions andtell us that we might want to look for (bounded)
right approximate identities in Ky, = ker Hy, = {0 € A: o(x) € ker ¢, }.
But Ky, is itself a function algebra with fibers A, (y # ) and K, . Since, for
example, a function algebra will have a bounded right approximate identity
if and only if its fibers have uniformly bounded right approximate identities
(see II) of Section 1), it is then reasonable to look at the kinds of fiberwise
right approximate identities that might exist.

As a model for the criteria we are seeking, we recall how amenability in
its classic sense can be inherited for a function algebra A. Specifically, a
complex algebra A is amenable if and only if it has a bounded approximate
identity and the kernel of the multiplication map p : ARA? — A, a ®
b — ab has a bounded right approximate identity, where A°" is A with the
multiplication reversed. Then a function algebra A is amenable if and only
the fibers A, have uniformly bounded approximate identities and the kernels
of the maps pg : Az®AP — A, have uniformly bounded right approximate
identities; the A, are then said to be uniformly amenable. (See [9] for this
condition, and [5] for the equivalence of amenability and the existence of
the two noted approximate identities.) Given the crucial role that uniform
boundedness plays in the inheritability of classical amenability, we are led
in this instance to seek an analogue for character amenability; in particular,
to find a condition involving character amenability of fibers which involves
some idea of uniform boundedness.

As we proceed, in order to avoid an uninstructive complication, we will
assume that A is a function algebra over X such that if A(4,) = @, then
A, = {0}. From II) of Section 1 (and, looking ahead to Lemma [5)), we can
see that the existence of (bounded) approximate identities for any function
algebra A depends only on the existence of (uniformly bounded) approximate
identities for {A, : Ay # {0}}.

Definition 1. Let A be a function algebra over X, and let Y = {y € X :
Ay # {0}}. Suppose that there exists a collection {¢, € A(4y) : y € Y}
such that each A, is ¢y-character amenable, with associated bounded right
approximate identity {a,, : 7, € I'y} C ker¢, and associated bounded
approximate ¢y-mean {uy, : Ay € Ay}, and that

1) the right approximate identities are uniformly bounded by m; and

2) the approximate ¢,-means are uniformly bounded by g.

Then we say that ® = {¢, : y € Y} is a collection of uniformly amenable
characters for the A,.
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The following result, and some variants, are crucial to our determination
of the existence of (bounded) approximate identities in kernels of elements

of A(A).

Proposition 3 ([2], Prop. 7.1). Let B be a Banach algebra, and let I C B
be a closed two-sided ideal. If I has a bounded (by q) (right) approximate
identity, and if B/I has a bounded (by m) (right) approzimate identity, then
B has an approximate identity bounded by m + q + mq.

Lemma 3. Suppose that A is a complex algebra, and that ¢ € A(A) is
such that A is ¢p-amenable. Then A has a bounded right approximate identity.

Proof. From Proposition [I] we know that ker ¢ has an associated bounded
right approximate identity {a-} and that A has a bounded approximate ¢-
mean {uy}. Let m be a bound for {a,} and ¢ a bound for {u,}. Then, for u €
{ux}, note that u + ker ¢ is the identity in A/ ker ¢, and that ||u + ker ¢|| <
||lu|| < g. It then follows from the preceding proposition that A has a bounded
right approximate identity of norm at most m + q + mgq. ]

Theorem 1. Let A be a function algebra, and fix x € X. Let ¢, € A(A,),
and suppose that A, is YP.-amenable. Suppose there exists a collection ® of
uniformly amenable characters for {A, : A, # {0}}. Then A is Hy, =
(1 © py)-amenable. Therefore, if there exists such a collection ®, and if
each A, is character amenable, then so is A.

Proof. We need to show that Ky, = ker Hy, has a bounded right approx-
imate identity. Recall that Ky is a function algebra with fibers K, and
Ay (y # ), so that it will suffice to show that the fibers have uniformly
bounded right approximate identities.

Consider A, # {0}, where y # z. Since ® is a uniformly amenable collec-
tion of characters, there is a uniform bound for the right approximate identi-
ties for ker ¢,,, where ¢, € ®, y # x. Moreover, K, has a bounded right ap-
proximate identity; let m be a uniform bound for all these right approximate
identities (in Ky, and Ky, ). Now, again since ® is a uniformly amenable set
of characters, the respective identities in the quotients A,/ker ¢, are uni-
formly bounded. (Because, if {uy,} (y # x) are the uniformly bounded (by
q, say) locally approximate ¢,-means (¢, € ®), then, for any u, € {uy,},
we have

[ty + ker ¢y [| < [luy || < g.)
It follows from Lemma 3| that all fibers A, (y # x) have bounded right
approximate identities of norm at most m + ¢ + mgq. Since K, also has
a bounded right approximate identity, it follows from [9] that Ky, has a
bounded right approximate identity, and hence that A is Hy, -amenable.

