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Quasi-Laplacian energy of fractal graphs

MurAaT ErRSEN BERBERLER

ABSTRACT. Graph energy is a measurement of determining the struc-
tural information content of graphs. The first Zagreb index can be han-
dled with its connection to graph energy. In this paper, a novel and sig-
nificant application of the first Zagreb index to composite graphs based
on fractal graphs is revealed, and by the relation between quasi-Laplacian
energy and the vertex degrees of a graph, we derive closed-form formu-
las for the quasi-Laplacian energy of fractal graphs or namely R-graphs,
R-vertex and edge join, R-vertex and edge corona, R-vertex and edge
neighborhood graphs in terms of the corresponding energy, the first Za-
greb indices, number of vertices and edges of the underlying graphs.

1. Introduction

All graphs considered in this paper are simple and undirected. Let G =
(V(G),E(G)) be a graph with vertex set V(G) and edge set E(G). If
|[V(G)| = n and |E(G)| = m, we say that G is an (n, m)-graph. The degree
of a vertex v € V (G), denoted by deg(v), is the number of edges incident
to v in G. For a graph G, the sum of the degrees of vertices is equal to the
twice the number of edges, that is > deg(v) = 2|E(G)|, a well-known

veV(Q)
result called the handshaking lemma. Let D(G) = diag(deg(v1), deg(v2),
..., deg(vjy())) be the diagonal matrix with all vertex degrees of G as
its diagonal entries. Let A(G) denote the adjacency matrix of G. The
quasi-Laplacian matrix of G is defined as Q (G) = D (G) + A(G) [2]. The
quasi-Laplacian matrix Q(G) of G is a real symmetric positive semi-definite
matrix [3], and we use y1(G) > p2(G) > ... > py(@)(G) > 0 to denote the
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eigenvalues of Q(G). The quasi-Laplacian energy of G is defined in [§] as

V()|
= > u
i=1

where it is pointed out that the quasi-Laplacian energy of G can also be
expressed as

V(G)| V(&) V(G
EQ(G)= Y ui= Z deg?(vi) + > deg (v;). (1)
=1 =1

The first Zagreb index of a graph was first introduced by Gutman and
Trinajstié¢ in [5], defined as

Mi(G) =y deg” (V). (2)

The first Zagreb index can be also expressed as a sum over edges of G,

M(G) =y (e (1) + degg (v).

We will omit the subscript G when the graph is clear from the context.
We encourage the reader to consult [I 4] [9] 10} [11] for historical background,
computational techniques and mathematical properties of the Zagreb indices.

It is well known that composite graph classes arise from simpler graphs
via various graph operations. Therefore, it is important and of interest to
understand how certain invariants of those composite graphs are related to
the corresponding invariants of the simpler graphs.

The fractal graph of a graph G, denoted by R (G), is the graph obtained
from G by adding a vertex v, and then joining v, to the end vertices of e
for each e € E(G). Let I(G) be the set of newly added vertices, that is
I(G) =V (R(G))\V (G). The fractal graph of a graph G is also known as
the R-graph of a graph G [6].

Let G; and G2 be two vertex-disjoint graphs. In [7] and [6], new graph
operations based on fractal graphs are defined as follows.

e The R-vertex join of G; and G2, denoted by G (v) Ga, is the graph
obtained from vertex disjoint R (G1) and G2 by joining every vertex
of V (G1) with every vertex of V (G2).

e The R-edge join of G1 and Ga, denoted by G (e) Go, is the graph
obtained from vertex disjoint R (G1) and Gg by joining every vertex
of I (G1) with every vertex of V (G2).

e The R-vertex corona of G1 and G, denoted by G - Ga, is the graph
obtained from vertex disjoint R (G;) and |V (Gy)| copies of G2 by
joining the ith vertex of V (Gj) to every vertex in the ith copy of
Go.
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e The R-edge corona of G1 and G, denoted by G x G, is the graph
obtained from vertex disjoint R (G1) and |I (G1)| copies of G2 by
joining the ith vertex of I (G1) to every vertex in the ith copy of Ga.

