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A new generalization of Lucas quaternions with
finite operators

HAYRULLAH OzZIMAMOGLU

ABSTRACT. In this paper, we introduce a new family of Lucas quater-
nions by using finite operators. We call these quaternions as Lucas finite
operator quaternions. We give some properties and identities of Lu-
cas finite operator quaternions such as Binet-like formula, generating
function, exponential generating function, Catalan’s identity, Cassini’s
identity, d’Ocagne’s identity and many binomial-sum identities. As an
application, we generate Cassini’s identity in another form by matrix
representations.

1. Introduction

Over the last century, numerous scientists have concentrated on two-
dimensional number systems. Hamilton [8] introduced the four dimensional
real quaternion algebra as follows:

Q= {80+31i+52j+53k : i2=j2=k2:—1, 13k = —1, sg, s1, S2, S3 GR}.

The multiplication table for quaternions is given in Table[l] Quaternions are
a generalization of complex numbers. They have been studied by scientists
from a range of domains such as computer sciences, quantum physics, and
control systems.

For p,q € Z, the Horadam numbers W,, = W,,(Wy, Wi;p, q) are defined
by

Wy =pWh1 +qWy—2, n2>2,
with the initial values Wy and W (see [10), [I1]).
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TABLE 1. The multiplication table for the basis of Q.

T1] 4 |3 1 k
101 ¢ | 45 | k
ili|l—1| Kk | —j
jlil—k|—=1] i
klk| § | —i| -1

be the roots of the equation

_ P+ VP +4g _P— VP +4q

Let’yffandéf — s

2?2 — pr — ¢ = 0. Then the Binet’s formula of W, is
W, = Ay" + B§",

where 4 = V1= Wo g g Wo=W1
v =9 vy—9
Horadam [9] defined the n-th Lucas quaternion as
@Ln = Ln + Ln—i—li + Ln+2j + Ln+3k7 (1)

where L, = L,(2,1;1,1) is the n-th Lucas number defined by
Ly=Lp1+Lyo, n>2.
The Binet’s formula for the Lucas number L,, is given as
L,=~"+0",

where v = 1+72\/5 and § = 1;2‘/5 Recently, some works have been done
by researchers on Fibonacci and Lucas numbers, which connect with many
different areas of science as well as mathematics (see [3], [4, [5]).

Throughout this article, we take 4 = 14 vi + 25 + v3k and S=1+6i+
825 + 8%k, where v = 1+—2‘/5 and § = % In [6], the Binet-like formula for

the Lucas quaternion QL,, is given as

QL = 47" + 86",
We refer to [Il, 2, 6 [7, 12, 14], 15, 16l 17] for further information on the
Fibonacci and Lucas quaternions.

Let «, 8 be complex parameters, a, b be real parameters, and E* [h] (w) =
h(w + a). Simsek [20] defined an operator such that

Yo [hia,8] (w) = aE® [A] (w) + BE® [h] (w). (2)

For any polynomial sequence h,(w) and r > 1, r-th finite operator
Y0, [ a,8] () (or h%”(w)) is defined by

«

V1, s, ] () = B () = Yoo o, () (Y57 s b))
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where Y( ) 5 [hnsa,b] (w) = h(l)( ) = ahy(w + a) + Bhy(w + b). Simsek
developed the essential operators utilized in the theory of finite difference
techniques for the numerical solution of differential equations for particular
cases of (a,f;a,b) in as shown in Table These operators have a
widespread application in mathematics, physics, and engineering. Simsek
constructed novel families of special polynomials and numbers implementing
finite operators and scrutinized many of their features. For more details on
the finite operators, please see [19] 20].

TABLE 2. Special situations for the finite operator Y, g [h; a,b] (w).

