ACTA ET COMMENTATIONES UNIVERSITATIS TARTUENSIS DE MATHEMATICA
Volume 28, Number 1, June 2024
Available online at https://ojs.utlib.ee/index.php/ACUTM

Equivalent notions in the context of compatible
Endo-Lie algebras

AZI1Z1 ELMOSTAFA

ABSTRACT. In this article, we introduce a notion of compatibility be-
tween two Endo-Lie algebras defined on the same linear space. Compat-
ibility means that any linear combination of the two structures always
induces a new Endo-Lie algebras structure. In this case of compati-
bility, we show that the notions of bialgebras, standard Manin triples
and matched pairs are equivalent. We find this equivalence for the case
of compatible Lie algebras since this is a particular case of compatible
Endo-Lie algebras.

1. Introduction

An Endo-Lie algebra [I] is a triple (g,[,]g,¢), or simply (g,¢), where
(9,[,]g) is a Lie algebra and ¢ is a Lie algebra endomorphism. Two struc-
tures of Endo-Lie algebras, (g, [,]41,¢) and (g, [, 42, @), are compatible if, for
all k1, k2 € K, (g, k1], ]g1 +k2[, )42, @) is still an Endo-Lie algebra, in this case,
the compatibility of the two algebras is noted by (g, [,]41, [, J¢2, ) or (g, ®)
and we call (g, [,]g1, [, ]¢2, @) a compatible Endo-Lie algebra (for short CE-Lie
algebra). If we adopt the notation (g, ¢), the context will indicate whether
the algebra is an Endo-Lie or a CE-Lie algebra. Note that if ¢ = id,, then we
find the definition of compatible Lie algebra, denoted by (g, [,]g1,[,]42) or ¢
if no confusion is to be expected. A CE-Lie algebra (g, [,]41,[,]42, @) is there-
fore a compatible Lie algebra (g,[,]41,[,]g2) with a compatible Lie algebra
endomorphism ¢: ¢([m7y]gl) = [(b(l'), ¢(y)]91 and ¢([$,y]92) = [(z)(x)a ¢(y)]92
for all z,y € g. This notion of compatible Lie algebra was introduced by
Golubchik and Sokolov [2] and is characterised by

Om,y,z ([:U? [y> Z]gl]QQ + ['x: [y> Z]gﬂgl) =0,Vz, Y,z €49. (1)
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This paper is structured as follows. In the second section, we illustrate
the notion of CE-Lie algebra with an example. In the third section, we study
the notion of CE-Lie algebra representation. This notion is characterized by
the following result: (V, ¢y, p1,p2) is a representation of a CE-Lie algebra
(9,1 )1, [, ]2, ¢g) if and only if (V, ¢y, p1) and (V, ¢v, p2) are representations
of Endo-Lie algebras (g, [, 1, ¢4) and (g, [, ]2, ¢4) respectively, and

p1([z,ylg2) + p2([z, ylg1) = [p1(2), p2(Y)]gu(v) + lp2(2), P1(Y)] vy, Vo, ¥ € g

Unlike the case of compatible Lie algebras, if (V, ¢v, p1, p2) is a representa-
tion of a CE-Lie algebra, then the quadruple (V*, ¢}, p}, p3) is not in general
a representation of (g, [, ]1,[,]2, ¢4). We then show that if (V, p1, p2) is a rep-
resentation of compatible Lie algebras (g, [,]41,[,]g2) and for g € gi(V'), the
triplet (V*, 8%, pi, p3) is a representation of a CE-Lie algebra (g, [, 1, [, ]2, ¢q)
if and only if A(p(dy(x)v) = p(z)(B(v)) and Blu(dy(x)v) = u(z)(B(v)).
Vo € g,v € V. We say that 8 dually represents (g,[,]q1,[, g2, ¢g) on
(V, 1, P2)~

The notion of matched pairs of two CE-Lie algebras is essential. Proposi-
tion 4 characterises this notion. Let two CE-Lie algebras g and h where ¢ is
an h-bimodule and h is a g-bimodule via two representations (g, ¢g, pp, tin)
and (h, ¢n, pg, 1tg)- Theorem 1 shows the following result: if the sextuple
(9, h, pg, ttgs phy pi1) is @ matched pair of compatible Lie algebras (g, [, |41, [, ]¢2)
and (hv [7 ]hla [7 ]h2)> then ((ga ¢g)a (hv ¢h)> Pgs> Kgs Ph, ,uh) is a matched pair if
and only if (¢ @ h,[,]1,[, ]2, ¢g ® é1) is a CE-Lie algebra, where [,]1,[,]2 are
defined by

[ 4w,y + v = [2,9]g1 + pg(2)v — pg(y)u + [u, v]p1 + pr(w)y — pr(v)z,
(& +u,y +v]2 = [2,y]g2 + pg(2)v — prg(y)u + [u, v]n2 + pp(w)y — pn(v)z,

for all z,y € g and u,v € h. The resulting compatible Lie algebra structure
on the semi-direct product g @ h is denoted by g > h.

In the fourth section, we study the Manin triples. Let (g,[,]q1,[,]42) be
a compatible Lie algebra. Suppose that there is a compatible Lie algebra
structure (g%, [, |g«1, [, |g«2) on the dual g* and a compatible Lie algebra struc-
ture on the semi-direct product g& g* which contains both (g, [, 41, [, ]¢2) and
(g%, [,]g#1, [s Jg+2) as sub-algebras and for which the natural scalar product on
the semi-direct product g ® g*:

<z+ny+{>=<z{>+<yn> vVrycgnlcyg

is invariant. This structure comes from a matched pair of compatible Lie
algebras. The triple (g < g%, g,9%) is called a (standard) Manin triple of
compatible algebras. We then have (g > g*, g, ¢*) is a standard Manin triple
if and only if (g, g%, ad], ad;, Ad;, Ad%) is a matched pair, where ad; and Ad,;
are defined by ad; »y = [z, ylg and Ad;en = [£,n]g= for x,y € g, &,n € g
and i = 1,2 (see Theorem 2). We now assume that (g, ¢) and (gx*,¢x) are
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CE-Lie algebras. A few more structures on (g > ¢*, g, ¢"), and we get the
notion of Manin triple of CE-Lie algebras: ((g > ¢g*, o®v*), (g, ¢), (¢*,¢*)) is
a Manin triple of CE-Lie algebras if (g > g*, g, g*) is a standard Manin triple
of compatible Lie algebras g and ¢g* such that g 0 g* is quadratic concerning
the natural scalar product and (g < g*, ¢ @ 9*) is a CE-Lie algebra. By
Theorem 2 and Lemma 2, ((g > g%, ¢ ® ¥*),(g,¢),(¢*,v*)) is a Manin
triple of CE-Lie algebras if and only if ((g, ¢), (¢*,v*), ad}, ads, Ad}, Ad%) is
a matched pair of CE-Lie algebras. This result is the subject of Theorem 3.