e The R-vertex neighborhood corona of G1 and G4, denoted by G1©Ga,
is the graph obtained from vertex disjoint R (G1) and |V (G1)| copies
of G5 by joining the neighbors of the ith vertex of G in R (G1) to
every vertex in the ith copy of Gs.

e The R-edge neighborhood corona of G1 and Gs, denoted by G1 ® G,
is the graph obtained from vertex disjoint R (G1) and |I (G1)| copies
of G2 by joining the neighbors of the ith vertex of |I (G1)| in R (G1)
to every vertex in the i¢th copy of Gbs.

In this paper we derive closed-form formulas for the quasi-Laplacian energy
of fractal graphs or namely R-graphs, R-vertex and edge join, R-vertex and
edge corona, R-vertex and edge neighborhood graphs in terms of the corre-
sponding energy (and some other quantities) of G; and G3. The paper ends
with a short summary and conclusion.

2. Quasi-Laplacian energy of graphs based on fractal graphs

In this chapter, we consider an (n,m)-graph G and two vertex-disjoint
graphs, i.e., an (n1, mp)-graph G and an (ng, ms)-graph Gs.

2.1. Quasi-Laplacian energy of fractal graphs. The degree of a vertex
v € V(R(G)) is given by

degp(a)(v) = {z’dege(w’ EZ E }/((GC? (3)
Theorem 1. The quasi-Laplacian energy of R(G) is
EQ(R(G)) — 4(Eg(G)) + 2m.
Proof. By definition we have
|V(R )| |V(R )|

Eq Z degR Z degr(q) (vi) -

Splitting the vertex set V(R(G)) into disjoint sets V(G) and I(G), we get

EQ(R(G)) = ) deghi (v)+ Y deghg) (v)
veV(Q) vel(G)
Z degp(c) (v Z degpc) (v
veV(Q) vel(G)

Substituting degrees of the vertices of R(G) from (3)), we compute
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=1 =1 =1

n

= (4 Z degZ (v;) + 4m> + (2 Z degg (vi) + 2m> .
i=1 =1

By handshaking lemma, we compute each summation as follows:

Eq (R(G)) = (Z (2degg (v1)* + ) (2)2> + (Z (2degg (v) +) (2)>
i=1

Eg(R(G)) = 4 zn: degZ (v;) +4m + 2 (2m) + 2m
=1

n n
= 4 Z deg? (v;) + 4 Z degq (vi) + 2m.
i=1 i=1
Comparing with definition of the quasi-Laplacian energy of G, we receive
the result. g

2.2. Quasi-Laplacian energy of R-vertex join graphs. The degree of
a vertex v € V (Gy (v) G2) is given by

2degg, (v) +n2, ifveV(Gy);
degg, (wya, (V) = {2, if vel(Gr); (4)
degg, (v) +n1, ifveV(Ga).
Theorem 2. The quasi-Laplacian energy of a graph Gy (v) Go is
Eq (G1(v) Ga) = 4Eq (G1) + Eq (G2)
+ ning (ng + ng + 2) + 2my (dng + 1) + 4nyma.
Proof. By definition we start with

[V(G1(v)Ga)l [V(G1(v)G2)|
Eq (G1(v) G2) = Z deg2@1<v)c;2 (vi) + Z degg, ()G, (vi) -
i=1 i=1
Splitting the vertex set V (G (v) G2) into disjoint sets V (G1), V (G2) and
I(Gh1), we get

E ( Z degGl G2 Z degG1 YG2 )
’UGV(G1) UEI(G1
+ Z degGl G2 Z degG1 VG2 )
UEV(GQ) ’UGV Gl)

