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Structure of BiHom-pre-Poisson algebras

WALID ALOULOU AND MANSOUR JEBLI

ABSTRACT. In the current research paper, we define and investigate the
structure of a BiHom-pre-Poisson algebra. This algebraic structure is
defined by two products ”"A”, ”¢” and two linear maps f, g on A. In
particular, (A,/\,f, g) is a BiHom-Zinbiel algebra and (A,<>, f g) is a
BiHom-pre-Lie algebra. Additionally two compatibility conditions be-
tween A and ¢ are verified. Our first main results are devoted to demon-
strating that if A is a BiHom-pre-Lie algebra, then a tensorial algebra
of A has a structure of a BiHom-pre-Poisson algebra. Furthermore,
we prove that any BiHom-Poisson algebra together with a Rota—Baxter
operator defines a BiHom-pre-Poisson algebra. Finally, we define the
structure of a dual BiHom-pre-Poisson algebra and we demonstrate that
an averaging operator on a BiHom-Poisson algebra gives rise to a dual
BiHom-pre-Poisson algebra.

1. Introduction

The origin of Hom-algebra structures dates back to the physics literature
of 1990’s, with regard to quantum deformation of some algebras of vector
fields, which satisfy a modified Jacobi identity involving an algebra mor-
phism (such algebras were called Hom-Lie algebras, see [7], [§]). Other Hom-
algebraic structures have been introduced afterwards like a Hom-Poisson
algebra, a Hom-pre-Poisson algebra etc.

Recall that a Poisson algebra (A, u,{—,—}) consists of a commutative
associative algebra (A, p) together with a Lie algebra (A4, {—, —}), satisfying
a compatibility condition called the Leibniz rule:

{:L‘,,u(y, z)} = ,u({:L‘,y},z) + ,u(y, {az,z}), for all z,y,z € A.
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Moreover, a Poisson algebra is widely invested in a panoply of many fields
in mathematics and physics. In particular, in mathematics Poisson alge-
bras play an intrinsic role in quantum groups (see [4]) and deformation of
a commutative associative algebra (see [5]). Furthermore, a definition of a
Hom-Poisson algebra was elaborated by Laurent-Gengous and Teles in [10].
In this respect, a Hom-Poisson algebra (A, u,{—, —}, f) consists of a com-
mutative Hom-associative algebra (A, u, f) together with a Hom-Lie algebra
(A, {—,—1}, f) satisfying a compatibility condition called the Hom-Leibniz
equation:

{f(@),u(y,2)} = p({z,y}, [(2) + u(f (), {z,2}), for all z,y, 2 € A.

It is to be noted that, a pre-Poisson algebra was introduced by Aguiar in [I].
This algebra (A, o, %) corresponds to both a Zinbiel algebra (A, %) and a pre-
Lie algebra (A, o) satisfying two compatibility conditions: for all z,y,z € A,

(zoy—yox)xz=zo(y*z)—yx(ro2),

(Zry+y*z)oz=xx(yoz)+yx(roxz).
Basically, a Zinbiel algebra was introduced by Loday (see [13]). This algebra
is also known as a pre-commutative algebra. Besides, a product of a Zinbiel
algebra corresponds to a binary law whose symmetrization is a commutative
associative product. Addionally, a pre-Lie algebra arose as early as in 1896
in the work of Cayley (see [2]) and it has been addressed by Livernet and
Chapoton in [3]. Furthermore, a product of a pre-Lie algebra stands for a
binary law whose antisymmetrization is a Lie bracket. They have connec-
tions with some other concepts such as Rota—Baxter operator, an averaging
operator etc.

In [I2], Liu, Makhlouf and Song modified the structure of a pre-Poisson
algebra using a morphism to define a structure of a Hom-pre-Poisson algebra.
They examined its relationships with a Hom-Poisson algebra.

Recently, BiHom-type algebras have been further developed in mathe-
matics and mathematical physics. In [0], Graziani, Makhlouf, Menini and
Panaite introduced the structure of BiHom-algebras (A, m, f, g) such that a
product m is modified by two morphisms f and g. In particular, the struc-
ture of BiHom-Lie algebras is provided by a vector space A, a bilinear map
[—,—] and two morphisms f and g satisfying the following conditions: for
all elements z,y,z € A,

1) f([=, y}) = [f(z), f(y)] and g([z,y]) = [9(2), 9(y)],

(2) [9(), ()] = [(yf}

(3) Oay,z [ (2), [9(y), f(2)]] =
These conditions (1), (2) and (3) are called multiplicativity, BiHom-skew
symmetry and the BiHom-Jacobi identity, respectively. In particular, when
the linear maps f and g are the same, a structure of a BiHom-Lie algebra
reduces to a Hom-Lie algebra.
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The basic objective of the current paper is to define the structure of a
BiHom-pre-Poisson algebra (A, Ao, f, g) such that (A, A, f, g) is a BiHom-
Zinbiel algebra and (A,<>, 1 g) is a BiHom-pre-Lie algebra satisfying two
compatibility conditions between A and ¢. On the one hand, we demon-
strate that if (A, o, f, g) is a BiHom-pre-Lie algebra, then a tensorial algebra
that is denoted by T(A) has the structure of a BiHom-pre-Poisson algebra
(T(A), IR g). On the other hand, we prove that when (A, w{= -} 1 g)
is a BiHom-Poisson algebra and g : A — A is a Rota—Baxter-operator on
A, then (A, N, o, f, g) is a BiHom-pre-Poisson algebra. Moreover, we equally
alm to demonstrate that if (A, wy [—, =1, f, g) is a BiHom-Poisson algebra and
a: A — Ais an averaging operator on A, then we can define the structure
of a dual BiHom-pre-Poisson algebra that is indicated by (A7 o {— —} 1 g).

This paper is laid out as follows. In Section [2] we recall some definitions
of other algebras in case of BiHom-type which will be used in the next
sections. In Section [3] we introduce the structure of a BiHom-pre-Poisson
algebra and specify its relationship to a BiHom-Poisson algebra. Moreover,
we build up a BiHom-pre-Poisson algebra associated with a BiHom-pre-Lie
algebra. In addition, we use a Rota—Baxter operator on a BiHom-Poisson
algebra in order to build up a BiHom-pre-Poisson algebra. In Section
we illustrate a dual BiHom-pre-Poisson algebra through a combination of
a BiHom-permutative algebra and a BiHom-Leibniz algebra. Finally, we
corroborate that an averaging operator on a BiHom-Poisson algebra gives
rise to a dual BiHom-pre-Poisson algebra.

Throughout this paper, K denotes a field of characteristic zero. All alge-
braic structures are left-handed versions. Furthermore, for the composition
of maps f, g, ¢ and @, we write either fog, foa, fo3,goa and go 3 or

simply fg, fa, fB, go and gf.

2. Preliminaries: definitions and properties

This section involves basic definitions in the case of a BiHom-type algebra
which will be used in the next sections. It also displays pertinent examples
illustrating this specific algebra type. Our main references are [6] [11].