Finally, in the fifth section, we study, in any dimension, the CE-Lie bialge-
bra structure. Then we show that in finite dimension, we have the following
result: ((g,9), (g",¢*),ad], ads, Adf, Ad3) is a matched pair of CE-Lie al-
gebras if and only if ((g,®), A1, Ag, ) is a CE-Lie bialgebra where Ay, Ay
denote the linear dual of the multiplications [,]g«1 and [,]g«2, respectively.
This result is the subject of Theorem 4. Combining all these results, we have
that the expressions (i) ((g, ¢), (¢*,v¥*), ad}, ad’, Adj, Ad3) is a matched pair
of CE-Lie algebras, (ii) there is a structure of Manin triple of CE-Lie alge-
bras (9> g%, ¢ ® "), (g,9), (9%, ¥")) and (iii) the triple ((g,¢), A1, A2, ¥)
is a CE-Lie bialgebra, are equivalent. Note that if we take ¢ = id,; and
©)* = idg~, the results obtained are those obtained in the case of compatible
Lie algebras, see [9].

2. Compatibility through an example

Definition 1. Let (g,[,]q41,¢) and (g, [, |42, ¢) be two Endo-Lie algebras
over a field K. They are called compatible if for any k1, ko € K, the following
bilinear operation

[z,y] = ki[z,ylg1 + ka[z, ylg2, Vz,y €y, (2)

defines an Endo-Lie algebra structure on g. We denote the two compatible
Endo-Lie algebras by (g, [, 141, [, 192, ¢) and call (g, [, ]¢1, [, ]42, ¢) & compatible
Endo-Lie algebra.

Let (g,[,]g1;[;]g2,#) be a compatible Endo-Lie algebra. We denote the
Endo-Lie algebra defined by equation (2) by (g, k1], ]g1 + k2[,]42, ¢) for any
ki,ko € K. A compatible Endo-Lie sub-algebra of (g, [,]41,[;]42, @) is a sub-
space of g, wich is an Endo-Lie sub-algebra of (g, k1], |g1 + k2], ]42, ¢), for any
k1, ko € K.

Example 1. Consider two Lie operations [,]; and [,]o on a three di-
mensional vector space g over R. We want to determine, if they exist, the
¢ maps for which (g,[,]g1,9), (9,[,]42,¢) are two Endo-Lie algebras and
(9,[,]15[,]2, @) is a CE-Lie algebra. Let {z,y, 2z} be a basis of g:

[$;y]g1 =z, [3/>$]g1 = —Zz,

[xay]QQ =z, [3/>$]g2 = —Zz,
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aip a2 a3
Let us put Mat[p,{x,y,z}| =| a21 a2 as |,
a3y asz2 ass
where ¢(z), ¢(y) and ¢(z) are the column vectors (a;; € R, i is the ith row
and j is the jth column).
Using equation (1), we show that (g, [,]1, [

, ]2) is a compatible Lie algebra.
Then ¢ is an algebra endomorphism of (g, |

Jg15 [, ]g2) if and only if

;

a13 = a3 = azy = azz = 0,
¢(2) = [p(z), ()], (1) a3z = arraz — aras,
62) = [0(). 0., | () 4z =anas,
—o(y) = [d(z), d(2)] g2, (3) a1 = axass,
o(x) = [9(y), (2)]g2- (4) a2 = —aziass,
(5) a2 = —ai2a33.
Let us calculate (2) x aj; and (4) x a1, then use (1) to find asz(a2; +

Case 1. If agz3 = 0, we have a11 = a12 = a99 = ao1 = 0, hence ¢ is zero.
Case 2. If a2, + a2, = 1, then by equalities (4) and (5), we have aj2(1 —
Case 2.1. If agg = +1, we have

a —8 0 a B 0
0 0 1 0 0 -1
o+ 82 =1.

Case 2.2. If ajs = 0, then a?; = 1. Possible solutions are

1 00 1 0 0
Mat[¢,{x,y,z}] =10 1 0], Mat[¢,{x,y,2}] =10 -1 0 |,
0 0 1 0 0 -1
-1 0 0 -1 0 O
Mat[p,{z,y,z}]=| 0 1 0 |, Mat[¢,{z,y,2}]=1 0 -1 0
0 0 -1 0 0 1
Remark 1. Case 2.2 is a sub-case of the case 2.1. The solutions are
0 0O a =8 0 a B 0
000|,[8 a 0)and [ —a 0],a?+82=1.
0 00 0 0 1 0 0 -1

In this example, we have a trivial Lie-compatible algebra (in the context of
CE-Lie algebras), a compatible Lie algebra and CE-Lie algebras.
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3. Matched pair of CE-Lie algebras
Let us recall the following definitions.

Definition 2 ([3]). We call a representation of a compatible Lie algebra
(9, [ ]g15 [+ ]g2), a triple (V, p, u) where V' is a vector space and p, j1 : g — gl(V)
are linear maps such that for any kq, ko € K, (V, k1p+kop) is a representation
of the Lie algebra (g, k1[,]g1 + k2, ]42)-

Definition 3 ([I]). A representation of an Endo-Lie algebra (g, [, 4, ¢g) is
a triple (V, ¢v, p), where (V, p) is a representation of the Lie algebra (g, [,]g)
and ¢y € gl(V), such that, for all x € g, v € V, ¢y (p(z)v) = p(Pg(z))dv (v).

Definition 4. A representation of CE-Lie algebra (g, [,]41, [, ]2, ¢4) on a
vector space V' is a quadruple (V, ¢y, p1, p2) such that (V, ¢y, k1p1 + kap2)
is a representation of the Endo-Lie algebra (g, k1[,]q1 + k2, |42, ¢g), for all
kl, ko € K.

The above definitions lead to the following results.
Proposition 1. Let (g,¢,) be a CE-Lie algebra. Then (V, ¢y, p, 1) is a

representation of (g, ¢q) if and only if the following conditions are satisfied:

a) (V,p,u) is a representation of compatible Lie algebras g,
b) forallx € g,v eV,

ov(p(@)v) = p(og(x))dv (v),
ov (u(x)v) = p(dg(x)) v (v).
Proof. The proof is obvious. O
Proposition 2. (V, ¢y, p1, p2) is a representation of (g,[, g1, [; g2, @) if
and only if, for all x,y € g, the following conditions are satisfied:
1) the triplets (V, ¢y, p1) and (V, ¢y, p2) are representations of Endo-

Lie algebras (g, [,]q1, ¢¢) and (g, [, g2, ¢g), respectively;
2) pi([x,ylg2) + p2([z,ylg1) = [p1(2), p2(¥)l vy + [2(2), p1(Y)]gi(v)-

Proof. “=" (V, ¢y, p1) and (V, ¢y, p2) are representations of (g, [, |41, ¢g)
and (g, [,]42, @g), respectively, they correspond to the cases (ki,k2) = (1,0)
and (ki,k2) = (0,1). Hence the result in 1) holds. For (ki,k2) = (1,1)
we have that (V, ¢y, p1 + p2) is a representation of (g,[,]q1 + [, g2, ¢g)- By
Definition 2, we have

(p1+ p2)([2, ylg1 + [2,Ylg2) = (pr(2) + p2(x)) (p1(y) + p2(y))
= (p1(y) + p2(¥))(p1(z) + p2(x)).
This is equivalent to
p1([z,Ylg1) + p1([z,ylg2) + p2([z, Ylg1) + p2([z, Ylg2)
= p1(z)p1(y) + p1(x)p2(y) + p2(2)p1(y) + p2(x)p2(y)
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—p1()p1(x) — pr(y)p2(x) — p2(y)p1(x) — p1(y)p2(x).