Z degGl Gz Z deg01 YGa )

vel G1 UEV Gz)
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Substituting the degrees of the vertices of G1 (v) G from (4]), we compute

ni

Eq (G1(v)Ga) = Z (2degg, (vi) + n2)2 + Z (2)% + Z (degg, (vi) + n1)2

i=1 i=1 =1

+ Z (2degg, (vi) 4+ n2) + Z (2) + Z (degg, (vi) +mn1)
i=1 i=1

=1

ni ni
=4 Z degé1 (vi) +4n2 Z degg, (v;) +nin3 + 4my

i=1 i=1
no n2
+ Z degé2 (vi) + 20 Z degg, (vi) + non3
i=1 i=1

ni na
+2 Z degg, (vi) +ning +2my + Z degg, (vi) + nina.
i=1 =1
By handshaking lemma, we compute each summation as follows:

ni n2
Eq (Gy (v) Ga) =4 degd, (vi) +4n (2my) + nin3 + 4my + » _ degg, (v;)
=1 =1

+ 2n1 (2mg) + non? + 2 (2my) + ning + 2my + 2my + nine.

After rearranging the terms, we get

Eq(Gi(v)Ga) =4 (i: deg?;, (v;) + 2m1> + (ZZ: deg?;, (v;) +2m2)

i=1 i=1
+4dnimo + 2my (4”2 + 1) + ning (m + no + 2) .

Recognizing here the quasi-Laplacian energies for G; and Gy (see ), we
receive the result. g

2.3. Quasi-Laplacian energy of R-edge join graphs. The degree of a
vertex v € V (G1 (e) Ga) is given by

2degg, (v), ifveV (G);
dege, (e)cs (v) =< ng +2, ifvel(G); (5)
degg, (v) +my, ifveV(Ga).
Theorem 3. The quasi-Laplacian energy of a graph G (e) G2 is
Eq (G (e) G2) = 4(Eq (G1)) + Eq (G2) + my (n2 (ng +my + 6) + 4my) .
Proof. By definition , we have that

[V(Gi{e)G2)| [V(G1{e)G2)|

E(Gi(e)Ga) = Y degdina )+ Y. degga, (1)
i=1 i=1
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Splitting the vertex set V (G (e) G2) into disjoint sets V (G1), V (G2) and
I(Gh1), we get

E ( Z degGl Gz Z degGl YGa )
vEV(Gh) v€I(G1)
+ Z degGl G2 Z degG1 YGla )
veV(G2) veV(G1)
+ Y deggy e W)+ D degg g, ()
vel G1 vEV Gg)

Substituting the degrees of the vertices of G (e) Gy from (j5)), we compute

ni

Eq (Gi(e)Go) = Z (2degg, (v;) +Z ng + 2) +Z degg, (vi) + m1)2

=1 =1 =1

ni mi n2
+ Z (2degg, (vi)) + Z (n2 +2)+ Z (degg, (vi) +mu)
i=1 i=1 i=1
n1
=4 Z degG (vi) +mq (ne + 2 Z degG2 v;) +2mq Z degg, (vi)
i=1 i=1 =1
ni n2

+ ngm? +2 Z degg, (vi) +my (n2 +2) + Z degg, (vi) + nom;.
i=1 i=1

By handshaking lemma, we compute each summation as follows:

ni na
Eq (Gile)Go) =4 degg, (vi) +ma (ng +2)° + Y degg,, (v:) +2my (2me)
i=1 =1

+nomi + 2 (my) +mq (n2 + 2) + 2ma + namy.

