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On the construction of iterated collocation-type
approximations for linear fractional differential
equations

ERIK-JURGEN MAARITS, ARVET PEDAS, AND MIKK VIKERPUUR

ABSTRACT. The present paper is concerned with the numerical solution
of initial value problems for linear Caputo-type fractional differential
equations. Some regularity results are presented and, using a reformu-
lated integral equation approach, a high-order collocation method and
its iterated version are constructed. Global superconvergence results of
the iterated version are studied. Numerical examples confirming the
theoretical results are also given.

1. Introduction

Differential equations with derivatives of fractional (non-integer) order
have been shown to be a promising tool in high-accuracy modeling of many
diverse real-life processes (see, e.g., [21,[23,26]). Since an analytical solution
to a fractional differential equation is rarely possible, the numerical analysis
of fractional differential equations and operators has been a widely develop-
ing field in the last decade, see, for example, |12} /5,7-H16}[19,(20,22,27,28]. In
the present paper we report some recent results regarding a collocation-type
approximation and its iterated version for solving linear fractional differential
equations with initial conditions. For simplicity of presentation we restrict
ourselves to differential equations with a single Caputo-type fractional de-
rivative of order less than one. Our main results are given by Theorem
below.

Let R = (—o0,00), N = {1,2,...}. Let C*(Q) be the set of all k& times
(k > 0) continuously differentiable functions on 2 C R, C%(Q) = C(Q2). In
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particular, by C]0,b] we denote the Banach space of continuous functions u

on [0,b] with the norm ||u|lc = maxo<;<p|u(t)|. For Banach spaces X and

Y, by L(X,Y) we denote the space of linear bounded operators from X to

Y with the norm [|Af|z(x vy = sup{|[Az||y : [|z||x <1} for A € L(X,Y).
Let a € (0,1). We consider the following initial value problem:

(Deapy) () +a(t)y(t) = f(t), 0<t<b, b>0, (1)
y(0) = yo, (2)

where yo € R, a, f € C[0,b] are some given continuous functions, and Dg ap¥
denotes the Caputo fractional derivative of order « of an unknown function
y € C[0,b], defined as

(D)) = Ty L (€= 97" —O)ds. 0<t<b

Here T is the Euler gamma function: I'(z) = [;° e *s*"!ds, # > 0. The
necessary and sufficient conditions for the existence of a continuous Caputo
fractional derivative are given in [25]. Note that for any solution y € C0, b]
of (I)—(2) we have that D¢y € C[0,0].

For § > 0, we denote by J? the Riemann-Liouville integral operator J :
L (0,b) — C]0,b], defined by

1 t
Ju) () = == [ (t—5)u(s)ds, t >0 Loo(0,D). 3
(7)) = g7 [ €= 9" u(s)as, 0> 0, we L) @)

Here by Loo(0,b) we denote the Banach space of all essentially bounded

measurable functions u : (0,b) — R with the norm

ul|r, = inf sup |u(t)| < oo,
olion = sup [u(o)

where () is the Lebesgue measure of a (measurable) set 2 C (0,b). Note
that the operator J% is a compact (linear) operator from Lo (0,b) to C[0,b]
(see, for example, [4]). Note also that Dg,,J%u = u for u € C0,b] [6].

To study the regularity of an exact solution y of 7, we introduce
the following class of weighted functions C™" (0, b], first studied by Vainikko
in [24).

For given b € R,b > 0, m € N and v < 1, by C""(0,b] we denote the
set of continuous functions u : [0,b] — R which are m times continuously
differentiable in (0, b] such that for i = 1, ...,m the following estimates hold:

1, ifi<l—u,
‘u(i)(t)‘gc 1+ |logt|, ifi=1-v,
tl=v=i, ifi>1—v,
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where t € (0,0], ¢ = c¢(u) is a positive constant independent of ¢. Equipped
with the norm

,  ueC™(0,bl,

m
lullormeon = lulloo + 3 sup wia(t) |u® (1)
i1 0<t<b

where, for t > 0,

1, if p <0,

R 1 i —
wp(t) = m, if p = 0,
tP, if p >0,

the set C™"(0,b] becomes a Banach space. Note that
C100,b) C C*Y(0,b] C C™H(0,b] C C[0,b], g>m>1, O0<v<p<l.