After simplification, we obtain the result 2).

“<=" Let us show that (V, ¢y, k1p1+kap2) is a representation of Endo-Lie
algebra (g, k1[,]g1 + k2[, |2, ¢g), for all ki, ko € K. To do this, let us check
Definition 2. If z,y € g and v € V, then

ov (kip1(x)v + kapa()v) = k1gv (p1(x)v) + k2(p2(x)v)
= k1p1(94(2))Pv (v) + k2p2(dg(2))Pv (v)
= (k1p1 + k2p2)(94(x)) v (v).
In addition, we have
(k1p1 + kopa) (ki [z, g1 + kol, ylg2) = K pr([2,y)g1) + K3 pa([2, y]go)
+ kik2(p1([z,ylg2) + p2([z, ylg1))-
On the other hand, we have
(k1p1(z) + kap2(2))(k1p1(y) + k2p2(y))
— (k1p1(y) + k2p2(y)) (k1p1(z) + k2p2(z))
= K (p1(2)p1(y) — p1(y)pr(2)) + k3 (pa(x)pa(y) — pa(y)p2(x))
+ k1ka(p1(2)p2(y) — p2(y)p1(2) + p2(z)p1(y) — p1(y)p2()).
By hypothesis, the two members on the left are equal. O

Example 2. Let (g,[,]g1, [, g2, ¢g) be a CE-Lie algebra. Denote by ad;
the adjoint representation with respect to [,]41 and by ady that with respect
to [,]g2. Then (g, ¢4, adi, adz) is naturally a representation of g, called an
adjoint representation. Indeed, check the conditions of the previous propo-
sition.

Proof. Condition 1) is obvious. For condition 2), using equation (1), we
have for all z,y,z € g,
adl,[w,y]ggz + ad2,[x,y]glz = Hxa y]g% Z]gl + [[:Ea y]gh 2]92
= [[z, 2lg2, Ylgr — [y, 2lg2; €lg1 + [[2, 2]g1, ylg2 — [[y, 2]g1, 7]g2
= (ady zadsy — ada yadi ;) (2) + (ad zady y — adi yads z)(2).
Thus (g, ¢g, ady, ads) is indeed a representation of g. O
Two representations (V1, a1, p1, p1) and (Va, ag, p2, u2) of a CE-Lie algebra

(9, ]g1: s ]g2, #) are called equivalent if there exists a linear isomorphism
1 Vi — V5 such that, for all x € g and v € V7,

P(p1(x)v) = pa(2)Y (), Y((2)v) = pa(2)P(v) and (Yoar)(v) = (azov)(v)

Proposition 3. Let (g,[,]g1,[,]42: ¢¢) be a CE-Lie algebra, (V,p,p) a
representation of the compatible Lie algebra (g,[,1g1,[,]g2) and B a linear
operator on V. Then (V,B,p, ) is a representation of (g,[,]q1,[, 192, ¢g) if
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and only if (9®V,[,11,[,]2), ¢g ® B) is a CE-Lie algebra, where [,]1 and [, ]2
are defined by

[ +u,y +v]1 = [7,y]g1 + p(x)v — p(y)u,
[+ u,y +v]2 = [7,y]g2 + p(@)v — p(y)u.

In this case, it is called the semi-product of g and V and is denoted by
g XpuV.

Proof. “=" By the Jacobi identity and the fact that (V,p;) is a repre-
sentation of the Lie algebra (g, [,]41), we have

Ow+uy+vz+w[$+u [y+v Z—i-w] ]1

— p([z, ylg1)(w) + p(x) 0 p(y)w — p(y) © p(z)w

= p([z,2]g1)(v) + p(2) © p(z)v — p(x) © p(2)v
= p([y, 2]g1)(w) + p(y) © p(2)u — p(2) © p(y)u
+ [z, [y, 2lg1]g1 + [2, [T, Ylg1]g1 + [y, [2, @] g1]g1 = 0.

Similarly, we have Ogtu ytv 24w (& + U, [y + v, 2 + w2]o = 0.
On the other hand, by equation (1) and condition 2) of Proposition 2, we
have
Oztugtvztw ([T +u, [y +v, 2+ wglge + [z +u, [y + v, 2 + wlgalg1)
= — p([z, 2]g2)v — [z, z]g1)v + p(2) (u(z)v) — p(2)(1(2)V)

( [
+ w(z)(p(x)v) — p(z)(p(2)v)
= p([y, 2lg2)u — [y, 2]g1)u + p(y) (u(2)u) — p(2)(1(y)u)
+ () (p(2)u) — pu(2)(p(y)w)
= p([z,ylg2)w — p([z, ylg1)w + p(z)((y)w) — p(y) (1(z)w)
+ (@) (p(y)w) — n(y)(p(z)w)

+ [z, [y; 2]glg2 + [2, [, Ylg1]g2 + [y, [2, %] g1]g2

+ [z, [y, 2]g2lg1 + [2, [, Ylgalg1 + [y, [, Z]g2]gn = 0

We conclude that (g ® V,[,]1,[,]2) is a compatible Lie algebra.
Now let us show that ¢, @ 3 is an endomorphism of g @ V. Indeed,
(09 ® B)([x +u,y +v1) = (¢g ® B)([2, ylg1 + p(z)v — p(y)u)
= ¢g([7,ylg1) + B(p(x)v) — Blp(y)u)
= [dg(2), 0g(y)]1 + p(Dg(2))B(v) — p(eg(y))B(w)
= [pg(z) + B(u), ¢g(y) + B(v)h
= [(¢g @ B)(z +u), (dg & B)(y + v)]1.

In the same way, we proceed for [, ]o.
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“<=" Let us show that (V, 3, p, ) is a representation of (g, [, ]41, [, ]¢2, ¢q)-
For x € g and v € V, we have (¢q @ B)([z,v]1) = [¢¢(z), B(v)]1, therefore

B(p(z)v) = p(dg(x))B(v). Likewise (¢g & 8)(v,xl2) = [B(v ), ¢g()]2, thus
B(p(x)v) = p(pg(x))B(v). On the other hand, we have

o[z, ylg1)v = [[2,ylg1, v]1 = [[z,y]1,v]1
= [[z,v]1, ¥l + [[v,yl1, 2]
= (p(x)p(y) — p(y)p(x))v.