(o, B;a,b) Finite Operators

(1,0;0,0) I (h( )) =h(w ), (Identity Operator)

(1,-1;1,0) A (h(w)) = h(w+ 1) — h(w), (Forward Difference Operator)
(1,-1;0,-1) V (h(w)) = h(w) — h(w — 1), (Backward Difference Operator)
(1/2,-1/2;1,0) | M (h(w)) = % (h(w + 1) — h(w)), (Means Operator)
(1,-L;a+b,a) | Gap (h(w)) = h(w+a+b) — h(w +a), (a# b, Gould Operator)

Kizilates [13] used the finite operator to establish Horadam finite operator
numbers through implementing it to Horadam sequences. Furthermore, in
[21] Terzioglu et al. founded numerous features associated with Fibonacci
finite operator quaternions with the help of matrix representations. In [18],
Polath implemented the finite operators to the (p, ¢)-Fibonacci polynomials.
Furthermore, Yagmur [22] defined the sequence of Horadam finite operator
hybrid numbers and investigated several properties of these hybrid numbers.

Let a,8 € R and a,b € Z. The r-th Horadam finite operator numbers

7@ are defined by

AV W) =W = aAlY (Wie) + 8AUSY, (W)

r

T\ r—ipgi
= Z <Z>a B Wn+ib+(r7i)aa (3)

i=0
where Wér) and WI(T) are the initial conditions of WV(LT).
For n > 1, we can obtain by the induction method on r that
Lyl =L + L) (4)

n—1°
where L(()T) and Lgr) are the initial conditions of L,(f).

In [13], Kizilates gave the Binet-like formula of LY such that
L) = Ay 4 Bgn, (5)

(r) (r) (r) (r)
Ll _6LO an dB(r) 7L Ll )

where A1) = NG 7
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In view of the earlier recent works, we utilize finite operators to generalize
the Lucas quaternions QL,,. These quaternions are referred to as the Lu-

cas finite operator quaternions Q]Lg). We present some characteristics and
identities of QL%T). We find Binet-like formula, generating function, expo-
nential generating function, Catalan’s identity, Cassini’s identity, d’Ocagne’s

identity and some binomial-sum identities of QIL?(J). Then, with the help of
matrix representations we show another type of Cassini’s identity.

2. Lucas finite operator quaternions

In this section, we introduce the Lucas finite operator quaternions and
give Binet-like formula and some other properties for these quaternions.

Definition 1. The Lucas finite operator quaternions QLSLT) are defined by
QLY = L) + L) i+ LY )y5 + L5k,
(r)

where Ly’ is the r-th Lucas finite operator number.
For r =1 and W,, = L,, in Definition (1| and , we obtain

QLYY = (aLnta+ BLuss) + (@Lntas1 + BLnipir) i
+ (aLntav2 + BLyntb12) J + (@Lntars + BLntois) k. (6)
Now we present some special values of QLS) for («, B;a,b) in the equation
(@ as follows.
(1) For (1,0;0,0), we have the identity operator for Lucas quaternion
sequence [ (QL?) = QL,,. Hence the Lucas finite operator quater-
nions are a generalization of the Lucas quaternions in the equation

(-

(2) For (1,—1;1,0), we have the forward difference operator for Lucas
quaternion sequence A (QLW) =QL,+1 — QL,.

(3) For (1,—1;0,—1), we have the backward difference operator for Lucas
quaternion sequence V (Q]L%l)> =QL,, — QL,,_;.

(4) For (1/2,—1/2;1,0), we have the means operator for Lucas quater-
nion sequence M (QL&) = % (QL,+1 — QL,).

(5) For (1,—1;a+b,a) and ab # 0, we have the Gould operator for
Lucas quaternion sequence Gy (Q]Lg)) =QLp1ars — QLptq.

The conjugate of the Lucas finite operator quaternion (@Lg) is

()" =20 - £i = L - L g



A NEW GENERALIZATION OF QUATERNIONS 261

Proposition 1. For the Lucas finite operator quaternions QIL%T), we have

QL™ + (ng‘))* — oL,

Proof. By using Definition |1| and , we can easily derive

QLY + (QLy))’
= (B 4 BT+ L+ 12k) + ()~ L0 = 147 — E7ok)
= 2L,

0

Proposition 2. The recurrence relation of the Lucas finite operator quater-

nions QLg) is

QLY = QLY + QLY),, n>2.