Using this class of functions, we can formulate the following existence,
uniqueness and regularity result (see, e.g., [27]).

Theorem 1. Let o € (0,1) and a, f € C[0,b]. Then (1)~([2) has a unique
solution y € C[0,b]. Moreover, if a,f € CT*(0,b], ¢ € N, u < 1, then
y € C?T7(0,b], where

v =max{1l — a, u}.

Note that problem — can be reformulated as a Volterra integral equa-
tion. Indeed, let y be the exact solution of (I))~(2)). Then (cf. [6])

y(t) = (J*2)(t) + 90, 0<t<D,
where 2(t) := (Dg,,y)(t), 0 <t < b. Since z(t) = f(t) — a(t)y(t), we obtain

1 t o
M0=m+m®éﬁ—$ Uf(s) —a(s)y(s))ds, 0<t<b (4)
or, in operator form,
y=Ty+y, (5)
where
@mwz—gwéa—@*%@mwm 0<t<b, (6)
aw—m+J®Aa—@QV@w,osuw. (7)

Clearly, operator T' is compact as an operator from L. (0,b) to C[0,b] and
g € C[0,b]. Thus, if y € C[0,b] is the exact solution of (I)~(2)), then y
satisfies the integral equation . It is easy to see that the converse also
holds: if y € C[0, ] is a solution of (that is, y satisfies (4))), then y is also

a solution of f.
Thus, to find a numerical solution to 7, it is sufficient to construct
an approximation method for the integral equation .
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2. Collocation method

In order to take into account the possible non-smoothness of the exact
solution y = y(t) of at the origin ¢ = 0, we introduce on the interval
[0,0] a graded grid Iy = {to,...,tn}. More exactly, for given N € N,
we divide the underlying interval of integration [0,b] into N subintervals
[ti—1,tj], 7 =1,..., N, with grid points

i\
i = = =0,...,N.
y=v(%) a=o. 0

The real number r» > 1 characterizes the non-uniformity of the grid. If
r = 1, then the grid is uniform; if » > 1, then the grid points are more
densely clustered near the left endpoint 0.

Next, for a given integer k > 0, we introduce

S]gil)(HN) = {’LL : u‘[tjfl,tj} € Tk ‘] - 17 o ’N}

Here u‘ i ] is the restriction of u : [0,b] — R onto the subinterval [t;_1,t;]

i—1:tj
C [0, b] and 7y denotes the set of polynomials of degree not exceeding k. Note

that the elements of S,g_l) (ITx) may have jump discontinuities at the interior
points t1,...,ty_1 of the grid II. We choose m € N points 71,...,nm, in
the interval [0, 1] so that

0<m<--<nn<l (9)
and define in every subinterval [t;_1,t;] C [0,b] the collocation points
tjp:tj_l—l-np(tj—tj_l), p=1,....,m, j=1,...,N. (10)

We find approximations yny € 5,7(71—_1% (TIx) to the solution y of ([5)) by assuming
that the following conditions hold:

yn(tjp) = (Tyn)(tjp) +9(tjp), p=1,....m, j=1,...,N, (11)

where T and g are defined by @ and , respectively. If 1 = 0, then by
yn(tj1) we denote the right limit limy ¢, ; ¢>¢;_; yn(f). If 5 = 1, then by
yn(tjm) we denote the left limit lim; ¢, 4<¢; yn(t). The collocation condi-
tions have an operator equation representation

YN = PNmTyNn + Pnmg- (12)
Here Piym : C[0,b] — SC ) (I1y) is defined by
(PN mu)(tjp) =ultjp), p=1,....,m, j=1,....N, weC[0,b], (13)

where Iy and {t;,,} are given by and , respectively. If n; = 0, then by
(Pn,mu)(tj1) we denote the right limit limy ¢, ¢>¢;_; (Pnmu)(t). ny =1,
then by (Pnmu)(tjm) we denote the left limit limy ¢, i<¢; (Pnmu)(t). It
follows from [4,24] that Pn ., € L(C]0,b], L(0,b)) and that the norms of
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PnN,m are uniformly bounded: there exists a constant ¢ > 0 which does not
depend on N such that [|Px | £(c(0,4], L0 (0,6)) < ¢ for all N € N.