In the same way, we show that p([z,y]g1)v = (u(x)u(y) —p(y)p(z))v. Finally,
we have

[z ylg2)v + plla, ylgr)v = [lz, ylga, vl + [z, vl v]a
—llv, zl2, Yl = [ly, v]g2, 2
= [[v; 2]1, 9]z = [y, vlg1, 2]
= =p(y)(u(x)v) + p()(u(y)v)
= 1) (p(x)v) + p(@)(p(y)v).
The result is established. O
Lemma 1. Let (g, [,]g1,[;]42, ¢¢) be a CE-Lie algebra. Let (V,p, ) be a
representation of the compatible Lie algebra (g,],]q1,[,]g2). For B € gl(V),

the triple (V*, 5%, p*, u*) is a representation of (g,[, g1, [, 142, @) if and only

if 8 satisfies B(p(6y(x)0) = p(x)(B(v)) and B(u(dy(x)0) = u(z)(B(v)). We
say that § dually represents the CE-Lie algebra (g, [, |41, [, 192, ¢9) on (V, p, 1).

Proof. First of all, for x € g and u,v € V,
< B (p*(@)v), u >=< p*(dg(x))(B"(v)), u >,
which is equivalent to < v, p(z)(8(u)) >=< v, B(p(¢(z))u) > . Similarly,
< B (), u>=< p*(¢g())(B*(v), u >
is equivalent to < v, u(z)(B(u)) >=< v, B(p(P(x))u) > .
“—=" Obvious.
“<=" Let us show that (V*,p*) and (V*, u*) are representations of Lie
algebras (g, [, ]¢1) and (g, [,]42), respectively. For n € V* and v € V, we have
< p*([z,ylg1)n, v > = — < n, p([z, ylg1)v >
= — <, (p(@)p(y) — p(y)p(z))v >
=< (p"(z)p*(y) — p"(Y)p" ()0, v > .
In the same way, (V*, u*) is a Lie representation. On the other hand
< (" [z, ylg2) + 1" ([, ylgr))n, v >= — < n, (p([, ylg2) + ([, ylg1))v >
=—<n, ([p(i’), :u(y)]gl(V) + [M(x)7p(y)]gl(V))U >
== < (W), p" @)]guvy + [" (W), 1™ ()] vy ), v >
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= <(p*@), " Wlgev) + " @), p* )] gvy)ms v >
From Proposition 2, the result follows. O

Corollary 1. A linear operator 8 on g dually represents the CE-Lie al-
gebra (g,[, 1915 [, 192, @g) on (g,adyi,ad) if and only if, for all z,y € g,

5[¢g($)7y]gl = [x7ﬁ(y)]gl’ ,B[ng(l‘),y]gz = [-f,ﬁ(y)]g?

Corollary 2. Let (g,[,]g1, [, 192, ¢g) be a CE-Lie algebra. Let (V,p, 1) be
a representation of g and 5 € gl(V'). Then we have the semi-product CE-Lie
algebra g X ,+ ,,» V* with respect to ¢4 © B*.

The notion of a matched pair of two CE-Lie algebras g and h allows us to
define a CE-Lie algebra structure on the semi-direct product g ® h. In the
following, p, pg, ptg : g — gl(h) and p, pp, pp, : b — gl(g) denote linear maps.
Let us recall the following definitions.

Definition 5 ([I]). A matched pair of Lie algebras is a quadruple denoted

by ((9:[:1g), (h, [:1n)s ps 1) or simply (g, h, p, p) where (g, [,]¢) and (h, [,]5) are
Lie algebras such that, for all z,y € g and u,v € h,

1) (g,p) and (h, p) are representations of (h,[,]s) and (g,[,]q), respec-
tively,
2) ()l ol — [P}, ol — [ p()0 + p(p()2)o — plpa(w)z)u = 0,
3) puw)lz, ylg — [(u)z, ylg — [z, p(u)yly + plp()u)y — u(p(y)u)z = 0.
Definition 6 ([I]). Let (g,[,]q1,[;]g2) and (h,[,]n1,[;]n2) be two com-

patible Lie algebras. We call ((ga [7 ]gla [7 }92% (h7 [a ]hlv [7 ]h2)> Pgs Kgs Ph, /Lh) or
simply (g, h, pg tig, Phs fon) @ matched pair of compatible Lie algebras g and
h if, for all k1, ko € K,

(g, k1, ]g1 + k2l, 1g2), (hy k1, Jm + k2, |n2), k1pg + kapig, kipn + kapin)

is a matched pair of Lie algebras.

Definition 7 ([I]). A matched pair of Endo-Lie algebras is a quadruple

denoted by ((ga [7 }gv ¢g)v (ha [7 ]ha ¢h)) P, /JJ)’ or Slmply ((ga (bg)u (ha ¢h)) P, /JJ))
where (g, [,]g, ¢¢) and (h, [, |n, ¢n) are Endo-Lie algebras such that:

a) (g,¢q, 1) and (h,¢n,p) are representations of Endo-Lie algebras
(h, ¢p) and (g, ¢g), respectively,
b) (g,h,p, ) is a matched pair of Lie algebras.
Definition 8. Let (g, [, g1, [; 42, ¢¢) and (R, [, Jn1, [, |n2, ¢n) be two CE-Lie

algebras' We say that ((97 [7]917 [7 ]927 ¢g)7 (h7 [7 ]hlv [7 ]h?a (bh)? p97 Mg') Ph ,u’h) or
simply ((g, ¢g), (h, ®1), pg, ks Phs iip) is @ matched pair of CE-Lie algebras g
and h if, for all k1, ks € K|

((g, k1], g1 + k2l, g2, Dg)s (Ry k1l 11 + k2, [n2, 0n), k1pg + kapig, k1pn + kapin)
is a matched pair of Endo-Lie algebras.
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Remark 2. The above definition can be written, for all x € g, v € h, as

a) ¢g(pn(v)x) = pr(Pn(v))g(x), dg(pn(v)2) = tn(dn(v))de(2),

On(pg(x)v) = pg(dg(x))Pn(v), dnpg(z)v) = 11g(Pg())dn(v),
b) (g, h, pg, g, phs o) is @ matched pair of compatible Lie algebras.

Proposition 4. Under the conditions of the definition above, we have
that ((g,¢g), (h, @), pg, tg: Phs itn) s a matched pair of CE-Lie algebras if
and only if the following conditions are satisfied:

(©) (h, bn, pg, 1g) and (g, g, pr, i) are representations of CE-Lie alge-

bras (97 [7 }917 [7]927 459) and (h7 [7 ]h17 [7 ]h27 (bh)} 7'631060”7)61?/7
(1) ((g,0g), (h,®n), pg, pr) is a matched pair of Endo-Lie algebras g and
h, likewise, ((g,®q), (h, 1), f1g, ptn) is matched pair of Endo-Lie al-

gebms (gv [7 ]927 ¢9) and (h‘7 [7 ]h27 ¢h>v
(13i) for all z,y € g and u,v € h,

a) pg(z)[uw, vlp — [, pg(@)v]p1 — [pg (@), v]p1 — pg(pn(v)z)u
+hg(pn(w)z)v + pg(@)[u, vlpz — [u, pg(z)v]n2 + [v, pg(z)uln2
+pg(pn(w)z)v — pg(pn(v)z)u =0,

b) pr(w)lz, ylg2 — [z, pr(w)ylg2 — [pn(w)z, ylg2 — palpg(y)u)z
+on(pg(@)w)y + pn(u)[z, ylgr — [@, pr(Wylgr + [y, pn(uw)z]g
+un(pg(x)w)y — pn(pg(y)u)z = 0.