2.1. BiHom-pre-Lie algebras.

Definition 1. The term BiHom-pre-Lie algebra stands for a quadruple
(A,<>, f, g) involving a vector space A, a bilinear product ¢ : A x A — A
and two commuting morphisms f, g : A — A such that f(zoy)=f(z)o f(y)
and g(zoy)=g(x)og(y), satisfying the following condition: for all z,y,z € A,

fa(@)o(fly)oz)—(g(x)of(y)og(z) = fa(y)o(f(x)oz)—(9(y)of(x))og(z).

Example 1. Let A be a 2-dimensional vector space and B = {e1,ea} be
a basis of A. On A, we define the following nonzero product by
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eroe]p =eq, €e20€9 =eg —eq.
Consider the linear maps f, g : A — A defined on the basis elements by

fle1) = e1, f(e2) = ez —e1, gle1) = —eq and g(e2) = es.
The quadruple (A,<>, 7, g) is a BiHom-pre-Lie algebra.

Definition 2. Let (4,0, f,g) and (A4’,¢/,¢,7) be two BiHom-pre-Lie
algebras. A linear map o : A — A’ is said to be a morphism of BiHom-
pre-Lie algebras if a(zoy) = a(z) o' a(y) for all z,y € A, as well as af = pa
and ag = Ya.

Proposition 1. Let (A,¢) be a pre-Lie algebra and let f, g : A — A
be two commuting morphisms of a pre-Lie algebra. Then (A,o(fvg), f, g) s a
BiHom-pre-Lie algebra obtained by composition, where xo(s oy = f(x)og(y)
for all x,y € A.

Remark 1. Let (A4,¢) be a pre-Lie algebra and let f, g : A — A be
two commuting morphisms of a pre-Lie algebra. Assume that (A’,¢') is
another pre-Lie algebra and ¢, ¢ : A’ — A’ are two commuting morphisms
of a pre-Lie algebra satisfying ao f = poa and o g = ¥ o . Then
Q (A,o(fvg),f, g) — (A’,o’(%w),gp, ¢) is a morphism of BiHom-pre-Lie
algebras.

Definition 3. The term BiHom-Lie algebra stands for a quadruple
(A,[—, -], f,g) involving a vector space A, a bilinear map [—, =] : Ax A4 —
A and two linear maps f, g : A — A satisfying the following conditions:
for any z,y, z € A,

l9(2), f(y)] = —[g(y), f(z)]  (BiHom-skew-symmetry), (1)
Onye [02(2), [9(y), F(2)]] =0 (BiHom-Jacobi-identity).  (2)
Definition 4. Let (4,[—, -], f,g) and (A’,[—, =], ¢,%) be two BiHom-

Lie algebras. A linear map o : A — A’ is said to be a morphism of
BiHom-Lie algebras if o([z,y]) = [a(z),a(y)] for all z,y € A, as well as
af = pa and ag = Ya.

Proposition 2. Let (A, o, f,g) be a BiHom-pre-Lie algebra such that f
and g are bijective. Define a new operation on A by

[z.yl =20y —flg(y) o fg ' (2), Y,y € A.
Then (A, —, =], f, g) is a BiHom-Lie algebra.

Definition 5. A right BiHom-pre-Lie algebra is a quadruple (A, o, f, g)
involving a vector space A, a bilinear product o : A x A — A and two
commuting morphisms f, g : A — A such that, for all z,y € A, f(zo
y)=f(z) o f(y) and g(z o y)=g(x) o g(y), satisfying the following condition:
for all x,y,z € A,
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f(@)o(9(y) o f(2)) — (9(x) 0 g(y)) o fy(2) =
f(x)o(9(z) o f() — (9(x) 0 g(2)) o fg(y)-

Remark 2. If (A,<>, 1, g) is a left BiHom-pre-Lie algebra and we consider
a new product z oy = yox, for all z,y € A, then (A,o,g,f) is a right
BiHom-pre-Lie algebra.
2.2. BiHom-Zinbiel algebras.

Definition 6. A BiHom-Zinbiel algebra is a quadruple (A, A, f, g) involv-
ing a vector space A, a bilinear product A : Ax A — A and two commuting
morphisms f, g : A — A such that for all z,y € A, f(x Ay) = f(x) A f(y)
and g(x Ay) = g(z) A g(y), satisfying the following conditions: for all
x,y,z € A,

Fa(@) A (F(y) Az) = (9(y) A () Ag(2) + (9(x) A F(y) Ag(z),  (3)
Fa(@) A (9(2) A () = g°(2) A (F(2) A f(y))- (4)
Example 2. Let A be a 2-dimensional vector space and B = {e1,ea} be
a basis of A. On A, we define the following products:
etNep=e3, e Nex=exNe; =0, eaNex=0.
Consider the linear maps f, g : A — A defined on the basis elements by

fle1) = —e1, f(e2) = ez, g(e1) = ez and g(e2) = —es.
The quadruple (A, A f, g) is then a BiHom-Zinbiel algebra.

Definition 7. Let (A,/\, 1, g) and let (A’, /\’,(,0,1/1) be two BiHom-Zinbiel
algebras. A linear map o : A — A’ is said to be a morphism of BiHom-
Zinbiel algebras if a(zA\y) = a(z) N a(y), for all z,y € A, as well as af = pa
and ag = Ya.

Remark 3. An immediate consequence of is that
fa(@) A (fy) Az) = fg(y) A (f(x) Az), forallz,y,ze A

Remark 4. In a BiHom-Zinbiel algebra (A, A, f, g) such that f and g are
bijective, the relation (4] is a consequence of ({3)).

Proposition 3. Let (A,/\) be a Zinbiel algebra and let f, g : A — A
be two commuting morphisms of a Zinbiel algebra. Then (A, Nifrg)0 I g) s a
BiHom-Zinbiel algebra obtained by composition, where xA\f gy = f(x)Ag(y)
for all x,y € A.

Proof. We depart from the assumption that f and g are multiplicative.
Furthermore, for any x,y, 2z € A, we compute

F9(@) Ngg) (F(W) As) 2)
= f9(x) Airg) (£ (W) A g(2))
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= f2g(x) A (FPg(y) A g*(2)).

According to the definition of Zinbiel algebra, we obtain

fQ() A (a(y) A g*(2))

= (FPgly) A fPg(@)) A (Z) + (fPg(x) A g (y)) ( )
f(f ) A fg(@)) Ag*(2) + f(fg(z) A faly)) A

= (fg /\fg )/\<fg) 9(2) + (fg(x)Afg Y)) Ns.q) 9(2

= (9(y F(@) Arg) 9(2) + (9(2) Arg) F©)) Ap) 9 (Z)-

Hence the condition holds. Moreover, by a direct calculation, we obtain
the condition . We infer that (A, N(tg)s s g) is a BiHom-Zinbiel algebra.
d

Remark 5. Let (A,A) be a Zinbiel algebra and let f, g : A — A be
two commuting morphisms of a Zinbiel algebra. Assume that (A4’,A) is
another Zinbiel algebra and ¢, ¢ : A’ — A’ are two commuting mor-
phisms of a Zinbiel algebra satisfying af = pa and ag = Ya. Then
a (A, Nf.g)s I g) — (A', /\/(%d))’ gp,lj}) is a morphism of a BiHom-Zinbiel
algebra.