The collocation conditions ([11)) form a system of equations whose exact
form is determined by the choice of a basis in the space Sﬁn__li (ITy). We will
use the Lagrange fundamental polynomial representation:

N m
yN(t) = Z chkzgplkz(t)a te [Oa b]> (14)

I=1 k=1
where
0, if t¢g [tl,l,tl},
o(t) = =ty itte fti, ] k=1,....m, l=1,...,N.
Attt -
i=1,i#k

Note that yn(tix) = c, k= 1,...,m, l = 1,..., N, and using representa-
tion the collocation conditions form the following system of linear
algebraic equations with respect to the unknown values {c;,}:

N m
Cjp = Z Z(T@lk)(tjp)clk + g(tjp), p=1,....,m, j=1,...,N.
I=1 k=1
After solving this system of equations, we find the approximation yy to vy,
the solution of (I)-(2), by the formula (14).

Note that this algorithm can be used also in the case if n; = 0 and 7,,, = 1.
In this case we have that t; = tj,, = tj41,1, ¢jm = ¢j+1,1 = yn(t;) and hence
in the system with respect to {cj,} there are (m — 1)N + 1 equations and
unknowns.

It follows from [27] that the following convergence result holds (cf. [3]).

Theorem 2. (i) Let a € (0,1) and a, f € C[0,b]. Let Nym € N and as-
sume that the grid points and the collocation points (with collocation
parameters Ny, . .., NMm satisfying @D) are used.

Then there exists an integer Ng such that for all N > Ny equation

possesses a unique solution yn € 57(7:_1)(1'[]\;) and

sup |y(t) —yn(t)] =0 as N — oo,
0<t<b

where y is the solution of —.
(i) If, in addition to (i), we assume that a, f € C"™H(0,b], where p < 1,

then for all N > Ny the following error estimate holds:

{NNU), if1<r< m

I=v? (15)

t) — ) <
sup |y(t) —yn(t)] < c N-™. if > m

0<t<b

Here v = max{1 — «a, u}, r > 1 is the grading parameter of the grid and
c is a constant independent of N.
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3. Iterated approximations

Theorem [2| shows that if functions @ and f are smooth enough, and if the
grading parameter r is chosen to be sufficiently large, the expected conver-
gence order of the proposed numerical method is of order O(N~™). This
convergence order can be improved by using an iterated method, assuming
a little more smoothness of a and f, together with a more precise choice of

collocation parameters 7y, ...,7,. More precisely, let yn be the solution of
, with N > Ny (see Theorem . Denote
yN =Tyx +9. N =N, (16)

where T and g are defined by @ and , respectively. Note that y}f, €
o, b).

To study the convergence properties of the iterated method, we prove
Lemma (3| below. To this end we will use some ideas of [18] and Lemmas
and 2| (see [24] and [17], respectively).

Lemma 1. Let uwe C™"(0,b], m € N and v € (0,1). Let N € N and
let Pnm : C[0,0] — Sr(nili(HN) be defined by the formula (13). Then

sup  |u(t) — (Pnmu)(t)| < ety —ti—1)"t; "™, j=1,..,N.
i1 <t<t;
Here the positive constant ¢ is independent of j and N.

Lemma 2. Let v < 0 and [ be real numbers and let N > 2 be a natural
number. Then, for oll | € N satisfying 2 <1 < N, the following estimate
holds:

-1 1, if 6+y<—1andp<0,
> P—4)" < cq NP, if 8>0and~y< —1,
J=1 NBHYHL - if B4y > —1 and v > —1,

where ¢ is a positive constant that does not depend on | and N.