Proof. “=" Let us check Proposition 2. We have, for all ki,ko € K
((g, k1l Jg1 + Kol g2, Dg), (B, k1ls [n1 + kal, |n2, @n), k1pg + kapig, k1pn + kapin) is
a matched pair for Endo-Lie algebras. By Definition 6, (h, ¢n, k1pg + katig)
is a representation of the Endo-Lie algebra (g, k1[, g1 + k2[, |92, ¢4), thus, for
ki =1 and ky = 0, (h, ¢p, pg) is a representation of the Endo-Lie algebra
(9,1, ]g1,¢q)- Likewise, (h, ¢p, pig) is a representation of (g, [, g2, ¢4). On the
other hand, for ky = ko =1, ((gv [’]gl + [7]923¢g)7 (hv [7]h1 + [7]h23¢h)apg +
g, Pr, + tp) is a matched pair of Endo-Lie algebras. As (h, ¢p, pg + pg) is a
representation of (g, [,]s1 + [, ]42, ¢g), we deduce that

(g + o) ([, Ylg1 + 2, ylg2) = [(pg () + 11g(2)), (pg(y) + g (¥)]gu(n)-
After simplifying, we obtain

Pg([7,ylg2) + pg([2,Ylg1) = [pg(2), g (W] gucny + [1g ()5 P (Y)]gi(n)-

By Proposition 2 and from the above, we deduce that (h, ¢, pg, 1tg) is a
representation of a CE-Lie algebra (g, [,]g1, [, g2, #¢). In this way, we show
that (g, ¢g, pn, ptn) is a representation of (h, [,]n1, [, Jn2, ¢n). Condition (7) is
established. For the condition (i), ((g,[,]g1, ®g); (R, [, |n1,®n)s pg, pr) and
(9,112, @g)s (R, [, |n2, @n)s tog, i) are matched pairs, they correspond, re-
spectively, to the cases (ki1,k2) = (1,0) and (k1,k2) = (0,1). For (dii),
we have that ((g’ [7]91 + [7]927¢9)’ (h’ [7]111 + [7]h27¢h)’pg + Hgs pr + Mh) is
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a matched pair of Endo-Lie algebras, thus, by Definitions 5 and 7,

(pg(2) + p1g(x)) ([u, v]p1 + [u, v]n2) — [(pg(x) + pg(2))u; v]n
~[(pg(x) + pg())u, vlnz — [u, (pg(x) + p1g(x))v]n1 — [u, (pg(x) + pg(2))v]n2
+(pg + 1g) ((pn(u) + pn(w))z)v — (pg + t1g) ((pn(v) + pa(v))x)u = 0.

By developing the above calculation and since ((g, ¢g), (h, ¢n), pg; pn) is a

matched pair of (ga [7 ]gb ¢g) and (h7 [a ]hla ¢h) and ((ga ¢g)a (hv th)’ Hg, ,uh) is
a matched pair of Endo-Lie algebras (g, [, ]2, ¢g) and (h, [, |n2, ¢n), we have

po(@)([u; vln1) — [pg(x)u, vl = [u, pg(@)vln1 + pg(pn(u)z)v
= pg(pn(v)z)u =0,

pg(2)([u, vln2) — [ g(@)u, v]n2 = [u, 1y ()0]ng + prg (pn(u)z)v
= Hg(pn(v)z)u =

Therefore

g () (vt — g (@), 0l — o, g (@)elin + g (o))
— g (pn(0)2)u + py () ([, v]ns) — oy (@), vz — [, g (2)0]ns
+ pylan(u)a)v = pg (s (v)a)u = 0.

In the same way, we show that

pn(u)([z,ylg1) — [un(w)z, ylgr = [, pa(u)ylgr + pnpg(x)u)y
= tnpg(y)u)z + pr(u)([z, Ylg2) — [pn(u)z, ylg2 — [z, pr(w)ylea
+ pn(pg(@)w)y — prlpg(y)u)z = 0.

“<=" By (i), condition a) of Remark 2 is verified. For b), we check
Definition 5. It is obvious that 1) of this definition is satisfied. For condition
2), we develop the following sum:

(k1pg + kapg) () (k1 [u, v]n1 + kalu, v]p2) — kilu, k1pg(x)v + kapg(x)v]p

— kalu, k1pg(x)v + kapg(x)v]p2 + ki[v, k1pg(@)u + kapg(z)u]n

+ kolv, k1pg(x)u + kapg(x)ulpa — (k1pg + kapig) (k1pn(v)z + kapn (v)z)u

+ (k1pg + kapg) (k1pn(w)z + ko (u)x)v.

The components of k:%, k% and ki1ko are, respectively,

1
1

» Py (@) vt = [u; pg(2)0]n1 + [V, pg(@)ulnt = pg(pn(v)x)u + pg(pun(u)z)v

e t1g (@) Vlng = [u, pg (2)0ln2 + [0, prg (X)uln2 — pg(pn(v)2)00) + pig (pen(u))v

« Pg (), Vnz = [u, p(x)v]ng + [0, p(x)ulnz = pg(pn(v)2)u + pg(pn(u)z)v
g (@) [u, vln1 = [, pg ()0 + [0, g (@)ulnt = p1g(pr(v)T)u + pg(pr(u))v.

By (ii), the components of k? and k3 are zero. By (iii), the component of
k1kg is zero. For condition 3), we proceed in the same way. U
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For compatible Lie algebras (g, [, J¢1, [, ]¢2) and (h, [, |11, [, ]n2) and for linear
maps pg, tbg : g — gl(h), pn,pn : h — gl(g), define two bilinear operations
on semi-direct product g ® h, by

[z +u,y+ v = [,y + pg(@)v = pg(y)u + [u, v]n1 + pr(w)y — pr(v)z,

[z +u,y +v]2 = [, y]g2 + pg(x)v — pg(y)u + [u, v]n2 + pr(w)y — pn(v)z.
By [Bl, (9@ h,[,]1,[,]2) is a compatible Lie algebra if and only if the sextuple

((97 [7 ]gla [7 ]92)7 (ha [7 ]hlv [7 ]h2)7 Pg> Klgs Phs ,U’h) is a matched pair' We denote
the resulting compatible Lie algebra (g®h, [,]1, [, ]2) by g bl h, or simply
g > h.

Theorem 1. Under the conditions of Definition 8 and assuming that
(9, h, pg, g, Phy i) is a matched pair of compatible Lie algebras, g > h is
a CE-Lie algebra, with respect to ¢g @ ¢p, if and only if ((g,Pg), (h, dn),
Pgs Ihg» Phy 1n) 15 @ matched pair of CE-Lie algebras.