Proof. From Definition (1 I and ., we get

QLY = 1O 4Ll i+ L) 5+ L)k

n n+1

= I 41, + (Lg) + Lﬁlll) i

n—1
+ (ngll + LSP) (Lglz + Lfﬁl) k
= QLY + L,
0

Theorem 1. The Binet-like formula for the Lucas finite operator quater-

nions QLg) is

where A(") =

L 5L

n

QL") = AMAmz 4 BUgn§,
G
1

and B = =0 __~1
V5 \/5

Proof. By Definition (1| and , we have

QL{

L) + LEZLi + LﬁZ‘lﬂ + L)k
(A r).mn ) + (A(r),ynJrl + B(r)5n+1>i

+ (A(r)7n+2 B(T)5n+2> i+ (A(r),yn-l-?) + B(r)5n+3> Lk
AN (14 5i + 4% +7°k) + BM™ (1 + 53 + 6% + 8°k)
AWy 4 B gng.



262 HAYRULLAH OZIMAMOGLU

Furthermore, by Binet-like formula of Q]Lg) in Theorem |1, we can derive
the following two corollaries.

Corollary 1. Let n be a positive integer. Then we get

na _5718 n—1z _571—13
Lo (7= 008 e ( =0
Q n 1 \/5 0 \/5

where L(()T) and Lgr) are the initial conditions of the r-th Lucas finite operator

(r)

numbers Ly,

Corollary 2. Let n be a positive integer. Then we have
(@)’ + (L)’ = eLPerd), + oLy

Corollary 3. Let n be a positive integer. Then we have
(L)’ - (@)’ = ey + aLdoeLy),

Proof. From Proposition 2] and Corollary 2| we can derive

(L) - ()’

- (@) s (@) - (@) (eu02))
= (@L (@LMH+QL(”QL§2) - (QLY)QL(,L 1 JF@L @LQn 2)
= o (e, - oLf), ) + oL’ (eLf) - oL ,)

- QL QLQTL Q]L(r Q]LQTL 1
]

Theorem 2. The generating function of the Lucas finite operator quater-
nions Q]Lgf) 18

oLy + (QLY’ _ @Lg>) x

Proof. Let QI[M(LT) (z) be the generating function for QL&T). That is,

QLY (2) =Y QL z
n=0
Then we get

QLY (z) = QL{ +QLz+ QLY 2 +--- + QL{)z"
—2QL (z) = fQILéT)m - QLY):U2 - QL%T)J/‘ — = QLSIT)ZETL_'J -
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_$2QL$LT) (33) _ _Q]L((]T‘)lj B QLgT)xZS _ QLg")x4 L QL%T)QZ”JFQ _
Using the above equations and Proposition 2, we can find that

(1-—z— :U2) QLM ()
_ QL(()T) 1 (QLY) _ QIL((;")) . Z <QL5I) —oL®, — QL 2> 2
n=2
= L+ (QL{’ - QL) s

and so the proof is completed. ]

Theorem 3. The exponential generating function of the Lucas finite op-
erator quaternions QL(T) 18

ZQL — = A4y 4 BT,
L(T) _ L(”) L(T) L(T)
where A = 1\/560 and B = P)/Tl

Proof. By Binet-like formula of QIL?(I) in Theorem , we obtain

(e 9]

- (Tﬁ _ )R r)sn§ i
;QL")M B ,LZZO[A( 7"+ B8 5]71
0 ()"

- A()Z WZ!

n=0 ’ n=0
= AWerry 4 Bl

Theorem 4. Let n be a non—negative integer. Then we have

n+1 2 B(r)5n+15

ZQL(T_ —1 o 5—1 -,

V5
e = L0+ (2§ + L) i+ (£ +207) 5 + (208 + 3L ) k.