Lemma 3. Let y € C™ 17 (0,b], a € CY#(0,b], where m € N, v € (0,1)
and p < 1. Let N € N and assume that the grid points and the collocation
parameters Ny, ..., Nm satisfying @ are used. Moreover, assume that the
collocation parameters are chosen so that the quadrature approximation

1 m
| Pads~ 3w rm) a7)

k=1

with appropriate weights {wy} is exact for all polynomials F of degree m.
Finally, let o € (0,1) and let J* and Py, be defined by and (13),
respectively. Then

N-rbamv) g ] < < ot
17%(aly = Pnmy))ll oo = C{ Cmea o mea o0 (18)
N , if r> 1+;r_y.
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Here r > 1 is the grading parameter of the grid and c is a constant
independent of N.

Proof. Without loss of generality we assume that a € C1#(0,b] where u €
(0,1) (if x < 0, then a € CY#(0,b] implies a € C1¢(0,b] for all 0 < & < 1).
Fix t € (0,b] and let k € {0,1,..., N — 1} be such that ¢ € (tx, tx+1]. Let

2
A(t) = / (t— )" La(s)(y(s) — (Pamt)(8))ds, j =1,k ( > 1),

tj—l

(19)
t
Apa(t)i= [ (6= 9 a(s)0(s) — (Pt (5))ds:
173
Then
1 k+1
(J*(aly = Pymy))) (8) = 5 D Aj(0): (20)
Throughout this proof we use the notation ¢, cq,... to denote positive con-

stants that can in different places have different values, but which do not
depend on N, k and t. Let

hj =1t —tjq, j=1,..,k+1.

Since y € C™(0,6] € C™¥(0,b] and a € CL#(0,b] C C[0,b], it follows
from Lemma [ that
[Apr1 ()] < el BB
Due to
ti=bj"N", O0<hj=tj—tj_1 <brj” !N j=1,..,N, (21)
we obtain
‘AkJrl(t)‘ < CQNfr(1+afz/)(k + 1)r(1+afz/)f(m+a)

- {N—r(l—i-a—y)’ if1<r< m+a
<c

1+a—v’ (22)

—m—a . m+ao
N , it r> s

Next, let k¥ > 1. Then, on the basis of we can write

Ak(t)Z/k (t =) "a(s)(y(s) — (Pnamy)(s))ds

tk—1

and, due to Lemma|l|and a € C|0, b], we have that
|AR(t)| < erhjty, ™™ (E — 1)
Since

h
t—tp1 < hg+hg1 = <1+Z+1>hk
k
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and hgy1/hry — 1, as k — oo, we have that there exists a constant ca > 0
(which is independent of k) such that ¢ —t;_1 < cahy. Using this, we obtain
in a similar way as for the estimate |Ag41(¢)| that

—r(1+a—v) : < r < _mta
A <t  HLST S T (23)
N—moe if r > e

If k> 2, we still need to estimate A;(t), j=1,....,k —1. Let us consider
the following function :

Yi(s) = a(s)(t —s)* 1 0<s <t 24)

(
where ¢t € (0,b] was fixed earlier. In every subinterval (t;_i1,t;), j =
1,...,k — 1, it holds that

Yi(s) = Pulty) + 1(E(s)) (s — t5), s € (tj-1,ty),  &(s) € (s,15).

Let
k—1 t;
Bo(®)i= - wnlt) [ (0() ~ (Prm)(s))ds,
j=1 tj—1
By(t) == 1(€(8))(s = t5)(y(s) = (Pnmy)(s))ds.
j=1"ti-1
Then

k—1
D" Aj(t) = Bo(t) + Ba(1).
j=1

We now introduce a new collocation parameter 7,11 € [0,1] such that

Nm+1 7 Np, P = 1,...,m. Without loss of generality we can assume that
0<m < - <Nmg1 < 1. Using m, ..., Qm+1 we also define new collocation
points

ti=ti1+mt;—ti1), j=1,..,N, I=1,..,m+]1,
and introduce an operator Py 11 : C[0,b] — S,,}(Ily) by conditions (cf.
(13))
(PN,m+1U)(tjl) = u(tjl), j=1.,N, [I=1,...m+1, uc C[O,b]

Since the quadrature approximation is exact for all polynomials of de-
gree m, we have

/tj (PN mu)(s)ds = /tj (PNm+1u)(s)ds, j=1,..k—1, ue C[0,D].

tji—1 ti—1
Thus, for all uw € C[0,b] and j = 1,...,k — 1, we have
t

[ )~ P = [ ws) ~ (s s))ds.

ti—1 ti—1
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Duetot —t; >t —t; > (k— j)hj, j=1,..,k—1and a € C[0,b], we have
that ¢y (t;)| < ei(k j)o‘ 1ho‘ , and therefore

k—

,_.