Definition 8. A BiHom-associative algebra is a quadruple (A, w, f, g) in-
volving of a vector space A, a bilinear map p: Ax A — A and two endomor-
phisms f, g : A — A such that for all z,y € A, f(,u(a:,y)) = ,u(f(:n), f(y))
and g(,u(a:,y)) = ,u(g(x),g(y)), satisfying the following condition: for all
x,y,z € A,

w(f(x), uly, 2)) = p(u(z, y), 9(2)). (5)
If, in addition, we have
w(g(@), f(y) = nlg(y), f(x)),Vz,y € A, (6)

then, from this perspective, (A,u, 1 g) is said to be a BiHom-commutative
algebra.

Definition 9. Let (A,u, 7, g) and let (A’,,u’,go,z/)) be two BiHom-
associative algebras. A linear map o : A — A’ is said to be a morphism
of BiHom-associative algebras if ap = p'(a ® ), as well as af = pa and
ag = YPa.

Proposition 4. Let (A, A, f, g) be a BiHom-Zinbiel algebra such that f,
g are two commuting bijective linear maps. Define a new operation on A by

pzy) =z Ay + floly) A fgl(z), Vo,ye A
Then (A, s fs g) 1s a BiHom-commutative algebra.
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Proof. First, it is clear that p(g(z), f(y)) = u(g9(y), f(x)), for all z,y € A.
Next, for any x,y,z € A, we compute:

pu(f(x), w(y, 2))

f@)yhz+fgz) A fg ()
F@)yAz)+pu(f), faz) A fg~ ' (y)

(@) AlyAz)+ (g A Flg(2) A fPg (=)

B1 3

+ @A (g A Fa W) + (F 20 (2) Ay) A fPg ()

~~

a1 72

and
(), 9(2))
=pu(zrny+f gy )/\fg Y(x), 9(2))
zu(w/\y,g(Z))Jru( (y)Af ( ),9(2))

= @AY Ag2)+ ) A (Fa (@) A fg ()
B2 a2
+ (g A fg @) Ag(2) + () A (A g ()
B3 o4t

We verify that o = a9, 1 = B2 + B3 and 71 = 2 + 73. Then we get

p(f(z), 1y, 2)) = p(p(z,y),9(z)). We hence infer that (4,u, f,g) is a
BiHom-commutative algebra. O

Definition 10. A right BiHom-Zinbiel algebra is a quadruple (A, x, f, g)
involving a vector space A, a bilinear product x : A x A — A and two
commuting morphisms f, g : A — A such that f(x *y)=f(z) * f(y) and
g(zxy) = g(x) * g(y) satisfying the following conditions: for any x,y,z € A,

(zxg(y)) * fa(z) = f(x)* (9(2) * f(v)) + f(x) * (g(y) * f(2)), (7
(9(y) * f()) * fa(z) = (9(y) * 9(2)) = f*(2). (8)

Remark 6. Assume that (A, A, g) is a left BiHom-Zinbiel algebra. De-
fine a new product z*xy = y Az, for all x,y € A. Then (A, *, 7, f) is a right
BiHom-Zinbiel algebra.

3. BiHom-pre-Poisson algebras: definitions and results

In this section, we introduce the structure of a BiHom-Poisson algebra,
as well as that of a BiHom-pre-Poisson algebra and we provide certain out-
standing results.
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3.1. BiHom-pre-Poisson algebras.

Definition 11 ([9]). A BiHom-Poisson algebra is a quintuple
(A,,u, {-,—-} 7 g) comprising a vector space A, a bilinear map u, {—, —} :
A x A — A and two endomorphisms f, g : A — A such that
(1) (A, i, f, g) is a BiHom associative algebra,
(2) (A, {-,—-} 7, g) is a BiHom-Lie algebra,
(3) the BiHom-Leibniz algebra identity
{F9(x), uly, 2)} = n({g(2), y}, 9(2)) + n(g(), { f(z),2})

is satisfied for any z,y, z € A.

Definition 12. Let (A4, p,{—, -}, f,9) and (4", 1/, {—, =}, ¢, %) be two
BiHom-Poisson algebras. A linear map ov: A — A’ is said to be a morphism
of BiHom-Poisson algebras if ap = p/'(a ® o) and a({z,y}) = {a(x), a(y)}
for all z,y € A, as well as af = pa and ag = Ya.

Proposition 5. Let (A, u,{—,—}) be a Poisson algebra and let f, g :
A — A be two commuting morphisms of a Poisson algebra. Define new
products on A by

tirg) (s 2) = n(f(x),9(y)) and {z,y}q9 = {f(2),9(¥)}, Va,y € A.

Then (A,u(f,g),{—,—}(f’g),f,g) is a BiHom-Poisson algebra obtained by
composition.

Remark 7. Let (A, u,{—, —}) be a Poisson algebra and let f,g: A — A
be two commuting morphisms of a Poisson algebra. Assume that
(A" i/, {—,—}') is another Poisson algebra and ¢, 9 : A" — A’ are two
commuting morphisms of a Poisson algebra satisfying af = pa and ag =
v, Then, o+ (A gy (-~ (g0 £-0) — (Aot gy 2~V 010)
is a morphism of BiHom-Poisson algebras.

Definition 13. A BiHom-pre-Poisson algebra is a quintuple
(A, Ao, f, g) comprising a vector space A, two bilinear maps A, ¢: Ax A —
A and two endomorphisms f, g : A — A such that

(1) (A, A, f, g) is a BiHom-Zinbiel algebra,
(2) (A,<>, 1 g) is a BiHom-pre-Lie algebra,
(3) the compatibility conditions
(i) (9(x) o f(y) —g(y) o f(x)) Ng(2) = fa(x) o (f(y) Az) — fa(y) A
(f(z)oz),
(i) (9(z) A F(y) +9(y) A F2) 0g(2) = fa(@) A (fy)oz) + fa(y) A
(f(x)o2),
are satisfied for any z,y, z € A.

Definition 14. Let (A, A0, f,g) and (4, A,¢,,9) be two BiHom-

pre-Poisson algebras. A linear map a : A — A’ is said to be a morphism
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of BiHom-pre-Poisson algebras if a(z A y) = a(z) N a(y) and a(zoy) =
a(z) o a(y) for all x,y € A, as well as af = pa and ag = Pa.

Proposition 6. Let (A, A, o) be a pre-Poisson algebra and f, g : A — A
be two commuting morphisms of a pre-Poisson algebra. Define new products
on A by

TN Y= f(@)Ngly) and zoigy = f(z)ogly), Va,y € A.

Then (A, Nf,9) C(fag)s | g) is a BiHom-pre-Poisson algebra obtained by com-
position.