where A =

Proof. By Binet-like formula of QLg) in Theorem |1 we find that

znj QL = zn: (A@“)ﬁ + B(T)5i5>
=0

=0
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A(r) (1 - ,yn+1) ;Y N B(r) (1 _ 6n+1) 5

1—x 1-90
B A(r),ynJrl:y BT gntls A(r)py BM§s
oy —1 §—1 11—y 1-6°

Some basic calculations show that
n+1 B 5n+13

ZQL(T_ —1 o s

which is desired. O

Theorem 5 (Catalan’s Identity). For n,k € Z" such that n > k, we
have

QL") QL?, - (QLg>)2 (1) kA0 B (,Yk B 5k> <7k,ﬂ§ B 5;%) |

(") _ 570 ") _ )
L oLy ey _ ke — Ly

V5 R
Proof. By Binet-like formula of Q]Lg) in Theorem , we obtain
r r r 2
aL)oL, - (L))
= (A(T),yn+kA + B )5n+k(§> (A(r),ynfkﬁ/_i_ B(’")énf’“ﬁ)

where A =

_ ( Ay B(r>5n5>
= (A<’“>)2 7 (3)% + AW BOgnthgn=hys o A0 pryn=kgntkss
+(BO) 50 ()" — (40) 420 (3)? — A0 By g5
A BO)Angngs, <B(’” ) 52 (5)
— AW B n—hgn—k (’y% — 7'f5k) 46
A Byt (g - g2 54
= ADBOykgnE (4F - g8 (4545 - 6465)
= ()" FADBO (5F = o) (1456 - 5564 .
O

In Theorem [Bl, if we take k = 1, then we have Cassini’s identity of the
Lucas finite operator quaternions @Lg) as follows.
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Corollary 4 (Cassini’s Identity). For n > 1, the following equality
holds:

QL) QLY - (Q]Lg;“))z = (=) VBADBO (145 - 657

") sr ()
where A — 11— 0Ly~

Theorem 6 (d’Ocagne’s Identity). For n € N, k € Z* such that
k>n+1, we get

QLY QLY — QLYQLY), = (-1)"VBAN B (4748 — g+85)
(r) (r) (r) (r)
L =oby 0Ly and B(") = vho  —Li” .
V5 V5
Proof. By Binet-like formula of QI[M(I) in Theorem |1, we find that
QL{} QLY - QLY QL)
_ (A(r),yk-i-l;y n B(r)5k+1(§) (A(r),yn;y n B(r)5n5>

where AT =

_ ( AW kA B(T)(;kg) ( A1y 4 B gt 5)
_ ( A(r)>27n+k+1 (4)% + AT Bk Igns5 4 A0 B ynght15s
+ (B@“))2 grkl (3)2 _ (A<7”>)2 AR (3)2 _ A Bkt
A B yntLghia <B(T))2 gkl (5)2
— A BMngn (fy’f*”“ _ 7’“"5) )
—AO By (qghn - ) gy
= ADBOY" (7 - 8) (Y49 - 6+76)

_ (71)11\/5‘4(7”)‘8(7") (’Yk_nﬁ/g _ Bk—ng,s/) )

3. Some binomial-sum identities of Lucas finite operator
quaternions

In this section, we give binomial-sum properties of Lucas finite operator
quaternions QIL,(I) by Binet-like formula of (@Lg).
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Theorem 7. For non-negative integers n and k, we get
n
n " _ or ™
> (5)oL - e,
i=0
Proof. By Binet-like formula of QIL?(I) in Theorem , we obtain

(et - £()(orsewey

=0 =0
_ (r)nnikA (r)n”uw
A Z;(Z)w 4+ B ;(Jaa b
= AW (v +1)" k5 + BD (5 +1)" 655
— A(r)72n+k,3/ + B(r)62n+k(§
= QL&QH@‘