Bo(t)] < 1 rtng| [ 7 (0(s) = Prmy)(s)) ds
J=1 ti-1
k—1 t;
— e 3 (k- j)ethet / (5(5) = (Prms1y)(s)) ds|
j=1 tj-1

Now, by applying Lemma [I| with operator Py 41 instead of the operator
PN,m, we obtain

k—
|B0 Z a lha+m+1t v—m

From it follows

k—1
|Bo(t)| < CgN—T(H-a v Z ) 1 r(1+a—v)=(mta+1)
7=1
Since
kol k—1

Z(k, - j)afljr(1+a71/)f(m+o¢+1) < (k - j)ozfljr(1+o¢71/)7(m+a+1)jfa+17
1

Jj=1 J

(25)
it follows from Lemma [2] that
N-rta—v) - if ] < p < it
EER N S 2
’ 1+a—v"

Next we estimate By (t). It follows from and a € C1#(0,0],0 < pu < 1,
that

Yi(s) =d' (s)(t — )t = (a—1a(s)(t—s)* 2, 0<s<t.

Since t —s >t —t; > (k—j)hj and |d'(£(s))] < cs™ (0 < s < &(s) < t),
then there exists ¢; > 0 such that

e < e (k=7 R s 4 (k= )28 72) L €(s) € (s.):

Therefore

tj
Byt |<c12 D [T s = s)ly(s) — (P ()] ds

tj_l
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k—1

fa (=05 [ (4= 9l - Prap)lds. @1

j=1 tj—1
Due to Lemma 1 we see that
k—1

S1:=c1 Z<k - j)a_lh?_l / j s (t; — s)ly(s) — (Pn.my)(s)| ds

j=1 tj—1

tj—l

k—1 tj
<cp Y (k=) thgTHm e / sTH(t; — s)ds.
j=1
Note that for j = 1 we have

11 1
/ sTH(ty — s)ds = t%_“/ sTH(1 = s)ds < ests M = esh3t) "
0 0

and for j > 2 we obtain

t; 1
/ ’ s H(t; — s)ds = h?/ (hjs +t;—1)"H(1 —s)ds
0

ti—1
2 ! 2
< hjtj_“l/o (1= s)ds < cahjt; "

Therefore, with the help of , we see that
-1

St e5y (k=) RE TR
1

E

.
Il
By

j r(1-p)
< cgN-T(+a—) (k — j)afle(lJra*V)*(Haer) <N>

—

T
—_

< C6N—r(1+a—u) (k o j)a—ljr(l—i—a—u)—(l—i—oc—l—m)‘
1

J
Due to and Lemma [2| we now obtain

T+a—v>’ 28
N-m—a if r > e (28)

g < {NT(1+CMV), if1<r< m+o
1¢C

Finally, we estimate the remaining terms in . Due to Lemmas [1| and
it follows

k—1 t;
Sy 1=y Z(k - j)a_%?Q/ (tj = s)ly(s) = (Pn.my)(s)| ds
=1

tj_1
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S

-1
< C2N—r(1+a—u) (k - j)a—er(1+a—V)—(a+m)

1
_ {Nr(lJrau), if1<r< m+a
<c

<.
Il

1+a—v?
N—m—a lf r > m+o (29)
’ = l4+a—v"

Thus, from and we get the estimate

N—r(l-}—a—z/) fl<r< m+a
Bi(t)] <51+ S5 < ’ = I+a-v? 30
Bit)] = 51 2—C{J\f—m—@, if r > mia (30)

Since
k+1

> " Aj(t) = Bo(t) + Bu(t) + Ag(t) + Apir (1),
j=1

the equality along with the estimates , , and yields
(18) O

the estimate

Based on Theorem [I, Theorem P] and Lemma, [3| we can now prove the
following result.

