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A comparative study of compactness on
topological spaces and pretopological spaces

DEVANGI SOJITRA, MINAKSHI BISWAS HATHIWALA, AND GAUTAM
HATHIWALA

ABSTRACT. Pretopological spaces are generalized topological spaces that
can serve as valuable tools for structuring intricate systems. Neverthe-
less, there remains a considerable amount of work within the realm of
pretopology theory that needs to be done. The concepts of closure or
neighborhood can be harnessed to establish the foundations of pretopol-
ogy. This paper delves into the new definitions of compactness within
pretopological space, offering both an exploration of these ideas and a
comparative analysis alongside topological space.

1. Introduction

Topology is one of the important areas of mathematics. Continuity, com-
pactness, and connectedness are some of the important concepts that we
study in general topology. Convergence and limits can be the preliminary
concepts to define a topology, whereas, filters and nets are fundamental no-
tions of convergence theory. Usually, textbooks (see [25],[47], [58]) on general
topology start with open sets to define a topology. However, a topological
space can be constructed equivalently by closure function, interior function,
or neighborhood systems (see [17]). Pretopological spaces are weaker ver-
sions of topological spaces in which certain properties are not satisfied. The
topological concepts of continuity, compactness and connectedness can be ex-
tended in a pretopology. These notions can be equivalently defined in terms
of closure, interior and neighborhood. Stadler and Stadler (see [62]) defined
connectedness and separation axioms of pretopological spaces in terms of
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neighborhood filters. For a pretopology, closure and interior are also equiv-
alent to adherence and inherence, respectively, in convergence theory (see
[56]). Below we present a short review of the development of the idea of pre-
topology. Prior to this, Table[I]describes a few applications of pretopological
spaces in many different fields.

Research area References
Pattern classification [, [10], [11], [20], [22], [23], [36]
Clustering [9], [28], [35], [40], [65]
Economic analysis [4], [60]
Image analysis [7, [24], [33], [42], [43], [46], [50], [51]
Pollution model 2], [32]
Social networks 18], [38], [39]
Stock market [48], [49]
Structural analysis [34], [57]
Text exploration [14], [15]
Information system 5]
Biology [62], [63], [64]

TABLE 1. Applications of pretopological spaces.

Listing (see [41]) introduced the word topology in 1847, though his works
were not fully inclined to modern day topology. The development of topology
started with the works of Henri Poincare who defined the term homeomor-
phism while discussing the qualitative aspects of differential equations in his
remarkable paper “Analysis Situs” [52]. The inadequacy of sequences lead
to the theory of filters (see [66]). The convergence of filters involved in con-
vergence theory can form the base for the topology on a set. In this context,
a lot of works on convergence theory has been contributed by Fréchet [21],
Hausdorff [26], Choquet [13] and Dolecki [18]. Another approach of defining
topology is the use of closure spaces. In fact, modern day topological spaces
emerged out of closure spaces, with the definition of metrics by Hausdorff
[27]. Kuratowski [3I] generalised the idea of closure in Euclidean space to
topological spaces. Many of the properties of closure spaces were explored
by Cech [12] and Stadler and Stadler [61]. Choquet [I3] defined pretopology
and pseudotopology as variants of topology in terms of filters. Pretopological
spaces can be considered to be closure spaces in which the closure operator
is not idempotent. The approaches that involve the use of neighborhood
as well as interior operators, in defining a topology and hence, a pretopol-
ogy goes hand in hand with closure and convergence (see [30], [61]). The
equivalences of all these approaches are available in the literature (see [61]).
Though the idea of pretopology dates back to mid 20th century, very little
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work has been done. The theory of pretopology needs to be explored before
we find its associated applications without any technical glitches.

In this paper, we discuss the property of compactness in pretopological
space. We define fully compact space and observe that among all versions
of compactness, the idea of fully compact space is the strongest.

2. Preliminaries

Definition 1. Suppose that B is a set which is non-empty. For each
p € P, the family D(p) of subsets of P will be called a neighborhood system
of p, if the following conditions are true:

(N1) % € N(p), Vp € PB;

(N2) J €N(p),J CJ = J € MN(p);

(N3) JeN(p) =peJ;

(N4) J,J € N(p) = JNJ € N(p).
The pair (3, M) is called a pretopological space. The system DN(p) may satisfy
an additional condition

(N5) VJ € N(p), there exist J' € N(p) such that J' C J and J" € N(s);
for every s € J'.

If M(p) satisfies (N1)—(N5) for all p € P then (P,MN) is called a topological
space ([12), pp. 242, 250, 251], [29 p. 56], [62, pp. 578, 579]). Here, N is a
mapping 91 : P — P(P), where P(P) denotes the power set of P.