The final assertion follows by what it means for an algebra to be character
amenable; see the discussion preceding Proposition 1 in which ¢-amenability
is described. 0



264 TERJE HILL AND DAVID A. ROBBINS

Corollary 2. Let A be a Banach algebra with A(A) # &, and let A be a
function algebra such that, for allz € X, Ay = A or A, = {0}. Suppose that
A is ¢-amenable for some ¢ € A(A). Then A is (¢ o p,)-character amenable
for all x € X. Thus, if A is character amenable, so is A.

Proof. A character H € A(A) has the form H = ¢ o p, for some z € X
and ¢ € A(A) = A(Az) (A # {0}). Fix x, and suppose that A is ¢-
amenable. For each y such that A, = A # 0, choose ¢, = ¢ € A(Ay). Then
¢ = {¢p, = ¢ € A(Ay) : Ay # {0}} is a uniformly amenable collection of
characters; now apply the preceding theorem to see that A is H = (¢ o p;)-
amenable. The latter assertion follows immediately. O

Corollary 3. Let X be locally compact, and suppose that A is character
amenable. Then Cy(X, A), the space of continuous A-valued functions which
vanish at infinity, is also character amenable.

Proof. Apply the preceding corollary to the discussion in Example O

We now discuss the matter of locally approximate ¢-amenability for func-
tion algebras .A. This will follow the same route as Theorem [1} but we need

some preliminary results about approximate identities.

Lemma 4. Let A be a Banach algebra, and let I C A be a closed two-
sided ideal. Suppose that I has a (right) approxzimate identity, and that A/I
has an identity. Then A has a (right) approzimate identity.

Proof. Let {uy : A € A} be a right approximate identity in I, and for
c € A, suppose that ¢+ I is the identity in A/I. Let Q = {(F,n): F C Ais
finite, n € N}, and order Q by (F',n') > (F,n) if F/ D F and n’ > n.

Let w = (F,n) € Q be given, say F' = {ay,...,an}. Then for each a; € F,
we have ajc — a; € I, and we clearly can choose uy, € {u)} such that
|(aic — ai)uy, — (aic —a;)|| < 1/n for each a; € F. Re-ordering the sum-
mands above, we get

llai(uy, +c—cuy,) —ai|| < 1/n.

Then € indexes an approximate identity for A. For, given a € A, let
F ={ay, ..., anm} be afinite set containing a, and let n € N be given, with w =
(F,n). Then there exists uy, € {uy} such that ||a;(uy, +c—cuy,) — a; <
1/n for all a; € F. If ' = (F',n’) > w = (F,n), then surely

Ha(qu, +e—cuy,) - aH <1/n’ <1/n.
t

Lemma 5. Let A be a function algebra, and suppose each A, has a right
approzimate identity {uy, : Az € Ag}. Then A has a right approrimate
identity.
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Proof. We adapt the proofs of Proposition 1.2 of [2] and Lemma 4 and
Corollary 3 of [6].

Let A = [[{As : # € X}, where A, is the index set for the approximate
identity in A, : we have auy, — a for each a € A,. Order A pointwise, and
for greater typographic clarity write A(z) = Ay € Ag. Let F = {0y : i =
1,...,m} C A be a finite set, and let n € N.

Let z € X. For each uy() € A, we can choose vy,) € A such that
Ua@)(T) = uy() and such that HI/)\(:E)H = HUA(:E)H (see [12, Proposition
1.1].) For each i = 1,. m, choose A\, i(x) € Ay such that if AM(x) > Ay, i(2)
then ||o;(x) ( @) (@)|| < 1/n. Then if A\, € A is such that A\, (z) >
max{\, ;(x ) ci=1,. m} we have ||oj(z) — oi(z TV, (z) H < 1/n for all
rzeX andz— 1,....m

From the upper semicontinuity of the norm function in A, for each x € X
we can then choose an open neighborhood Vz(F,n) of x such that if y €
Vo(F,n), then ||oi(y) — 0i(Y)Vr, (2) H < 1/n for all o; € F. Since X is
compact, we can choose {z; : j = 1 -y 8} C X such that {V;} = {V,,(F,n),
j = 1,...,s} also covers X. Let {fj :j = 1,...,s} be a partition of unity
subordinate to the Vj; i.e. each f; : X — [0,1] is continuous and supported
on Vj,and  f;j = 1. Define £ = {(F,n) by § = > fjvx, (2,)- Then, fory € X
and o; € F, we have

loi(y) = ol = |, L)) = o, m )|
< X i oi(y) = oi(¥)vr, @) (W) |
< X Lwsin
j s.t. yeV;
< 1/n.

Thus, ||o; — 0i&|| < 1/n for each o; € F.