Proof. We already know that (A, Nif.g)s Jo g) is a BiHom-Zinbiel algebra
and (A, O(f.9) J g) is a BiHom-pre-Lie algebra. For this reason we only need

to prove the compatibility conditions.
Let x,y and z in A. Then, we compute

(9(x) o, F(W) — 9(¥) o1, F(2)) N(1g) 9(2)
= (fo(x)ogf(y) — foly <>gf )/\(fg>g
= (f*g(z) o f2g(y) — FPg(y) o gf*(x)) A g*(2)

(y
= f2g9(@) o (FP9(y) A g°(2) = F29(y) A (FPg(x) 0 g°(2))

= f9(x) o(r.9) (S2(W) A 9(2)) = F9(v) Ng) (2 (2) 0 9(2))

= 19(x) o1.9) (f(¥) Npg) 2) = F90W) Nigg) (F(@) 0(19) 2)-
Moreover, it is straightforward to prove the followmg condition:
(9(2) Arg) F(W) + 9(W) Arg) (@) o(19) 9(2) = fa(@) Apg) (F(W) o(r) 2) +

F9W) Aigg) (f(@) 0(pg) 2)-
It is therefore obvious that (A N(f,9) C(fag)s | ) is a BiHom-pre-Poisson al-
gebra. O

Remark 8. Let (A, A, ¢) be a pre-Poisson algebra and let f,g: A — A be
two commuting morphisms of a pre-Poisson algebra. Assume that (A", A’, <)
is another pre-Poisson algebra and ¢, ¢ : A" — A’ are two commuting
morphisms of a pre-Poisson algebra satisfying ao f poa and aog = Yoa.
Then, « : (A,/\(ﬁg),o(f’g),f,g) (A /\(50 0)’ ( 0)’ gp,?,[)) is a morphism
of BiHom-pre-Poisson algebras.

Proposition 7. Let (A, Ao, f, g) be a BiHom-pre-Poisson algebra, such
that f, g are bijective. Define new operations on A by putting, for allz,y € A

pa,y) =a Ay +fg(y) A fgt(2) and {z,y} =z oy — fg(y) o fg~ (x).
Then (A, w{= =} 1 g) is a BiHom-Poisson algebra.

Proof. We already know that (A, {-, -4 7, g) is a BiHom-Lie algebra and
(A, s f, g) is a BiHom-associative algebra, so we only need to demonstrate
the BiHom-Leibniz algebra identity.
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For any z,y,z € A, we compute:

{£9(x), u(y, 2)}
={f9(@)yAz+fg(2) A fg™ ()}
= {f9(@)y Az} +{fg(2). flg(z) A fo ()}
= fg(x)o(ynz) = (f9(y) A f 1 g(2)) o f2(x)
+ fa(x) o (F71g(2) A Fg™ (W) — (F29%(2) Ay) o fA(a).
Next, for any z,y, z € A, we compute p({g(z),y}, g(z)) and

1(9(y), {f(x),z}), as far as the proof of this condltlon is concerned, we use
the compatibility conditions of a BiHom-pre-Poisson algebra. ([

Remark 9. In previous definitions, if we consider f = g (resp. f = g = id),
then we obtain a Hom-pre-Poisson algebra (resp. a pre-Poisson algebra) (see
I, ).

3.2. Examples.

3.2.1. A BiHom-pre-Poisson algebra associated with a BiHom-pre-
Lie algebra.

Definition 15. Let A be a vector space.
(1) The tensorial algebra is expressed in terms of T(4) = @, K" A
and the exchange is indicated by 7 defined by
T(rRy)=y®zx, Vr,ye A
We extend 7 on T(A) by
VX=01®.Qz,c @ AdandY =251 ® ... @ xprq € Q7 A,
Tp,q((iﬁl ® ... @ p) Q(Tpt1 ® ... © Tpig))
= (Tp41 ® ... ® Tpyq) Q1 ® ... @ Tp).
(2) We say that a permutation o € Sy is a (p, ¢)-shuffle if (1) < ... <

o(p)and o(p+1) < ... < a(p+p).
We define the shuffle product Shy, on T(A) by

Shpo(X,Y)=Shp ¢(21 @ ... @ Tp, Tp11 @ ... @ Tpyq)
= Z To-1(1) @ oo @ Ty=1(ptq)s

TEsh(p,q)
forany X =21 ® ... @ xp, Y = 2pp1 @ ... @ xppq € T(A).

Proposition 8. Let A be a vector space and let f, g be two commuting
linear maps. Define new product on T'(A) by
VX=201®.0xp,Y =0p11 Q... Qxpyq € T(A),

XAY =(@1®...Q02p) A (Tpg1 @ ... @ Tpiq)
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= ) hEe11) @ - ® M1 (prg-1) © 9(Tprg),
O'GSh(p’qfl)

R f(xa_l(i))7 Zf O-_l(i) € {L"'vp}a
Mzo1) = {g(ﬂjo.—l(i))7 if o71(i) € {p—l— 1,.,p+q— 1}.

Then (T(A), A, S, g) is a BiHom-Zinbiel algebra.

Proposition 9. Let (A,<>, 1, g) be a BiHom-pre-Lie algebra such that f,
g are two commuting bijective morphisms. Define on T(A) the following
product: for all X =21 ® ... Qxp,Y = Tpt1 @ ... @ Tpyq € T(A),

XOY = (21 ® ... @ 2p) O (Tp1 ® .. @ Tpiq)
= Z h($071(1)) ®...Q h(ngl(p_l)) & h(.%'o.—l(p+1)) & ...

o€sh(p—1,4-1)

Y h(xcrfl(p—l-q—l)) ® (xp © xPJrQ)

p+q—2
+ Z Z hMzo-1(1)) ® .. @ M(Tp-1(5-1))®
k=1 UEsh(p’q_l)
1<o~t(k)<p

p+1<o™ ! (k+1)<p+q
+ [x0—1(k), $071(k+1)] & h($071(k+2)) & ...
@ h(xofl(p-i—q—l)) ® g(l'p—i—q),
where
) faowy), if o7M6) € {1, p},
h(zs-13)) = e
g(xcr*l(i)% if o (’L) € {p+17-“7p+q_1}7

and [z,y] =z oy — flg(y) o fg~'(z), Va,y € A.
Then (T(A), &L fy g) is a BiHom-pre-Lie algebra.

Proof. Let X =21®..0%p, Y = 2,11 ®...QTprgand Z = 2pig41®...®
Zptq4r be three elements of T(A) satisfying the following relation:

(%) : fg(X)O(F(Y)OZ) — (9(X)Of (V) 0g(Z) — fg(Y)O(F(X)OZ)
—(9(V)Of(X))0g(2) = 0.
In this relation, there are 4 types of terms that appear.