Theorem 3. Let a € (0,1) and m € N. Assume that a, f € C™ 140, ],
where u < 1. Let N € N and assume that the grid points and the

collocation points Ny, ..., Nm satisfying @ are used. Moreover, assume that
the collocation parameters are chosen so that the quadrature approximation
1 m
| F@ydex 3w )
0
k=1

with appropriate weights {wy} is exact for all polynomials F of degree m. ‘
Then there exists No € N so that for N > Ny the approzimation y%
defined by is unique and the error estimate

, N—r(ta—v) - if | < p < 4
Iv=sille < { Noma e s ki (31)

holds. Here y is the exact solution of problem f, v =max{l — a, u},
r > 1 is the grading parameter of the grid and c is a constant independent
of N.

Proof. 1t follows from Theorem 2 that there exists an Ny € N such that
the iterated approximate solution y}\t, is defined for NV > Ny. Note that due
to yn = PN.mTyn + Pnmg we have that

PNmyy = PNn(Tyn + 9) = PNmTyn + Pnmg = yn, N > Np.
Therefore,
yn =TPnmyn +9. N > No.
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From Theorem 2, we know that there exists the inverse (I — Py ,mT) ! when
N > Np. One can verify that if N > Ny, then there also exists the inverse
(I = TPnm)~ ! and

(I —TPnw) ' =T+T(I~PnmT) P (32)

Due to T' € L£(L(0,0),C[0,b]) and Py, € L(C[0,b], Loo(0,b)), we have
that (I — PnmT) € L(Loo(0,b), Loo(0,b)). Therefore also (I — Py, 1)L €
L(Loo(0,b), Loo(0,b)), when N > Ny, and, consequently, (I — TPn,,) ' €
L(C0,b],C[0,b]), when N > Np.

It can be shown (see, e.g., [27]) that

H(I - PNamT)_lHL(LOO(O,b),Loo(O,b)) <e, N2 No, (33)

where c; is a positive constant which does not depend on N. Therefore,
since the norms of Py, are uniformly bounded (see Section 2), we get from
and that there exists a constant ca > 0 (independent of N) such
that

-1
H(I —TPN.m) Hﬁ(C[Qb},C[O,b]) <cz, Nz No. (34)
Note that due to y = Ty + g and y% = TPnmy% + g, it follows that
(I =TPNm) (yn =) = T(Pnmy — y)-
Therefore, from it follows that
lyv =¥l < 2l T(Prmy = Y)lloo = 2 7%(aly = Prmy))lloe . N = No.
This together with Lemma |3| yields the estimate . g

Remark 1. In a more restrictive case of a, f € C"™*1[0,b] we obtain from
Theorem [3], by taking v = 1 — a, that

—2ar : m+to
by —siflleo <ed Nomd HIShEa
Nlieo =€\ y=m—a jf p > mta,

This result for 7 = 1 and r > 2 > "+ ig also obtained in [28].

4. Examples
4.1. Example 1. Consider the following initial value problem:
1 3 5 3 1 3
(DE, 0)(0)+ (1 Dy(t) = 3 144 —ed 4T (2> 1 0<i<l y0)=1.

(35)
We see that is a special problem of f with

1 3
o=, a(t) =t1—1, f(t)_t3+t3—t§+1“<2)—1, =1 b=L1
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Note that a € C™1(0,1] C C™2(0,1], f € C™2(0, 1] for all m € N. There-
fore, by Theorem |1} it follows that the solution y € C"™¥(0, b], where

11 1
v=maxsl——-,—p=—.
2°2 2

We apply the collocation method (see Section 2) and its iterated version
(see Section 3) with m = 2, using as collocation parameters the shifted
Gauss—Legendre points

3-8

nm = 6

which satisfy the conditions set for collocation parameters in Theorem 2| and
Theorem (3| It follows from Theorem [2| that for sufficiently large N € N we
have

7772:1_7717

sup |y(t) —yn(t)] < co (36)

{N—O-“, if 1<r<4,
0<t<b

N—2, if >4,
where )
yt)=tz2+1, 0<t<1,
is the exact solution of problem and ¢y is a positive constant independent
of N. Similarly, it follows from Theorem (3| that
N7 if 1<r<3,

N725 if r> g,
where ¢; is a positive constant independent of NN.