Rearranging terms, we receive

Eq (G1(e)Ga) =4 (El: degQG1 (v) +2m1> + (i deg%;z (v) +2m2>

i=1 i=1

+mi1 (n2 (ng +m1 + 6) + 4ma) .
Using definition (1)), we see the desired result for Eq (G1 (e) Ga). O

2.4. Quasi-Laplacian energy of R-vertex corona graphs. The degree
of a vertex v € V (G; - G2) is given by

2degg, (v) +ng, ifveV(Gy);
degg, g, (v) =1 2, ifvel(Gy); (6)
degg, (v) +1, ifveV(Gy).
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Theorem 4. The quasi-Laplacian energy of a graph Gy - G is
EQ (G GQ) = 4EQ (G1)+n1EQ (G2)+n1 (477”L2 —+ no (’I’LQ + 3))+2m1 (4712—{—1)

Proof. By definition , we have that

[V(G1-G2)| [V(G1-G2)|

Z degé, .q, (vi) + Z

=1 i=1

EQ (Gl . GQ) = degGle (’UZ) .

Splitting the vertex set V (G - G2) into disjoint sets V (Gy), V (G2) and

I(Gy), we get

Z degG1 a ( Z deg01 e (

Eq
UEV(G1) vel(Gh)
+ Z Z degGl G2 Z degG1 G2
=1 UEV Gg) ’UGV(Gl)
£ dose @) Y dosgya
vel(Gh) 1=1 veV(G2)

Substituting the degrees of the vertices of G1 - G2 from (@, we compute

ni mi ny n2
Eq(Gi-Ga) =) (2degg, (vi) + n2)” + D@7+ D0D (degg, (v5) + 1)?
i=1 i=1 i=1 j=1
mi niy ng

2) + Z Z (degg, (v;) +1)

n
+ Z (2 degg, (vi) + 712) + Z (
] =1 i=1 j=1

ni ni
=4 Z deg?;, (v;) +4ns Z degg, (v;) +nin3 + 4my
i=1

i=1
niy n2 ny n2
+ Z Z deg?;, (v;) + 2 Z Z degg, (vj) +ning
i=1 j=1 i=1 j=1
ni no

ni
+2 Z degg, (vi) +ning +2my + Z Z (degG2 (vj)) +nina.
i=1 j=1

=1
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Applying handshaking lemma, we get:

ny n2

ni
Eq (G1-Gs) = 42 degé1 (v5) +4ng (2my) + nin3 + 4m; + Z Z deg2G2 (vj)

i=1 i=1 j=1

ni ni
+ 2 Z (ng) + ning + 2 (2m1) + nino + 2my —I—Z (2m2)+n1n2
i=1 i=1

ni n2
=4 Z deg?;, (v;) +4ns (2m1) + nan3 + 4my +m Z deg?,, (v;)
i=1 j=1

+4nyima + ning + 2 (2mq) + ning + 2my + 2nyma + nine.

After rearranging,

ni n2
Eqg(G1-Ga) =4 <Z degé1 (v;) + 2m1> +nyg Zdegé2 (v5) + 2ma

=1 j=1

+nq (4m2 + n9 (712 + 3)) + 2my (4712 + 1) ,

from which, by definition (], we see that the desired result for Eq (G - G2)
holds. U

2.5. Quasi-Laplacian energy of R-edge corona graphs. The degree of
a vertex v € V (G1 x G2) is given by

2degg, (v), ifveV(G);
degg, xq, (V) =  n2 + 2, ifvel(Gy); (7)
degg, (v) +1, ifveV(Ga).

Theorem 5. The quasi-Laplacian energy of a graph G1 x Ga is

EQ (Gl X GQ) = 4EQ (Gl) + m (EQ (Gg) + n9 (ng + 6) + 4mo + 2) .

Proof. By definition (1), we have that

|[V(G1xG2)| [V (G1xG2)|

EQ(GixGo)= Y degdng, (v)+ D degg g, (vi)-
i—1 i=1
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Splitting the vertex set V (G1 x G2) into disjoint sets V (G1), V (G2) and
I(Gh1), we get

(Gl X G2 Z degGl XG2 Z degGl X G2 )
UEV(G1) vel(Gh)
+ Z Z degG1 XGQ Z degGl XGQ )
=1 veV(G2) veV(Gh)
+ Z degGl X G2 (U) + Z Z degGl X Go ('U)
veI(Gy) i=1 veV (Ga)