(1) In (x), there are terms that appear with two ”¢”

fa(zp) o (f(l’erq) < xp+q+r): (g(xp) < f(xp+q)) O 9(Tpigtr),
fg(prrq) % (f(xp) ¢ $p+q+r) and (9($p+q) < f(xp)) o g(xp+q+r)-
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These terms appear in the form
fQQ(:EU*l(l)) ®... & fzg(mafl(p—l)) ® fzg(fol(p—H)) ®...® fQQ(mafl(p-l—q—l))
®g2(xa_1(p+q+1)) ®...® 92(x0_1(p+q+r_1)) ® term,
where ¢ is a shuffle permutation of {1,....p+q¢+7r}\{p,p+¢,p+q+r}, in
particular, we assume that
fg( 1) ® ... ® f? 9( To-1(p-1)) @ f2g(, 1(p+1))

& f g( Lo- 1(p—l—q—l)) ®g ( Lo 1(p+q+1)) ®..0g9 ( Lo- 1(p+q+r—1))‘

The contribution of the corresponding terms is A, ® C, with
C = fg(zp) o (f(xp—i—q) © xp+q+r) - (g(xp) < f(xp+q)) © g(Tptqr)
—f9(xpiq) © (f(xp) < xp+q+r)) - (g(xp+q) < f(xp)) 0 9(Tptqtr)-

Relying on the relation of a Hom-pre-Lie of ”¢”, these terms are simplified.
99

(2) In (x), there are terms that appear with double brackets or ”¢” in
brackets:

[fg(xp)’ [f(:l,‘p+q), ij“ 5 [g(l‘p) o f(prrq)’ g(l’k)} 9 [fg(prrq), [f(xp)a :L‘k]]
and [Q(xp-&-q) o f(xp), g@k)]

These terms appear in the form

£(29(x5-1(1)) ® .. @ f29(T5-1(p-1)) © fg(z, 1(p+1))
. ® f? 9( Lo—1(5—2))) Oterm® (g (x,-1(4)) @ ... © g (l’p+q+r))
= j:AU®term®Ba,

where p+ ¢+ 1 <k <p+gq+r,and o is in Shy_14-1,-1) acting on

{17 wuPpt+q+Tr— 1} \ {pvp +4q, k}
Basically, we observe that

= fg(z, (1)) ®- @ f2g(,- 1(p—1) )@ [2g(x,- ~1(pt1)) ®-- @ f2g(x,- L(k—2))-

As a matter of fact, we obtain the terms A, ® C' ® B, such that C takes the
following form:

C= [fg(xp) [f(xp—i-q) ” [g(x o f(Tptq), g(xk)]
[ 9(Tp+q), [ H + [g Tpiq) © f(2p), g(xk)]
= [f9(xp), [f(wptq), @ H [F9(@pq), [f (2p), ] ]
[g(xp o f(wprq) — g(Tprg) © f ),g(xk)]
= [£9(@p), [f (@pta)s we]] = [F9(@prq), [f(@p), ]
Hg(fﬂ prrq)] g(xk)]
= [ (fg 1(xp))>[ (fg 1($p+q))vf(f_1xk)”
+ [92 (f9_1(33p+q))’ [g(f_l(xk)),f(fg_lxp)]]
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= [o([zp: fg~H@pea)]) £ (g (an))]
= [0"(f97 (@), [9(f9™ (@pra)) . (£~ )]
+[9*(fo~ (@pra)), [9(F 7 (@n), f(Fo )]
+ [ (f 7 an)s [9(Fg™ (@), F(fa 2pg) ]
If we assume X=fg ! (z,), Y=fg ' (zpt+q) and Z=f"1(x), then we obtain

C=0xyz [¢°(X), [9(Y), F(Z)]] = 0.
Besides, in (%), there are terms that appear with double brackets:

[fg(-ri)’ [f(xj)7$k:|:|7 [fg(xj)v [f(-rz)’-rk” and Hg(l‘l),f(l'])],g(ﬂfk)]

These terms appear with 1 <¢:<p,p+1<j<p+gandp+qg+1<k<
P+ q+ r, in the form

+ (f2g(1'071(1)) & /Z\/j\ & ng(xaq(k_g)) X term ® (92(‘%'071(@) &
e ® gz(xp+q+r)) = 1A, ®term ® By,

where o is in Shg,_y g_1,-1) acting on {1,...,p+q+7r—1}\ {3, j, k}.
Basically, we set

Ay = ng(qu(l)) ® /Z\/_]\ ® f2g(a;071(k_2)).

From this perspective, we obtain the terms A, ® C'® B, such that C takes
the following form:

= [fo(i), [f(x5), 2]] = [[9(zi, f(25)], 9(xx)] = [fo(x;), [£(@i), 2]

= [fg(x2), [ ,wk]] [Fg(a;), [f(@e),2i]] = [[g(@s, f ()], g(an)]
= [9*(f9 wz) [9(Fa"(25)), £ (£ (@))]]
+[9°(Fg " (20), [9(F " @n)), £ (fg " @0))]]
+ (! ( ): [f(@). f(fg~ ()]
=0.
(3) In (%), there are terms that appear in the form
@ g([f@y) k) @ . ® [folw:), f2(x)] ®
e @ [f(@), f2xr)] @ @ g([f(25), 21]) © oo,
@ g([f@n), me]) @ @ [fg(2;), )] © ..,
(i), 2]) ®

® [fo(z;), FPlaw)] ® ... g([f
[fg ), f2 35] )]@ ®g([ (l‘ ,:l?k]) v
® [fg(), fx;)] @ .. @ g([f(2:),21]) ©
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More precisely, we have the following.
—In fg(X)(}(f(Y)(}Z), Vke{p+q+1,...,p+q+r—1}, the terms that
appear are
(11) : .@g([zj,zr]) ® ... ® [fo(zp), [P (Tpiq)] @ ...,
with p+1<j <p+q,
(1.2) « .@g([f(zy),z]) ® ... ® [fg(:cp),fQ(xj)] ® ...,
with p+1<j <j<p+q,
(1.3) : . ® [fg(xp), 2(2)] ® ... ® g([f (Zptq), 2k]) ® -\
withp+1<j<p+yq,
(14) : . g([fxp),zr]) @ .. ® [f9(2i), F2(Tpiq)] & ..y
with p+1<j <p+q and 1<i<p,
(1.5) @ g([flzy), z]) ® .. @ [fglai), F(z))] @ ..,
with 1<i<pand p+1<j <j<p+yq,
with 1<i<pand p+1<j<p+yq,
(L7) ¢ @ [fg(xi), FP(an)] @ .. ® g([f(@ptq)s 7k]) ® ...
with p+q+ 1<k <k<p+q+r and 1#41i<p,
(1.8) : ...® [fg(xz),fz(:ck/)] X ... ®g([f(:cj),xk]) X ...y
with 1<i<p p+1<j<pt+qgandp+q+1<k <k<p+q+r,
(19) ¢ o ® [Fglap), F2(0r)] @ e @ g([f @pia)s 28]) © o
withp+q+1<k <k<p+q+r,
(1.10) : . @ [Foley), ()] © @ g([fla))2i]) © o
with p+1<j<p+qand p+q+1<k <k<p+q+r.
—In (g(X)Of(Y))Og(Z), Vk € {p+q+1,...,p+q+r—1}, the terms that
appear are
(2.1) + @ [fo(zir), g(zn)] ® ... @ f([g(@p), [(25)]) ® ..
with 1<i <p and p+1<j<p+aq,
(2.2) = @ f([g(za), f(2))]) © . ® [Fo(wn), g(an)] @ ...,
with p+1<j<p+qandl <i<i <p,
23) @ f([9@), ()] © o @ [Folap), 9lwn)] © o
with 1<i<p and p+1<j<p-+g,
(24) @ f([g(xp), f(z))]) ® .. © [fglay), glar)] @ ...,
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with p+1<j<j <p+ygq,

(2.5) : . @ f([9(xp), F(2)]) @ ... @ [f9(@ptq), 9(zk)] ® ...,
with p+1<j<p+q,

(2.6) : ... ® f([g(xi), f(z))]) @ ... ® [fg(zj), g(zi)] ® ...,
with 1<i<p p+1<j<j <p+yq,

2.7) @ f([9(xi), f(2)]) @ ... @ [f9(@ptq), 9(xk)] ® ...,
with 1<i<p, p+1<j<p+aq.