In Table[l] and Table [2| some results of numerical experiments for different
values of the parameter r are presented. The actual numerical error ex for
supg<s<p [Y(t) — yn(t)| and € for ||y — y% |l are calculated as follows:

it it
_ — _ <
ly — ynlloo Joax, ly(t) —yn ()| < e (37)

en = max, max, [y(7ie) —yn (7],
5% ‘= max max |y(7'jk) - y%(Tjk” )

j=1,..,N k=0,...,10
where
Tik = tj1 —|—k(tj —tj_l)/l(), k=0,...,10, 5 =1,..., N,
with {t;} defined by (8)). The ratios
EN/2 it 5%/2
— NP2 gt

ON ‘= = -
N ) N E% )

characterizing the observed convergence rates, are also presented. Due to
, the ratios oy for the non-iterated collocation method for r =1, r = 2
and r = 4 ought to be approximately 205 ~ 1.41, 2! = 2 and 2% = 4,
respectively. Due to , the ratios g% for the iterated method for r = 1,
r =2 and r = 2.5 ought to be approximately 2 = 2, 22 = 4 and 22 ~ 5.67,
respectively. All these ratios are also given in the last rows of Table [I] and
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Table 2] As we can see from Table [1] and Table [2] the numerical results are
in good agreement with the theoretical estimates given by Theorem [2| and

Theorem (3] (the estimates and (31)).

TABLE 1. Numerical results for problem using colloca-

tion method with m =2, n; = 3%/5, o =1-—mn.

r=1 r=2 r=4
N EN ON EN ON EN ON

411.62-1071 7.81-1072 3.12-1072
81.12-107Y 1.44 |3.84-1072 2.03|7.19-1073 4.34
16 |7.81-1072 1.43 [1.91-1072 2.02|1.87-1073 3.84
321547-1072  1.43 |9.50-1072 2.01|4.68-10~% 4.01
64 13.84-1072 1.42 |4.74-1072 2.00|1.17-10~* 4.00
128 | 2.71-1072  1.42 |237-1073 2.00(2.92-10"° 4.00
~ 1.41 2 4

TABLE 2. Numerical results for problem using the iter-

ated method with m =2, n; = %, o =1—mn.
r=1 r=2 r=2.5

Nl ey o[ ev  ov| ey on
41.05-1072 2.48-107° 2.07-107°
815.09-107% 2.07(6.00-10* 4.13]3.59-10"* 5.77
16 | 2.48-1073 2.05|1.48-10"* 4.07(6.23-107° 5.76
3211.22-107% 2.04{3.66-107° 4.03|1.09-107° 5.71
64| 6.00-10"* 2.03|9.10-107% 4.02[1.92-107% 5.68
128 [ 2.97-107% 2.02|227-107% 4.01|3.39-1077 5.67

2 4 ~ 5.67

We also briefly highlight the case when the chosen collocation parameters
do not satisfy the quadrature condition set in Theorem (3], by applying both
methods for m = 2 with collocation parameters

n = 0.1, no =0.9.

The obtained results for the collocation method and its iterated version are
shown in Table [3] and Table [4] respectively. The last row of Table [3] shows
the theoretical estimates of the collocation method for r = 1, r = 2 and
r = 4, respectively (see Theorem . Correspondingly, the last row of Table
shows the theoretical estimates of the iterated version for » = 1, r = 2
and r = 2.5, respectively (see Theorem . We see that for these collocation
parameters for r > 2.5 the iterated method does not attain the convergence
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order O(N~25) predicted by Theorem [3| This shows that the collocation
parameter assumption of Theorem [3| can not be relaxed.