Proof. Let x,y € g and u,v € h.
“—>" We have

0= (¢g © on)([u, 2]1) = [(¢g © Pn)(w), (dg ® dn)(x)]1

= (09 ® &n)(pn(u)x — pg(x)u) — pr(Pn(w))dg(x) + pg(dg(x))dn(u)

= (@g(pn(u)x) — pn(@n(u))dg(x)) + (pg(dg(2))dn(u) — dnlpy(z)u)) € g & h.
We deduce ¢g(pn(u)z) = pn(dn(u))d(x) and én(pg(x)u) = pg(de(x))dn(u).

We proceed in the same way for the other conditions. From Remark 2 we
have the result.

“«=" We show that ¢, ® ¢, is a compatible Lie algebra endomorphism:
(69 ® ¢n)([x + u,y + v]1)
= (09 @ on)([2,ylg1 + pg(x)v = pg(y)u + [u, v]n1 + pr(u)y — pn(v)z)
= ¢g([, ylgr + pr(w)y — pr(v)x) + Gn([u, v]a1 + pg(x)v — pg(y)u)
= [0g(@), dg(Y)lg1 + dg(pr(w)y) — dg(pn(v)x) + [P (w), P (v)]n1
+ %(ﬂg(w)v) Pn(pg(y)u)
= [g(2), dg(W)lg1 + Pr(dn(w)dg(y) = pr(Pn(v))dg(x) + [Pn(u), dn(v)]n
+ pg(¢g( )on(v) = pg(@g(y))on(u)
= [¢g(@) + On(u), @g(y) + Pn(v)]1 = (D9 & On)(z+u), (P9 ® On)(y+v)]1-
Similarly, we see that
(09 ® on)([z +u,y +v]2) = [(¢g & dn)(x + 1), (dg & &) (y + v)]2.
The result is established. O

Remark 3. If we set [,]n1 = [,]n2 = 0 (h is abelian) and if p, = pup = 0,
we find Proposition 3. Any linear space can be seen as an Endo-Lie algebra
compatible with the representation (V,idy,0,0).
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4. Manin triples of CE-Lie algebras

We recall a result concerning compatible Lie algebras. We will need it in
the rest of this article.

Theorem 2 ([5]). Let (g,[,]g1,[,]g2) be a compatible Lie algebra equipped
with two linear maps A1,Ao : g — g ® g. Suppose that Ay, As induce a
compatible Lie algebra structure on g*. Then the following conditions are
equivalent:

(@) (9,[]g15[s 192, A1, A2) is a compatible Lie bialgebra,
(i) (9 ®g*,9,9") is a standard Manin triple of compatible Lie algebras,
(i7i) (g,9%, ady,ads, Adf, Ad%) is a matched pair of compatible Lie alge-
bras.

In this section, we assume that ¢ is finite-dimensional.

Definition 9. Let (g,[,]1,[,]2,¢) be an CE-Lie algebra and  a nonde-
generate symmetric bilinear form on g. Then 2 is called invariant if for all
x,y,z € g and for all ki, ko € K, Q(k1[z, y|1 + k2lz, y]2, 2) = Uz, k1]y, 2|1 +
kaly, z]2). In this case, (g,[,]1,[,]2, @) is called a quadratic CE-Lie algebra
and is denoted by ((ga [7 ]17 [’ ]27 ¢)7 Q) or simply by (97 b, Q)

Remark 4. 1) Note that, for all k1, ko € K, x,y € g, the following equations
(a) and (b) are equivalent:

(a) : Qkalw,yly + kol yla, 2) = Qe kaly, 2l + kely, 21o),
() : e, ylgr,2) = e, [y, 2l1) and [z, ylga. 2) = Az, [y, 2]go).

2) If we take in the definition above ¢ = id,, we find the definition of
quadratic compatible Lie algebra denoted by (g, 2).

Let (g,[,]g1,[,]g2) be a compatible Lie algebra. Suppose that there is
a compatible Lie algebra structure (g%, [,]g«1,[,]g«2) on the dual ¢* and a
compatible Lie algebra structure on the semi-direct product g @ ¢g* which
contains both (g,[,]g1,[,1g2) and (g%, [,]g«1, [, ]g+2) as sub-algebras and for
which the natural scalar product on g @ g*, < z +n,y + & >=< =z, >
+ < y,m >, for all z,y € g n,€ € g*, is invariant. The resulting algebra is
denoted by g > ¢* and the triple (g < g*, g, g*) is called a (standard) Manin
triple of compatible algebras. This Lie algebra structure on g & ¢* comes
from a matched pair. Let Ad; and Ads be the adjoint representations with
respect to [,]g«1 and [, ]g«2, respectively. By Theorem 2, (g < g*, g,¢%) is a
standard Manin triple if and only if (g, ¢*, adj, ad}, Adj, Ad%) is a matched
pair of compatible Lie algebras. Let ngS : g — g denote the adjoint linear
transformation of ¢ under the nondegenerate bilinear form Q : Q(¢(z),y) =

Q2. 4(y)), for all 2,y € g.
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Proposition 5. Let (g,¢,Q) be a quadratic CE-Lie algebra. Then (g du-
ally represents the CE-Lie algebra (g, ) on the representation (g, ady,ads).

In other words, (g*,q@*,ad*{,adé) is a representation of the CE-Lie algebra
g. Furthermore, (g, ¢,ady,ads) and (g*,qg*,adik,ad@ are equivalent. Con-
versely, let (g,¢) be a CE-Lie algebra and let 1 € gl(g) dually represent
(gv¢) on (gvadlaadQ)' If (g*ad)*?ad}{vad;) is equivalent to (gv¢a adlaadQ);
then there exists a nondegenerate invariant bilinear form ) on g such that

=1
Proof. For x,y,z € g, we have
0= Q([o(x), d(y)lg1, 2) = Ao([2,y]g1), 2)
(6(), [6(), 2lg1) — [, g1, 6(2))
(2. 6([0(y), 2]g1) — Qa. [y, (2)]1)-
We deduce that ¢([6(y), g1) = [1, &(2)]g1. In the same way, 6(9(y), 2]2) =
[y, d(2)]g2- (9%, ¢ *,ad],ad}) is a representation of (g, [,]g1, [;]42, @). Define a

linear map ¢ : g — ¢* by < p(z),y >= Q(z,y), for all x,y € g. Then ¢ is a
linear isomorphism. Moreover, for x,y, z € g we have

= Q¢
Q

< pl(adiy), 2 >= Uy, [2,7]1) =< ad] ,p(y), 2 > .

We deduce that ¢(adiy) = adi ,p(y). Likewise, (adzy) = ads ,¢(y).
On the other hand

~

< p(d(x)),y > = Qo(z),y) = Uz, ¢(y))
=< p(2), p(y) >=< ¢ " (¢(x)),y > .