Substituting the degrees of the vertices of G1 x G5 from @, we compute

ni mi1 n2
Q(Gl><G2):Z:(2degg1 v;) —1—2 ng + 2) +ZZ degg, (vj —H)
=1 =1 j=1
mi1 n2
+Z 2degg, (vi)) +Z ng + 2) —i—ZZ degg, (v;) +1)
i=1 j=1
m1 n2 mi1 n2
—4ZdegG (v;) +m1 (ng + 2) +ZZdegG2 (vj +2ZZdegG2 vj)
i=1 j=1 i=1 j=1
mi no
+m1n2+2ZdegG1 (v;) +m1 (ng + 2) +ZZdegGQ (vj) + mina.
=1 =1 j=1

By handshaking lemma, we have:

mi1 n2

Eq (G1 x G3) —éJtz:degG1 (vi)+m1 (n2+2) +ZZdegG2 (v5) +2Z 2my)

=1 i=1 j=1 =1

mi
+ming + 2 (2mq1) +my (n2 +2) + Z (2mg) + ming
i=1
mi no

= 4Zdeggl (v:) +m1 (ng +2)% + szeg02 (v5)

=1 i=1 j=1
+ 4dmimg + ming + 2 (27711) + mq (ng + 2) + 2mimsg + mins.

Rearranging, we get that

ni n2
Eq(Gi1 xGa) =4 (Z de-gQG1 (vi) + 2m1> +my Zdeg%2 (vj) + 2my

i=1 j=1
+ mq (ng(n2+6)+4m2+2),
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from which by definition , the desired result for Eg (G1 x Ga) is received.
O

2.6. Quasi-Laplacian energy of R-vertex neighborhood corona
graphs. The degree of a vertex v € V (G; ® G2) is given by

(ng +2)degg, (v), ifveV(Gi);

2(na+1), ifvel(Gr);

dega, 06, (V) = { degg, (v) +2degg, (u), if veV (G2), where u is ith
vertex of Gy in R(G;) and v
is a vertex in ith copy of Gbs.

(8)

Theorem 6. The quasi-Laplacian energy of a graph G1 ® G is

Eq (G © Ga) = ((n2+2)° +2n2) Eq (G1) + mi (Fq(G2)
+ 2(712M1 (Gl) + m1(8m2 + 1)),

where My (G1) is the first Zagreb index of Gy, given in .

Proof. By definition , we have that

[V(G10G2)| [V (G10G2)|
BQ(G10G) = Y degtiog, (vi)+ D, deggog, (vi)-
i=1 i=1

Splitting the vertex set V (G7 ® G2) into disjoint sets V (G1), V (G2) and
I(Gy), we get

EQ (Gl @ Gz) = Z degél@GQ (U) + Z deg%ﬁ@Gg (U)

UEV(G1) UEI(Gl)

ni
3 Y degdioq )+ Y deggoq, (v)
i=1 veV(G2) veV(G)

ny
+ Z dege, 06, (U)+Z Z dega oa, (v)-
)

vel(Gy =1 veV(G2)
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Substituting the degrees of the vertices of G1 ® G5 from , we get

ni

Eq (G160 Gy) = Z ((n2 +2) degg, (vs)) g Z (ng+1))

i=1
ni no
2
+ Z Z (degg, (v;) + 2degg, (u;))” + Z ((n2 +2) degg, (vs))
i=1 j=1 i=1
mi ny n2
+> (2(na+2))+ > Y (degg, (vj) + 2degg, (u;))
i=1 i=1 j=1
ni niy n2
= (ng +2)? Z deg%;1 (vi) +m1 (2 (ng +1))* + Z Z degG2 ;)
=1 =1 j=1
niy n9 ny n2
+4 Z Z degg, (vj) degg, (u;) +4 Z Z deg2G1 (u;)
i=1 j=1 i=1 j=1
ni ny n2
+(na+2) Y degg, (vi) +ma(2(ng +2) + > degg, (v))
i=1 i=1 j=1
ni no
+2 Z Z degg, (u;).
i=1 j=1