—In fg(Y)O(f(X)OZ), Vke{p+q+1,...,p+q+r—1}, the terms that
appear are

(LY @g([or o)) ®..® [fg(xp+q),f2(:cp)] ® ..., with 1 <7 <p,
12) ¢ @ g([f@e)ar]) © . ® [folapsa), F2(1)] ©

with 1 <4 <i<p,

(1.3 : ..® [fg(:anrq),fQ(a:i)] R ... ®g([f(:z:p),:nk]) ® ey with 1 <4 < p,
(14) : o @g([f(ze),an]) ® ... ® [fg(x)), flap)] @ ...,

with 1 <4 <p and p+1<j<p+q,

15 5 @ g([f (i) an]) © o [fo(as), 2] © .

with p+1<j<p+qand 1 <7 <i<p,

(1.6) @ ..® [fg(z;), f2(2)] @ ... ® g([f(2p)s 2k]) ® ...,

with p+1<j<p+q and 1 <i<p,

A7) ¢ e ® [fo@), Fa0)] © o © g([fl@p)an]) © o

with p+q+1<k<k <p+q+r and p+1+#j<p+gq,

(1.8)" : @ [fglay), f2(xr)] @ . @ g([f (i), 20]) @ oy

with p+1<j<p+q 1<i<pand p+q+1<k<k <p+q-+r,
(1.9) : ..® [fg(xp+q),f2(xk)] ® ... g([f(zp),zw]) ® ...,

with p+q+1<k<k <p+q+r,

(1.10) 1 .. ® [f9(@prq), f2(zr)] @ .. @ g([f(2i), 21]) @ ..,

with 1<i<p, and p+q+1<k<k <p+q+r.

—In (g(V)Of(X))Og(Z), Vk € {p+q+1,...,p+q+r—1}, the terms that
appear are

21) : ..® [fg(a:j/),g(a:k)] ®R..0 f([g(prrq),f(xi)]) ® .oy
with p+1<j <p+q and 1<i<p,

(2.2) + @ f([9(z)), f(@)]) ® ... @ [fg(zy), g(zr)] @ ...,
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with 1<i<pand p+1<j<j <p+q,

(2.3)" : @ f([g(z)), f(2i)] @ . @ [f9(Tpiq), 9(an)] @ ...,
with p+1<j<p+q and 1 <1< p,

24) : @ f([9(@pre), F()]) @ . @ [fg(air), g(zr)] ® ..,
with 1<i<i <p,

(2.5)" + @ f([9(xprq), f(20)]) @ ... @ [fo(xp), gla)] @ ...,
with 1 <1i<p,

(2.6) ¢ @ f([g(z)), f(@i)]) ® ... @ [fg(zir), g(ar)] © ...,
with p+1<j<p+gq, 1 <i<i <p,

27" @ f([g(z)), f(2)]) @ .. @ [folap), g(xr)] © -y
with p+1<j<p+gq, 1<i<p.

The proof rests on verifying the following equalities:

(1.2) — (2.4) = 0, (1.3) — (2.5) = 0, (1.4) + (2.1)' = 0, (1.5) = (2.6) + (2.2,
(1.6) — (2.7) = (2.3)", (1.7) — (1.10) = 0, (1.8) — (1.8) = 0, (1.9) — (1.9) = 0,
(1.10) — (1.7) =0, (1.2)) — (2.4) =0, (1.3) — (2.5) =0, (1.4) + (2.1) =0,
(1.5) = (2.6)" — (2.2) and (1.6)" — (2.7)" = (2.3).

Moreover, the remaining terms (1.1) and (1.1)" are simplified with terms in 4.

(4) Finally, in (%), there are terms that appear in the form:

- ® [fg(xz),g(xk)} ® ... g(f(xp—i-q) <>l'p-l-tﬁ-r)v
@ g([flz)),zk]) @ . @ (Fo(xp) © 9(@prgrr)),
@ f([9(zi), f(@7)]) @ ... @ (fg(Tprq) © 9(Tptgsr)),
@ f(lg(@)), f(@)]) @ ... @ (fg(ap) © fg(Tprqer))-

More precisely, we have the following.
—1In fg(X)Q(f(Y)OZ), the terms that appear are

(L))" : @ [fg(%)vg(xk)} ®.0 g(f(l“erq) <>f'3p+q+r)a

withp+q+1<k<p+qg+r and 1 <1 <p,

(1.2)" @ [fg(@), f2(25)] @ .. © g(F(@piq) © Tpigir),

withp+1<j<p+q and 1 <i<p,

(13)" : ..@ g([f(xj)vxk]) ®..Q® (fg(xp) <>g(wp—f—q—i-r))7

withp+q+1<k<p+q+r and p+1<j<p+q
— In (g(X)Of(Y))Og(Z), the terms that appear are

(2-1)” e ® [fg(xl)vf(xj)] @ .. @ (fg(l“p-i-q) <>g(wzu-i-q—i-r))7
withp+1<j<p+q and 1 <i<p,
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(2.2)" + L@ [fg(zi), g(zr)] @ ... @ f(g(zp) © f(2piq)) ® -y
with 1<i <p and p+q+1<k<p+q+r,

2.3)" ¢ . [fo(ey), 9(@n)] @ e ® F(9(2p) © F(Tpig)) @ o
with p+1<j <p+qand p+q+1<k<p+q+r.
— In fg(Y)()(f(X)(}Z), the terms that appear are
31" @ [fe(z), g(xr)] @ ... @ g(f(2p) © Tpigrr),
swithp+q+1<k<p+qg+randp+1<j<p+yg,
(32" @ [fola), f2(@)] @ o ® g(F(2p) 0 Tprgir),
withl <i<pandp+1<j<p-+q,
(33)" :..® g([f(xz)a xk]) ®...0 (fg(xp—i-q) Og(xp—&-q—i-r))a
withp+q+1<k<p+qg+randl <i<p.
— In (g(Y)Of(X))0g(Z), the terms that appear are
41" : ..® [fg(xj)v f(ﬂfz)} @ ... (fg(xp) Og(xp—&-q—i-r))a
withl <i<pandp+1<j<p+gq,
(42) 5 o [foley), 9(n)] © o @ F(gtprg) © f(2p)) @ o
with p+1<j <pandp+q+1<k<p+q+r,
(4.3)" @ [fa(zi), g(x1)] @ .. @ f(g(2piq) © f(1p)) @ .oy
with 1<i <pandp+q+1<k<p+q+r.
It is clear that

(1.1)"—(3.3)" =0, (1.2)"—(2.1)" =0, (1.3)"—(3.1)" = 0, (3.2)"—(4.1)" = 0,
(1.1) — (2.3)" + (4.2)” =0 and (1.1)" — (4.3)" + (2.2)" =0,
which completes the proof. ]

Theorem 1. Let (A,<>, 1, g) be a BiHom-pre-Lie algebra and let
f,g: A— A be two commuting morphisms of a pre-Lie algebra. Then
(T(A), PRy g) is a BiHom-pre-Poisson algebra, where, for all X = 1 ®
Ty, Y =2p 1 ® .. Qapyq € T(A),