Theorem 8. For non-negative integers n and k, we have

n

> (7)vend, - e,

=0

Proof. From Binet-like formula of @M{) in Theorem |1}, we find that

n

> (7) e,

=0

_ zn: (7;)(_1)2‘ (A(r)vzwrkﬁy_i_ B(r)52i+k3)
i=0

_ A(T)Z (:L (=2)ink5 4+ B0 Z <7;>(_52)z‘5k5
=0 i=0
) B0 (1 ) 5

(
= A0 ((—1)97R5) 4 B (—1ynahs)

Theorem 9. For non-negative integers n and k, we have

> (Ve

=0
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5”/2(@1145:_)% , if nis even,
5(n—1)/2 <Q]L£;)rk+1 + @ngrlk—1) , if nis odd.

Proof. From Binet-like formula of (@Lg) in Theorem |1, we obtain

> ()t

1=0

_ f: <n> ( A2tk | () s2ith 5)
(4

=0
. n n i . r " n 7 N
= Al ); <Z> (+*)" 7" + B! )g <Z> (6%)" 8%
A (1) 4 B (5 1) 55 ®

If n is even, i.e., n = 2t where t is a non-negative integer, using we have

3 (Ol = A9 (2 b B 32 1)
i=0

— A(T)5t72t+k;y + B(T) 5t62t+k5

— 5t <A(r),>/2t+k;y + B(r)52t+k8)

5"2QLy ).

If n is odd, i.e., n = 2t 4+ 1, where t is a non-negative integer, using we
have

(?) QLY . = AD (2 +1)" k5 4 BO (62 4 1) 6%
i=0
— AMsxt (72 + 1) ,72t+k,3/ + Bt (52 + 1) s2ttk§
_ 5t (A(r),72t+2+k,? n B(r)52t+2+k8)
15t ( AT 2R B(r) g2t+k 5)

= 52 (QLE:-i)-k-i-l + @Lgﬁ)—k—l) :
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4. Matrix representations of Lucas finite operator
quaternions

In this section, we construct the matrix representation of the Lucas finite
operator quaternions. We define two matrices S and L") as

In light of our conclusion, we provide the following theorem.

(9)

_ |11 (r) _
S—L 0] and L\" =

Theorem 10. For n € N, we have
QL,;, QLn

Proof. We prove the theorem by the induction method on n. For n = 0,
the equality holds. Suppose that the hypothesis is true for n = ¢. That is,

SnL(m) —

. ") QLM
sz — | S T (10)
QL;; QL;
Forn =141, by and Proposition [2[ we find that
Si+1L(’r') _ SszL('r‘)
_ 1} QL{), QLY
1 0] jouf, QL
_ oo eu oL
e, QLY
-l o
QL QLY
As a result, the proof is completed. O

In the following corollary, we obtain Cassini’s identity of Lucas finite op-
erator quaternions by applying the matrices given above.

Corollary 5. For n € Z*, we have

2 2
oL ey, - (aL)’ = -y ferdard - (eu)’).
Proof. Using @D and Theorem we obtain

|:1 1:|nl QLgr) QLY) _ QLT(LTll QL%T)
10 oL QLY QL QL
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If we consider the determinant on both sides of , then we find that

2 2
oL, - (@)’ = (-ne jerfery - (@)’].

5. Conclusions

In this work, we describe Lucas finite operator quaternions by imple-
menting finite operators to Lucas quaternions. Lucas quaternions have been
generalized to provide these new quaternions. Moreover, we obtain many
algebraic properties of Lucas finite operator quaternions including Binet-
like formula, generating function, exponential generating function, Catalan’s
identity, Cassini’s identity, d’Ocagne’s identity and numerous binomial-sum
properties. We offer two new matrices S and L("). Finally, with these matri-
ces we construct a matrix whose entries are Lucas finite operator quaternions
and attain the Cassini’s identity.
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