By handshaking lemma, we compute each summation as follows:

ni ny n2
0 (G1® Ga) = (np+2)° Z deg?, (vi) +ma (2(na+1))* + Z Z degg,, (vj)
=1 =1 j=1
ni ng ny n2
+4 (Z degg, (W)) <Z degg, (Uz')) +4) 0 degg, ()
i=1 i=1 i=1 j=1
ni ni
+ (n2+2) (2m1)+ma (2 (n2+2)) + Y (2mg) + 2ng Y _ degg, (us)
i=1 i=1
ni ny n2
=(ng + 2)2 Z degQG1 (vi)) +m1 (2(n2 + 1 2y Z Z degG2 vj)
=1 =1 j=1
ny ng
+4(2m1) (2mg) + 4> > degdy, (ui) + (ng + 2) (2m1)
i=1 j=1

+mq (2 (TLQ + 2)) +n1 (2m2) + 2n9 (le) .

Rearranging, and then using definitions and , we have the desired
result:
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EQ (G1 ® GQ) = ((TLQ + 2)2 + 2n2> (i deg2G1 (’UZ) + 2m1>

=1

ni na
+2 (ng Z deg?;, (u;) +my (8mo + 1)> +ny Z deg?,, (vj) +2mo
i=1 j=1

- ((ng +2)% 4 zng) Eq (G1) + n1 (Eg (G2)) + 2 (na My (G1)+my (8ma+1)).

0

2.7. Quasi-Laplacian energy of R-edge neighborhood corona graphs.
The degree of a vertex v € V (G1 ® G2) is given by

(ng +2)degg, (v), ifveV(G);
degg,0a, (V) = degg, (v) + 2, ifveV(Gs); (9)
2, ifvel(G).

Theorem 7. The quasi-Laplacian energy of a graph G1 ® Ga is

EQ (Gl & Gg) =4 (712 + 1) EQ (Gl)—l-?’L%Ml (G1)+m1 (EQ (GQ) + 2 (4m2 + 1)) .
Proof. By definition , we have that

[V(G1®G2)| [V(G1®G2)|

EQ (Gl ® GZ) = Z degé1®c2 (/UZ) + Z degG1®G2 (Ul) .
=1 =1

Splitting the vertex set V (G ® G2) into disjoint sets V (G1), V (G2) and
I (G1), we have

(Gl & G2 Z degG1®G2 Z degG1®G2 )
’UEV(Gl) vel(Gh)
+ Z degG1®G2 Z degG1®G2 )
veV(G2) veV(G1)

Z degq,wa, (V Z degg,wa, (V)-

vel G1 ’UEV Gg)
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Substituting the degrees of the vertices of G ® G5 from @, we get

ni mi1 n2
0 (G1® GQ)ZZ ((n2+2) degg, (vi)) Z 24 Z Z (degg, (Uj)+2)2
=1 =1 =1
n1 Z mi1 ne2 o
+ Z ((n2 +2) degg, (v7)) + Z (2) + Z Z (degg, (v;) +2)
i=1 i=1 i=1 j=1
mi1 n2 m1 N2
(ng +2) Z degG1 v;) +4my + Z Z degG2 vj) +4 Z Z degg, (v5)
i=1 j=1 i=1 j=1
mi no
+ 4dming + (ng + 2) Z degg, (vi) +2my + Z Z degg, (vj) + 2myna.
=1 =1 j=1