XAY =(21®...02p) A (Tps1 @ ... @ Tpiq)
= D M#em1(1) ® e @ WE1(prgo1)) © 9(Tpi),

o€sh(pq-1)

and
XY = (21 ® ... @ 1) O (Tpt1 ® ... @ Tpyq)
= ) h(@e11) © - @ (@1 (p1)) B MTp-1(ps1))

O'esh“,,l’q,l)
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e @ MTo1(pyg-1)) ® (Tp © Tpig)
pHq—2

+ Z Z h(ngl(l)) X ...
k=1

O’GSI’L(p’q_l)
1<o~1(k)<p
p+1<o~(k+1)<p+q
e @ h(To1(5-1)) @ [To1(k)ys To1(i41)] © M(To-1(h42)) @ ..
- ® h(IU—l(p—&-q—l)) & g(xP-HJ)a
are defined in Propositions[§ and [9

Proof. We know that (T (A), X, f, g) is a BiHom-Zinbiel algebra and
(T(A ), <, f, g) is a BiHom-pre-Lie algebra. It remains to demonstrate the
following compatibility conditions between {» and A:

(1) (9(X)OFY)—g(YV)OF(X)) Ag(Z) = fo(X)O(fF(Y) A Z) — fg(Y) A
(f(X)02),

(i) (9(X)AfY)+g(Y)AF(X))0g(Z) = fo(X) & (fF(Y)OZ) + fa(Y) A

(f(X)0Z).

As far as the proof of these two conditions is concerned, we use the simpli-

fication between multiple terms.

More precisely,

e the term ...®g(f(xi)<>xj) ®... issimplified to ...®g(f(xi)<>xj) Q...

e the term ... ® f([g(2;), f(z;)]) ®... is simplified to the two following terms

= ® fg(@i) o flzj) ®... and ..® f(g(z;)o flzi)) ®.... O

3.2.2. Rota—Baxter operator and BiHom-pre-Poisson algebras.
We examine certain properties of Rota—Baxter operator on both BiHom-
commutative algebra and BiHom-Lie algebra.

Definition 16. Let (A,u, f,g) be a BiHom-commutative algebra. A
linear map 8 : A — A is called a Rota—Bazter operator on a BiHom-
commutative algebra, if

Bf = fB,
Bg = 98,

#(B(@), 8w) = B(n(B@).y) + n(w, 8w)))
for all z,y € A.
Proposition 10. Let (A,M,f, g) be a BiHom-commutative algebra and

let B : A — A be a Rota—Bazter operator on A. Define a new operation
on A by

z ANy =p(B(z),y), Vz,yeA.
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Then (A, A, f, g) is a BiHom-Zinbiel algebra.

Proof. For all z,y,z € A, we compute
Fa(@) A (f(y) A 2)
= fo(x) Ap(B(f(y)) 2)

= (9(y) A f(2)) Ag(2) + (9(z) A f(y) Aglz).
Similarly, we compute the condition . This completes the proof. O

Definition 17. A linear map 3: A — Ais called a Rota—Baxter operator
on a BiHom-Lie algebra (A, -, -1, f g), if
Bf =15,
Bg =98,
[8(), 8w)] = B([B@).y] + [, 8)]),
for all x,y,z € A.
Proposition 11. Let (A, [—,—},f,g) be a BiHom-Lie algebra and 3 :
A — A be a Rota—Bagzter operator on A. Define a new product on A by
zoy=[B(z),y], Va,y€A.
Then (A,<>, 1 g) is a BiHom-pre-Lie algebra.
Bringing the previous results together, we have the following theorem.
Theorem 2. Let (A,,u, {— -} 1 g) be a BiHom-Poisson algebra and let
B8 : A — A be a Rota—Baaxter operator on both BiHom-algebra (A,,u,f, g)
and (A,{—, -}, f,9). Define a new operations on A by
e ANy =p(B(x),y) and zoy={B(x),y}, forallz,ye A.
Then (A, Ao, f, g) 1s a BiHom-pre-Poisson algebra.
Proof. We already demonstrated that (A, A, f, g) is a BiHom-Zinbiel al-

gebra and (A,<>, 1, g) is a BiHom-pre-Lie algebra. It remains to confirm the
compatibility conditions.
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For any z,y,z € A, we compute

(9(z) o f(y) = g(y) o f(2)) Ag(2) = fa(z) o (f(y) A2) + Fa(y) A (f(z)o2)
= ({6(9(9:))7f(y)} —{B(9(v)); f(fv)}) Ng(2) = fa(z) o u(B(f()),2))

+ faly) ANMB(f(2)), 2}

= {B(9(x)), fW)} A g(z) = {B(9)), f(x)} Ag(2) = fg(x) o n(B(f(y)),z)
+ foy) AB(f(2)), 2}

3

which implies that
(9(x) o fly) —g(y) o f(x)) Ag(z) = fa(z) o (fy) Az) — faly) A (f(z)o2).

Likewise, we prove

(9(x) A F(y) +9(y) A f(@)) 0 9(2) = fg(@) A (Fy) o 2) + Fgly) A (f(z) 0 2).
The proof is thus complete. ([l

4. Dual BiHom-pre-Poisson algebras

In this section, we introduce the structures of a BiHom-permutative alge-
bra, a BiHom-Leibniz algebra and a dual BiHom-pre-Poisson algebra. Addi-
tionally, we provide an example of a dual BiHom-pre-Poisson algebra using
an averaging operator on a BiHom-Poisson algebra.

4.1. Dual BiHom-pre-Poisson algebras.

Definition 18. Let A be a vector space, let @ : A x A — A be a
bilinear map and let f, g : A — A be two endomorphisms. The quadruple
(A, o f g) is called a BiHom-permutative algebra if it satisfies
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fxoy) = f(zx)e f(y),
g(rey) =g(zx)eg(y),
fo(x)e (f(y)ez) = (g(x)e fly) e g(z) = (9(y) e f(z)) ® g(2),

for any z,y, z € A.

Definition 19. Let (A,e,f,g) and let (A, ,¢,¢) be two BiHom-
permutative algebras. A linear map o : A — A’ is said to be a morphism
of BiHom-permutative algebras if

alzey) =a(z) e aly), for all z,y € A, as well as af = pa and ag = Ya.

Proposition 12. Let (A,e) be a permutative algebra and let
f, g A — A be two commuting morphisms of a permutative algebra.
Then (A,o(f’g),f, g) is a BiHom-permutative algebra obtained by composi-
tion, where x oy o)y = f(x) ® g(y) for all z,y € A.

Proof. We depart from the assumption that f and g are multiplicative.
By straightforward computations, we obtain
fa(x) o(sg) (f(Y) 8(sg) 2) = (9(z) 81,4 F(y)) 81,4 g(2) and

(9(x) 0fg f(y) @19 9(2) = (9(y) o1, f(2)) @54 9(2), Vi, y, 2 € A,
which is the desired result. O

Remark 10. Let (A, ®) be a permutative algebra and let f, g: A — A be
two commuting morphisms of a permutative algebra. Assume that (A4’,e’)
is another permutative algebra and ¢, v : A" — A’ are two commuting
morphisms of a permutative algebra satisfying ao f = poa and aog = poa.
Then « : (A, 0100, fr9) — (A’,o’(%w),go,w) is a morphism of BiHom-
permutative algebras.