Definition 2. Let (B,9%) be a pretopological space and 91(p) be the
neighborhood system of each p € B, then we will call each member J of
N(p) a neighborhood of p.

To distinguish the definition of topological spaces from that of pretopo-
logical spaces, we will call the neighborhood of p in a pretopological space
as a P-neighbourhood of p over the pretopological space (B,9t). Here, if
J C P then P-neighborhood of J is denoted as 91(J) and it is defined as
N(J) = N N(s).

seJ

Example 1. Let P =N = {1,2,3,4,...}. For p € P, let the P-neighbour-
hood be defined as M(p) = {J C N|{p,p + 1} C J}. Now we will see that
N(p) satisfies (N1)—(N4) but not (N5).

(N1) Clearly, B = N € 9(p).

(N2) For any J € M(p) and J C J’, we have J' € DN(p) because {p,p + 1}
is the smallest P-neighborhood of p and 91(p) contains all the super sets of
{p,p+1}.

(N3) Let J € 9(p). Clearly, {p,p+1} C J and p € {p,p + 1}. Therefore,
ped.

(N4) Tt is easy to see that, if J,J" € 9(p), then JNJ € N(p).

(N5) Let J' = {2,3,4} € 9M(2). Possible subsets of J', which are in 91(2)
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are K = {2,3} and L = {2,3,4}. Clearly, for 3 € K = {2,3}, K ¢ M(3)
as N(3) = {J C N|{3,4} C J}. Moreover, 4 € L = {2,3,4}, L ¢ N(4) as
MN4) ={J CN|{4,5} C J}.

Hence, (p) satisfy (N1)—(N4) but not (N5). Therefore, (B, N) is a pre-
topological space.

Example 2. Let P = {p,,p,,p;}. Suppose that P-neighborhood system
of each point of 5 is defined as follows:

m(pl) = {{pl}7 {pb pl}v {pla ps}vm}a
m(pl) = {{pups}vm}’
N(ps) = {{ps, 05}, B}

N(p.) N(p.) N(ps)

F1GURE 1. P-neighborhood system on 3.

One can easily check that (N1)—(N4) are satisfied. For (N5), {p,,p;} € N(p,)

and {p,,p3} C {p.,p3}. We see that p; € {p,,ps}, but {p,,ps} ¢ IN(p;).
Hence, (N5) is not satisfied. Therefore (I3,0) is a pretopological space but

not a topological space.
A topology on a set can be defined in another way as follows.

Definition 3. Suppose that 9 is a set which is non-empty. Let P(*B)
be a collection of all subsets of . Define a mapping ¢ : P(p) — P(P) for
which the following conditions are true:

(c1) ¢(¢) = ¢;

(c2) S C S = ¢(S) Cc(5);
(SN S < e(S) Ne(S);
c(S)Ue(s) Ce(SUS);

¢(S
(¢3) S C¢(S);
(cd) ¢(SUS") Cc(S)uUc(S).
The pair (3, ¢) will be called a pretopological space. If ¢ satisfies one more
condition (c¢5) then (B, ¢) will be called a topological space ([12, pp. 237,
250], [62), pp. 578, 579]):

(c5) ¢(c(S)) = ¢(9).
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To distinguish between the definitions of the topological space and of the
pretopological space, we will now call the operator ¢ a P-closure over the
pretopological space (B, ¢).

Remark 1. In literature (see [16]), there exists a different classification
of pretopological spaces and the operator ¢ is also termed a pseudo closure,
however, we will refer to ¢ as the P-closure over the pretopological space
(B, ¢) in our text for future reference. Moreover, let (3, 1) be a pretopological
space and S C ‘B, then ¢(S) = {p € P|J NS # ¢ for all J € N(p)} ([12
ljg- 2}43])- From example [2, ¢({ps,p.}) = {ps, P2, 5} = P. Also, c({p.}) =

P2y

Definition 4. Let (B, ¢) be a pretopological space and S be subset of ‘B,
then S is said to be a P-closed set if and only if ¢(5) = S.

In Example [2] P-closed sets are {p,}, {p.,p3}, . Let us take S = {p,} C
PB. Now, ¢(S) = {p.1, p;} which is not P-closed. Hence, the fact that ¢(S) is
always closed may not be true in a pretopological space. Thus, we have the
following result.

Proposition 1. Let (B, c) be a pretopological space and S be a subset of
B. Then c(S) is P-closed if S is P-closed.