By handshaking lemma, we compute each summation as follows:

mi n2
0 (G1®G2) = (n2 +2) Zdeggl (vi) +4mq + Z Zdegag (v5)
=1 =1 j=1

mi mi
+ 42 (2mg) +4ming + (n2 + 2) (2m1) + 2my + Z (2mg) + 2mine.
i=1 i=1
After rearranging,

ni ni
Eq(Gi®Ga) =4(n2+1) (Z degQG1 (vi) +2m1> + n3 Z degé1 (v5)

i=1 i=1

n2
Z degé2 (vj) +2mg | +2my (dma +1).
j=1
Comparing with definitions (1)) and (2)), the desired result for Eq (G1 ® Gb)

follows.
O

3. Summary and conclusion

Graph energy has so many applications in the field of chemistry, physics,
biology, mathematics and sociology. By the approach presented in [§], the
relation between quasi-Laplacian energy and the vertex degrees of a graph
was envisaged. In this paper, it is also observed that the first Zagreb index
can be handled with its connection to graph energy. A new and significant
application of the first Zagreb index to composite graphs based on fractal
graphs is revealed, and exact formulae for quasi-Laplacian energy are derived
in terms of the corresponding energies, the first Zagreb indices, number of
vertices and edges of the underlying graphs of those composite graph types.



18

(1]

2]
8]
(4]
5]
(6]
(7]

(8]

(9]

MURAT ERSEN BERBERLER

References

J. Braun, A. Kerber, M. Meringer, and C. Rucker, Similarity of molecular descriptors:
the equivalence of Zagreb indices and walk counts, MATCH Commun. Math. Comput.
Chem. 54 (2005), 163-176.

D. M. Cvetkovié¢, M. Dooband, and H. Sachs, Spectra of Graphs: Theory and Applica-
tions, Deutscher Verlag der Wissenschaften, 191-195, 1980.

M. Desai and V. Rao, A characterization of the smallest eigenvalue of a graph, J. Graph
Theory 18 (1994), 181-194.

I. Gutman and K. C. Das, The first Zagreb index 30 years after, MATCH Commun.
Math. Comput. Chem. 50 (2004), 83-92.

I. Gutman and N. Trinajsti¢, Graph theory and molecular orbitals. Total m-electron
energy of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972), 535-538.

J. Lan and B. Zhou, Spectra of graph operations based on R-graph, Linear Multilinear
Algebra 63 (2015), 1401-1422.

X. Li, J. Zhou, and C. Bu, Resistance distance and Kirchhoff index of R-vertex join
and R-edge join of two graphs, Discrete Appl. Math. 187 (2015), 130-139.

Y. Ma, Z. Cao, and X. Qi, Quasi-Laplacian centrality: A new vertex centrality measure-
ment based on quasi-Laplacian energy of metworks, Physica A: Statistical Mechanics
and its Applications 527 (2019), 121130. [DOI

B. Zhou, Zagreb indices, MATCH Commun. Math. Comput. Chem. 52 (2004), 113—
118.

[10] B. Zhou and I. Gutman, Further properties of Zagreb indices, MATCH Commun.

Math. Comput. Chem. 54 (2005), 233-239.

[11] B. Zhou and I. Gutman, Relations between Wiener, hyper- Wiener and Zagreb indices,

Chem. Phys. Lett. 394 (2004), 93-95.

FAcULTY OF SCIENCE, DEPARTMENT OF COMPUTER SCIENCE, DOKUZ EYLUL UNIVER-

SITY, 35160 IZMIR, TURKEY

E-mail address: murat.berberler@deu.edu.tr


https://doi.org/doi:10.1016/j.physa.2019.121130

	1. Introduction
	2. Quasi-Laplacian energy of graphs based on fractal graphs
	2.1. Quasi-Laplacian energy of fractal graphs.
	2.2. Quasi-Laplacian energy of R-vertex join graphs.
	2.3. Quasi-Laplacian energy of R-edge join graphs.
	2.4. Quasi-Laplacian energy of R-vertex corona graphs.
	2.5. Quasi-Laplacian energy of R-edge corona graphs.
	2.6.  Quasi-Laplacian energy of R-vertex neighborhood corona graphs.
	2.7.  Quasi-Laplacian energy of R-edge neighborhood corona graphs.

	3. Summary and conclusion
	References