We deduce that p(¢(z)) = 5*(«,0(:1:)) Thus (g, ¢, ady, adsy) is equivalent to
(g%, $*, ady, ady) as a representation of (g, [, |41, [, 42, ¢). Conversely, suppose
that ¢ : ¢ — ¢ is a linear isomorphism giving the equivalence between
(9,9, ady,ads) and (g*,¥*, ad], ads). Define a bilinear form €2 on g by posing
Qz,y) =< p(x),y > for all x,y € g. Then by a similar argument as above,
we show that {2 is a nondegenerate invariant bilinear form on g such that
(}5 = 1. The proof is complete O

Definition 10. Let (g, ¢) be a CE-Lie algebra. We assume that (g*, ¢*)
is also an CE-Lie algebra. A Manin triple of CE-Lie algebras is a triple
(g > g*,9,9%) of compatible Lie algebras such that g > ¢* is quadratic
with respect to the natural scalar product and (g > g*, ¢ @ ¢*) is a CE-Lie
algebra. We denote this Manin triple by ((g > g*, ¢ @ ¥™*), (g, ¢), (¢*,v*)).

Lemma 2. Let (g < g*, ¢ @ *,<;>) be a quadratic CE-Lie algebra.
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a) The adjoint m* of p®Y* with respect to the natural scalar product
<, > is Y @ ¢*. Further, v ® ¢* dually represents the CE-Lie algebra
(g1 g*, ¢ DY*) on the adjoint representation.

b) ¢ dually represents the CE-Lie algebra (g,¢) on the adjoint repre-
sentation (g, ad;, ads).

¢) ¢* dually represents the CE-Lie algebra (g*,v*) on the adjoint rep-
resentation (g, Ady, Ads).

Proof. For a), if x,y € g and n,& € g*, then we have

<(pBY ) (@ +n)y+E{>=<¢(x)+¢*(n),y +{>
=< $(x),§ >+ <y, (n) >
=<z,¢°(§) >+ < ¥(y),n >
=<z+n,®%S¢)(y+§) >.
By Proposition 5, for the quadratic CE-Lie algebra (g < g%, ¢ @ ¢*, <, >),
the linear map @* =1 @ ¢* dually represents of (g > ¢g*, ¢ ® 1)*) on the

adjoint representation. For b), by Corollary 1, we have, for all z,y € g and
UBSN
Wo)(@dv )@ +n)y+lh=I[+n o) (y+Hh,
(@)oo v )z +n),y+Eo=[z+n e d")(y+l.

Now taking n = £ = 0 in the above equations, we have the equalities

Y[o(x),ylg1 = [2,9(y)]g1 and Y[d(x),yls2 = (2,9 (y)]s2. For ¢), the result
is obtained for x = y = 0. O

Theorem 3. Let (g, ¢) be a CE-Lie algebra. Suppose that there is an CE-
Lie algebra structure (g*,1*) on its dual space g*. Then there is a Manin

triple of CE-Lie algebras ((g > g*, ¢ & ¥*),(g,9), (¢%,¢")) if and only if
((g,9), (g%, ¥*), ad}, ads, Ad}, Ads) is a matched pair of CE-Lie algebras.

Proof. “=" Suppose there is a Manin triple structure of CE-Lie algebras
(g g%, 0@9*), (9, 9), (9%, 9*)). By Definition 10, (g > g*, g, g*) is a Manin
triple of compatible Lie algebras. By Theorem 2, (g, ¢*, ad}, ads, Ad}, Ad}) is
a matched pair of compatible Lie algebras for which the compatible Lie alge-
bra on g® g* is the compatible Lie algebra g < ¢g*. Since the homomorphism
on g X g*is ¢ @ ¢*, by Lemma 2, (¢*, 9", ad}, ad}) and (g, ¢, Ad;, AdS) are
representations of the CE-Lie algebras (g, ¢) and (g*,¢™*), respectively.

“—="1f ((g,9), (g%, v*), ad}, ads, Ad;, Ad}) is a matched pair of CE-Lie
algebras, then (g, ¢, ad], ads, Ad}, Ad;) is a matched pair of compatible Lie
algebras. Hence, by Theorem 2, the natural scalar product <, > is invariant
on g @ g*. By Theorem 1, the matched pair of CE-Lie algebras also equips
the compatible Lie algebra g < ¢* with the endomorphism ¢ @ ¢*, giving us
a quadratic of the CE-Lie algebra. U
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Remark 5. If we take ¢ = id,; and 9* = idg«, we find the theorem analo-
gous to Theorem 3 concerning compatible Lie algebras [5].

5. Compatible Endo-Lie bialgebras

We recall some definitions and give the corresponding definitions in the
context of compatible algebras.

5.1. The case of any dimension.

Definition 11 ([I]). A linear space g with a linear map A: g - g® g is
called a Lie coalgebra if A is coantisymmetric, in the sense that A = —7A
for the flip map 7 : g ® g — g ® ¢, and satisfies the co-Jacobian identity

(id + o + 0?)(id ® A)A = 0,
where oc(z @ y®z2) =2z ®y, for z,y,z € g and id = id,.

Definition 12 ([I]). A Lie bialgebra is a pair ((g, [, ]4), A), where (g,[,]4)
is a Lie algebra, (g, A) is a Lie coalgebra such that, for all z,y € g,

Alz,ylg = (ady @ id + id ® ady) Ay — (ady @ id + id ® ady)Az.  (3)

Definition 13. Let (g, [,]41, [, ]¢2) be a compatible Lie algebra. A compat-
ible Lie bialgebra structure on (g, [,]41, [, ]¢2) is a pair of linear maps Ay, Ay :
g — g® g such that, for all k1, ky € K, (g, k1], |g1 + k2, ]g2, k1 A1 + k2A2) is a
Lie bialgebra. We denote it by ((g, [, g1, [, ]¢2), A1, A2) or simply (g, A1, Ag).

Proposition 6. Under the assumptions of the definition above, the triple
((9,[,]15[,)2), A1, A2) is a compatible Lie bialgebra if and only if, for all
x,y € g, the following conditions are satisfied:

(a) ((ga [7]1)7 Al) and ((ga [7]2)7 AQ) are Lie bialgebrasy
(b) (Zd +o0+ 02)(id &® AI)AQ + (Zd +o+ 02)(id & Ag)Al =0,
(c) Av([z,ylg2) + Az([z, ylg1)
= (ade R id+id ® ade)Agy — (CLdLy R id+id ® adLy)Agx
+(ady z ®id +id @ ady z) A1y — (aday @ id + id ® ada ) Aq .
Proof. “=" Let ki, ks € K. Then ((g,][,]1), A1) and ((g,,]2), A2) are Lie
bialgebras, they correspond to the cases (k1, k2) = (1,0) and (k1, k2) = (0, 1),
respectively. On the other hand, we have
(id + o + 0%)(id @ (k1 A1 + k2A2)) (k1 A1 + kaAs)
=k (id + o + 0%)(id ® A) Ay + k3(id + 0 4 0%) (id @ Ap) Ay
+ kiko((id + o 4+ o) (id @ A1) Ag + (id + o + 0?)(id @ Ag)Aq)
= kika((id 4+ o + 02)(id @ A1) Ag + (id + 0 + 0*) (id @ Ag)A1).
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By (a), we have the result (b). For (c), we develop the sum
(k121 + ko A2)(kilz, ylgr + kalz, ylg2)
—((kyady g + ksadsz) ® id +id @ (krady e + k1 ksada.g)) (k1 Ary + ke Agy)
+((krady y + kaads ) ® id +id ® (kiady  + kiksads ) (k1 Az + ko Agx).
The components of k2, k3 and k1ks are, respectively,
A ([, y)g1) — (adi g @ id+1d ® ady z) Ay + (adiy ® id 4+ id @ ady ) Az
«Ao([z,y)g2) — (ad gz @ id 4+ 1d ® ads ) Aoy + (ads,y ® id + id @ ada ) Ao
= Ar([z, ylg2) + Aa([z,y]g1)
— (adi z ®id +id @ ady z) Ay — (ad gz ® id + id ® ada ) A1y
+ (ady y @ id + id ® ady ) Moz + (ady,y @ id + id @ ada,y) Ay .
By equation (3), we have the result (c).
“<=" Tt suffices to show that (g, k1A1+k2As9) is a Lie coalgebra and that
the equation (3) holds. By (a) and (b), it is obvious that co-antisymmetry

and co-Jacobian identity are satisfied. From the calculation we have just
made, it is clear that equation (3) is true. O

Definition 14 ([I]). An Endo-Lie coalgebra is a Lie coalgebra (g, A)
together with a Lie coalgebra endomorphism v € gl(g) such that (Y ®)A =
A. Tt is denoted by (g, A, ).

Remark 6. If g is finite-dimensional, then ¢ is a Lie coalgebra endomor-
phism of (g, A) if and only if ¥* is a Lie algebra endomorphism of ¢*. Indeed,
(g9,A) is a Lie coalgebra if and only if (¢*, A*) is a Lie algebra [4]. On the
other hand, for n,£ € ¢* and = € g, we have

<P ([, &lg), v >=<n @&, (AY)z > =<n ¢, (Y @ P)Az >
=<["(n), " (lgr,z > .
Definition 15. A quadruple (g, A1, A9, ) is a compatible Endo-Lie coal-

gebra if, for all k1, ko € K, ((g, k1 [, }gl + kg[, ]gg), k1A + szQ, 1/)) is an Endo-
Lie coalgebra.

Proposition 7. ((g,[,]41,[,]142), A1, A2,%) is a CE-Lie coalgebra if and
only if the following conditions are satisfied:

a) ((g,[,1g91), A1,%) and ((g,], ]g2), A2,%) are Endo-Lie coalgebras,
b) (id+ o+ 0?)(id @ A1) Ag + (id + o + 02)(id ® Ay) Ay = 0.

Proof. The proof is obvious. O

Definition 16. The quadruple ((g, [,]41, [, 142, @), A1, A2, 1), denoted sim-
ply by ((g, ), A1, Ag,v), is a CE-Lie bialgebra if

(a) (g,A1,A) is a compatible Lie bialgebra,
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(b) (g,¢) is a CE-Lie algebra,
(c) (g,A1,As,7) is a CE-Lie coalgebra,
(d) (id® ¢)A1 = (¥ @ id) A1, (id ® §) Az = (¢ @ id)Asg,
V[o(x),ylgr = [z,¢(y)]g1, and Y[p(2),ylg2 = [7,9(y)]lg2 Vr,y € g.

5.2. Finite dimension case. Under our assumption of a finite dimension,
(g,A) is a Lie coalgebra if and only if (¢*,A*) is a Lie algebra [4]. As
a consequence of this assumption, the compatible Lie coalgebra structure
(g9, A1, Ag) is equivalent to the compatible Lie algebra structure (¢*, A}, A3).
By Theorem 2, (g, [, 141, [, |g2, A1, A2) is a compatible Lie bialgebra if and only
it (g,9%,adj,ads, Ad}, Ad;) is a matched pair of compatible Lie algebras,
where Ad; and Ads are the adjoint representations concerning A} and A3,
respectively.

Theorem 4. Let (g, [,]q1,[,]42, ¢) be CE-Lie algebras. Suppose that there
is a CE-Lie algebra (g*,[,]g«1, [, ]g«2,¥*) on the linear dual g* of g. Let
A1,Ay 1 g = g ® g denote the linear duals of the multiplications [, |41 and
[, 1g2, respectively. Then ((g,), (g%, ¢*),ad;, ads, Ad}, Ad%) is a matched
pair of CE-Lie algebras if and only if the triple ((g,®), A1, A2, 1) is a CE-
Lie bialgebra.

Proof. By Remark 2, ((g,¢), (¢%,v*), ad], ads, Ad}, Ad;) is a matched pair
of CE-Lie algebras if and only if (g, g%, ad;, ad;, Ad;, Ad3) is a matched pair of
compatible Lie algebras (g, [, 41, [, ]42) and (¢*, A}, A3). For all z € g,n € g%,

W (ady ,n) = adi g " (n), ¥ (ad3n) = ady 40" (0),
¢(Adyyz) = Ady e () P(T), P(Ada ) = Ady o (1) (T).
By Theorem 2, (g, g*, ady, ad}, Ad;, Ad;) being a matched pair of compatible
Lie algebras is equivalent to (g, A1, As) being a compatible Lie bialgebra.
On the other hand, the above conditions are equivalent to
V([8(2), ylg1 = [, 9 (W)]g1, Y([P(2), ylg2 = [, ¥ (y)]g2,
(id® @)A1 = (Y ®id)A19, (id® ¢)As = (Y ® id)As¢.
Since conditions (b), (¢) of Definition 16, are satisfied, we say that the sextu-

ple ((g,9), (g%, v¥"), ad}, ad’, Ad}, Ads) is a matched pair of CE-Lie algebras
if and only if ((g,¢), A1, Ag, ) is a CE-Lie bialgebra. O

Remark 7. If we take ¢ = idy and ¥* = idg«, we find a theorem analogous
to Theorem 4 concerning compatible Lie algebras [5].

Under our assumption of finite dimension, combining Theorem 3 and The-
orem 4, we have the following result.

Theorem 5. Let (g,[,]41,9,[,]1492,0) be a CE-Lie algebra. Suppose that
there is a CE-Lie algebra (g%, [, ]gs1, 9, [, |gx2,¥*) on the linear dual g* of g.
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Let A1,A9 : g = g ® g denote the linear dual of the multiplications [,]g«
and [,]g«2, respectively. Then the following statements are equivalent:
(7)) ((g,9), (g%, "), ad], ads, Ad}, Ads) is a matched pair of CE-Lie alge-
bras (g, [7}91797 [7]92’ ¢) and (g%, [’]9*1797 [7]9*27 v,
(ii) there is a Manin triple of CE-Lie algebras,
(13i) the triple ((g, @), A1, Aa,7) is a CE-Lie bialgebra.
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