Now, set Q@ = {(F,n): F C A is finite, n € N}, and order 2 by (F’,n’) >
(F,n) if F/ D F and n’ > n. Then, proceed as in the proof of Lemma
Let 0 € A, and for w = (F,n) € Q, let F' = {01, ...,0m} C A be a finite set
containing 0. Then there exists &, = {(w) € A such that ||o; — 0:&|| < 1/n,
for all o; € F. Hence, if ' = (F',n') > w = (F,n), we have |0 — c&| <
1/n' < 1/n. O

Theorem 2. Suppose that A is a function algebra over X, and there is
a collection ® = {¢p, € A(Ay) : Ay # {0}} of characters such that each
Ay is locally approximately ¢,-amenable. If A, is locally approzimately 1), -
amenable for some 1, € A(Ay), then A is locally approximately Hy, =
P © pr-amenable.
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Proof. It suffices to exhibit a right approximate identity for Ky, = {0 €
A : o(x) € kerip,}. From Lemma [4] the A, (y # z) have approximate
identities since, for any u, € A, # {0} such that ¢y(uy) = 1, u, + ker ¢,
is the identity in A,/ker ¢,. (Such u, exist because 0 # ¢, € A;.) If we
replace ¢, € ® with 1., Lemma [5 assures us that Xy, has an approximate
identity, so that A is locally approximately 1),-amenable. ([

The same corollaries as above can then be generated. Probably the most
interesting is the following.

Corollary 4. Let A be a Banach algebra, and X a locally compact space.
If o € A(A), and A is locally approzimately p-amenable, then A = Cy(X, A)
18 locally approrimately H = ¢ o p-amenable.

Compare Theorems [1| and [2[ to Theorem 2.2 of [I4]. The proof of the
latter employs the existence of locally constant functions in Cy(X,A). In
our situation, however, the fibers of A need not be constant nor, even if they
are constant, must A contain locally constant functions. Lacking this, how-
ever, we instead are able to use the workaround of (bounded) approximate
identities in various spaces.

The following lemma and example show one way in which it is possible to
guarantee that, even though each fiber of a function algebra A is character
amenable, A itself is not ¢-amenable for any ¢ € A(A).

Lemma 6. Let A be a Banach algebra with (right) approzimate identity
{uy : v €T} bounded by m, and let ¢ € A(A). Then ||| < 1/m.

Proof. 1t is easy to check that ¢(u,) — 1. Hence, for given 6,0 < § < 1,
there exists v € {u,} such that ||¢(u)| — 1] <4, or |¢(u)| > 1 — 6. Thus,

6]l = sup{lg(a)] : [lal <1,a € A} > |¢(u)] /m > (1 =) /m.
Since ¢ was arbitrary, we have ||¢|| > 1/m. O

If follows that if inf{||¢|| : ¢ € A(A)} =0, then A has no bounded (right)
approximate identity, and hence that A is not ¢-amenable for any ¢ € A(A).

Using the above lemma, we can then work through the details of a simple
example which shows that a function algebra A (with fibers A, over z €
X) may be such that each A, is character amenable, yet A is only locally
approximately Hy, = ¢, o py-amenable for each Hy, € A(A).

Example 3. Let X = NU {oo} be the one point compactification of N,
and set A, = Cif n # oo, Ao = {0}. If &« € A4, set |||, = n ||, and let A
be the set of functions o on X such that o(n) € A, and ||o(n)||,, = 0. Then
A(A,) = {in}, where i, is the identity map on A, if n # oo, A(Ax) = &,
llin] = 1/n, and K;, = {oc € A : o(n) = 0}. Evidently, A, has identity
1,|[1]|,, = n, and A,, is i,-amenable, and hence character amenable. However,
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the ideal K;, has only an unbounded (right) approximate identity. (Proof:
Define 7, € K, by (k) =1 if k = n+ 1, 7,(k) = 0 otherwise. If o) € K;,
is a (right) approximate identity for K;,, then limy 7,0\ = 7, for each n; in

particular, 7,(n + 1)ox(n + 1) 2 T(n+1)=1.S00x(n+1) = 1€ Apiq,
and since ||1]|,,.; = n + 1, it follows that limsup ||ox[| > n + 1, so that {0}
is unbounded.) (See a similar discussion in [13, Example 19].) Hence, while
A is locally approximately H, = i, o p,-amenable for each H,, it is not
H,,-amenable for any H,,.

Finally, we note the following for completeness.

Proposition 4. Let A be a function algebra over the compact Hausdorff
space X. Let v € X, set Hy, = ¢, 0p,, and suppose that A is (locally approx-
imately) Hgy_ -amenable. Then A, is (locally approzimately) ¢.-amenable.
Consequently, if A is character amenable, then each fiber A, is character
amenable.

Proof. Let {o) : A € A} be a (bounded) right approximate identity for
ker Hy, = Ky,. If a € ker¢p, C A;, we can choose 7 € Ky, such that
7(x) = a. Then, for any such 7 € ker Hy_, we have |70y — 7|| — 0; since the
evaluation map p, is norm decreasing, we then also have ||acy(z) — al| — 0.
Evidently, if {o)} is bounded, then so is {ox(x)}, so that a bounded right
approximate identity for /Cy, forces the same for ker ¢,.. If {0 } is unbounded,
then at worst we have an unbounded approximate identity for ker ¢,. O
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