TABLE 3. Numerical results for problem using the col-
location method with m =2, n; = 0.1, 2 = 0.9.

r=1 r=2 r=
N EN ON EN ON EN ON

411.25-1071 6.07 - 1072 2.18-1072
8(18.68-1072 144 |3.00-1072 2.03|5.89-1073 3.70
16 | 6.07-1072 1.43 [1.49-1072 2.01|1.60-10"3 3.68
3214.26-1072 1.43 |7.43-10% 2.01|4.09-10"* 3.92
64 13.00-1072 1.42 |3.71-107% 2.00|1.03-10* 3.97
128 [ 2.11-1072 142 |1.85-1073 2.00|2.60-107° 3.96
~ 1.41 2 4

TABLE 4. Numerical results for problem using the iter-
ated method with m =2, n; = 0.1, 2 = 0.9.

r=1 r=2 r=2.5

N| ey o N o N oN
419.71-1073 4.07-1073 421-1073
81546-107% 1.78 [1.21-1073 3.38]1.21-1073  3.50
16 1 2.88-107% 1.903.35-10~* 3.60|3.17-10~* 3.80
3211.48-107% 1.95|8.68-107° 3.86|8.01-107° 3.96
64 | 7.47-107* 1.98 [2.21-107° 3.92]2.00-107°5  4.00
128 [3.75-107* 1.99|5.58-10"% 3.97|5.00-107% 4.01

2 4 ~ 5.67

4.2. Example 2. Consider the following problem:

2
(D) (O (T +2)y(t) = t13 42674265 4T (g) 4, 0<t<1; y(0)=2.
(38)

This is a special case of — with
2 5
a =2, a(t) =142, f(t) =112 + 261 + 265 +T <3> +4, yo=2b=1.

Note that here a, f € Cm’é(O, 1] for all m € N. Therefore, by Theorem [1] it
follows that y € C"™"(0,b], where
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We apply the collocation method and its iterated version for m = 3, using
the shifted Gauss—Legendre points

5—+/15 1 5+ V15

m=——r > Mm=5 W=7

10

The numerical results for the collocation method with these collocation pa-

10 2’
rameters are given in Table[5] It follows from Theorem 2 that for sufficiently
large N € N, we have

(39)

sup |y(t) —yn(t)] <c3
0<t<b

where y(t) = t5 4 2, 0 <t <1, is the exact solution of problem and
cs is a positive constant independent of V. Correspondingly, we expect for
r=1,r =2 and r = 4.5 the convergence order to be 25 ~ 1.59, 25 ~ 2.52
and 23 = 8, respectively. These values are given in the last row of Table

Similarly, the numerical results for the iterated version with collocation
parameters are given in Table @ It follows from Theorem 3 that, for
sufficiently large N € N, we have

it it
ly = yilloo = max |y(t) -y (1) < c4
where ¢4 is a positive constant not dependent on N. In the last row of
Table [6] are given the corresponding values for r = 1, r = 2 and r = 2.75,
respectively.
As we can see, the numerical results are in accord with the theoretical
estimates given by Theorem [2] and Theorem

TABLE 5. Numerical results for problem using colloca-

tion method with m =3, n; = 5_1\6ﬁ,n2 = %,773 = %.
r=1 r=2 r=4.5

N EN ON EN ON EN ON

413.67-1072 1.51-102 4.29.1073

81237-1072 1.55 |6.09-1072 248 |594-10~* 7.22
16 | 1.51-1072 1.57 [243-1073 2.50 |[7.53-10"° 7.89
3219.61-107% 1.57 |9.68-10* 2.51 |9.43-10% 7.99
64 6.09-1072 158 |3.85-107*% 252 [1.18-10°% 8.00
128 | 3.85-1073 1.58 |1.53-107%* 252 |1.47-1077 8.00
~ 1.59 ~ 2.52 8
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TABLE 6. Numerical results for problem (38]) using the iter-

ated method with m =3, m; = 571‘6ﬁ, N = %,?73 = 5%\({%.
r=1 r=2 r=2.75
Nl ey on e o en o
1.45-1073 2.57-1071 1.50- 1071

4
816.19-107* 235 |4.25-107° 6.04 | 1.30-107°5 11.54
6|257-107% 241 |684-10% 6.22 | 1.23-10% 1057
3211.05-107* 245 |1.09-107% 6.30 | 9.31-107%  13.19
64 | 4.25-107° 247 |1.72-1077 6.33 | 7.41-107° 12.56

128 | 1.71-107° 249 [2.70-107% 6.34 [6.24-10"10  11.87

~ 2.52 ~ 6.35 ~ 12.70
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