Definition 20 ([I1]). Let A be a vector space, let {—,—} : Ax A — A
be a bilnear map and let f, g : A —> A be two endomorphisms. The 4-uple
(A, {——-}7 g) is called a BiHom-Leibniz algebra, if it satisfies

g({z,y}) = {9(2),9(»)},
{{g(x)vy}7g(z)} = {fg(ac), {y,z}} - {g(y)a {f(x),z}},

for all z,y,z € A.

Definition 21. Let (A, {—- -} 7 g) and (A', {—, -V, 0, w) be two BiHom-
Leibniz algebras. A linear map o : A — A’ is said to be a morphism of
BiHom-Leibniz algebras if

a{z,y}) = {a(z),a(y)} for all x,y € A, as well as af = pa and ag = Pa.
Proposition 13. Let (A,{—,—}) be a Leibniz algebra and let f, g :

A — A be two commuting morphisms of A. Then (A,{—,—}(f’g),f,g
1s a BiHom-Leibniz algebra obtained by composition, where {x,y}(ﬁg) =

{f(x),9(y)} for all z,y € A.
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Proof. Tt is clear that f and g are multiplicative and through a direct
computation, for all x,y, z € A, it follows that

SUCRTPRICN T
= {{fg(x))g(y)}7g(z)}(f,g)
= {{fP9(2), fa)},9*(2)}
= {29(2), {9w),9()} ; o} = {f9@W). {fa(x),9()} ;0 }
= {19@@) {2} 5.0} o) — L9 F @) 23 4 ) s
= {fg(=), {y’z}(f,g)}(f,g) ~{9(v), {f(x)’z}(f,g)}(f,g)'
O

Remark 11. Let (A4,{—, —}) be a Leibniz algebra and let f, g: A — A be
two commuting morphisms of a Leibniz algebra. Assume that (A, {—, —}')
is another Leibniz algebra and let ¢, 1 : A* — A’ be two commuting
morphisms of a Leibniz algebra satisfying ao f = poa and aog = oa.
Then « : (A, 1= =Yg > g) — (A', {-, —}’(%w,gp,qﬁ) is a morphism of
BiHom-Leibniz algebras.

Definition 22. Let A be a vector space, let o, {—,—} : A x A — A
be two bilinear maps and let f, g : A — A be two endomorphisms. The
5-tuple (A, o {— —}f g) is called a dual BiHom-pre-Poisson algebra, if it
satisfies

(1) (A, o f, g) is a BiHom-permutative algebra,
(2) (A, {-,—-} 7, g) is a BiHom-Leibniz algebra,
(3) the compatibility conditions

i) {fg(x),yez} ={g(x),y} e g(z)+g(y) e {f(x),2},
i) {g(x) ey, g(2)} = fg(z) e {y, 2} + g(y) ® { f(x), 2},
iii) {g(x), f(y)} » fg(2) + {9(v), f(x)} ® fg(z) =0,

are satisfied for all x,y, 2z € A.

Definition 23. Let (A,u,{—,—}, f,g) and let (A, 1/, {—, =}, ¢, ¢) be
two dual BiHom-pre-Poisson algebras. A linear map a : A — A’ is said to
be a morphism of a dual BiHom-pre-Poisson algebra if a is a morphism of
both a BiHom-permutative algebra and a BiHom-Leibniz algebra, as well as
aof=poaand aog=1oa.

Proposition 14. Let (A,e,{—,—}) be a Poisson algebra and let f, g :
A — A be two commuting morphisms of a pre-Poisson algebra. Define a
new products on A by

very=f(x)egly) and {z,y}q = {f(), f(y)}, Vo,yec A
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Then (A, o {— -1 g) 1s called a dual BiHom-pre-Poisson algebra obtained
by composition.

Remark 12. Let (A, e,{—, —}) be a dual BiHom-pre-Poisson algebra and
let f, g: A — A be two commuting morphisms of A. Assume that
(A’ o', {—,—}') is another dual BiHom-pre-Poisson algebra and let ¢, 1 :
A" — A’ be two commuting morphisms of a dual BiHom-pre-Poisson alge-
bra satisfying ao f = poa and o g =1 oa. Then

a: (A oo = =Yg f19) — (Aol =Y ¥)
is a morphism of dual BiHom-pre-Poisson algebras.

4.2. Averaging operator and dual BiHom-pre-Poisson algebras.
In this subsection, we demonstrate that using an averaging operator over
BiHom-commutative, BiHom-associative, BiHom-Lie and BiHom-Poisson al-
gebra respectively, we construct BiHom-permutative, BiHom-diassociative,
BiHom-Leibniz and dual BiHom-pre-Poisson algebras respectively.

Definition 24. A linear map o : A — A is called an averaging operator
on a BiHom-commutative algebra (A,,u, f, g) if
af = fa,
Bg =98,
p(a(z), aly) = a(p(alz),y) = a(u(z, a(y))),

for all z,y € A.
Proposition 15. Let (A,u,f, g) be a BiHom-commutative algebra and

let « : A — A be an averaging operator on (A,,u, 7, g). Define a new
operation on A by

ey =p(a(r),y), Yo,y A
Then (A, o f g) 1s a BiHom-permutative algebra.

Definition 25. Let (A, -, =], f, g) be a BiHom-Lie algebra. A linear
map « : A — A is called an averaging operator on A if
af = fa,
ag = ga,

[a(2), a(y)] = a([a(=),y]),

for all z,y,z € A.

Proposition 16. Let (A, -, -1, f, g) be a BiHom-Lie algebra such that
f, g are commuting and let o : A — A be an averaging operator on
(A, -, -, f g). Define a new operation on A by

{z,y} = [a(2),y], Yo,y € A
Then (A, {— -} 1 g) is a BiHom-Leibniz algebra.



172 WALID ALOULOU AND MANSOUR JEBLI

Proof. We use the assumption that f and g are multiplicative. By straight-
forward calculation, we obtain

{f9(@),{v,2}} = {9), {F(2),2}} + {{9(z),y}.9(2)}. O

Now, we build up the structure of a dual BiHom-pre-Poisson algebra using
an averaging operator on a BiHom-Poisson algebra. The following theorem
holds.

Theorem 3. Let (A,,u, -, -1, f g) be a BiHom-Poisson algebra and let
a : A — A be an averaging operator on both BiHom-commutative algebra
(A,,u, 1 g) and BiHom-Lie algebra (A, -, -, f g). Define new operations
on A by

vey=p(a(x),y) and {z,y} = la(z),yl, Yo,y € A.
Then (A, o {— -1 g) is a dual BiHom-pre-Poisson algebra.

Proof. Grounded on Propositions and we know that, (A, o g)
is a BiHom-permutative algebra and (4,{—, -}, f, g) is a BiHom-Leibniz
algebra. We only prove the first compatibility condition and leave the rest
to the reader.

For all x,y,z € A, we compute:

{f9(z),yez} —{g(z),y} e g(z) — g(y) e { f(x), 2}
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