Proof. Let S be P-closed. Then ¢(S) = S. This implies that c(c(S)) =
¢(S). Hence, ¢(S) is P-closed. O

Definition 5. Suppose that B is a set which is non-empty and P(*B) is
the family of all subsets of 3. Define a mapping i : P(8) — P(*P) for which
the following conditions are true:

(i1) i(F) = P

(i2) SC S =i(S) Ci(9);

i(S)Ui(s) Ci(SuUS;
i(SNS) Ci(s)Ni(s);

(i3) i(S) € S;
(i4) i(S)Ni(s) Ci(SNS");

(i5) i(i(S)) = i(.9).

If the ordered pair (3, 1) satisfies (i1)—(i4) it is called a pretopological space.
If in addition it also satisfies (i5) then it will be called a topological space
(2, pp. 241, 250], [61, p. 536]).

To distinguish the definition of topological space from that of pretopologi-
cal space we will now call the operator i as P-interior over the pretopological
space (P, 1).

Definition 6. Let (3, 1) be a pretopological space. Consider an arbitrary

subset S of P, we say that S is P-open if i(S) = S or S is a P-neighborhood
of each of its points.
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Remark 2. Let S be any arbitrary subset of 8. Then, S is P-open if and
only if 9 — S is P-closed. Moreover, let (3,1) be a pretopological space and
S,J CB. Then i(S) = {p € S|S € N(p)} and N(p) = {J C P|p € i(J)}
(29, p. 44], [62, p. 578]). From Example 1} i({2,3,4}) = {2,3}.

Remark 3. P-open sets are in the context of pretopological spaces and are
not referred as pre-open sets as discussed in [3].

In Example [I} P-open sets are ¢,N. Let us take S = {2,3,9,10} C N.
Now i(S) = {2,9}, which is not P-open. Hence, the fact that i(.S) is being
open in a topological space is not true in a pretopological space. Thus, we
have the following result.

Proposition 2. Let (B,1) be a pretopological space and S a subset of P.
Then i(S) is P-open if S is P-open.

Proof. Let S be P-open. Then i(S) = S. This implies that i(i(.5)) = i(S).
Hence, i(S) is P-open. O

Remark 4. Suppose i, ¢ and 9(p) are the P-interior function, the P-closure
function and the P-neighborhood system on a pretopological space 3, re-
spectively, and S, J C B. Then ([12] pp. 240, 241], [29] p. 44], [62, p. 578])

(1) i(S) =P —c(PB -9

(2) J €N(p) < pei());

(3) pec(S) «— (B—5)¢N(p);

(4) ¢«(5) =P-i(PBP-9).
Using these properties (1)-(4), one can show that the axioms given in the
definition and |p| are equivalent to each other (see [61]).

Definition 7 ([53] p.75). Let T be a topological space (pretopological
space), then ¥ is said to be a clopen (a P-clopen) topological (pretopological)
space if every open (P-open) set in ¥ is closed (P-closed).

Example 3. Let T = {t,,t,,t;} and let the neighbourhood system on T
be defined as follows:
m(tl) = {{tlv tl}v T},
m(tl) = {{tlv tl}v T}’
m("s) = {{t,’»}v {th t3}7 {tlﬂ ts}v (Z}
Since every topological space is a pretopological space, from Definition [6]
open sets of ¥ are ¢, {t,,t,}, {t;}, T which are also closed in T. Hence, T is
a clopen topological space.

Example 4. Let B = {p,,p,,p;,p,} and let the P-neighborhood system
on P be defined as follows:

m(pl) :{{pl7 p2}7 {pla P2, ps}v {pb P2, p4}> ‘13}7
N(po) ={{ps, P2, 03}, B},
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N(ps) ={{ps, P2, 03}, B},
m(p4) :{{p4}7 {pl7p4}7 {p27p4}7 {Psa p4}7 {plv p27 p4}7 {Pz,pg, p4}7
{Ply P37P4}7q3}~

From Definition [} P-open sets of B are ¢, {p.,p.,ps}, {04}, P which are
also P-closed in 3. Hence, B is a P-clopen pretopological space.

The generalization of open sets in a topological space is available in the lit-
erature. Mashhour [44] has given the notion of pre-open sets and Levine [37]
has introduced the idea of semi-open sets. Below we discuss few extensions
of these open sets in pretopological space.

Definition 8. Suppose that 3 is a pretopological space. We will call S C
B a pre-P-open set if S Ci(c(S)) and S as pre-P-closed set if S D c(i(5)).

Remark 5. It is easy to see that if S C B is P-open then it is always
pre-P-open.

Definition 9. Let (3, ¢) be a pretopological space. Then we will call S C
B a semi-P-open set if there exists a P-open set G such that G C S C ¢(G).

Proposition 3. Let B be a pretopological space. If S C P is semi-P-open,
then S C ¢(i(5)).

Proof. Let S C P be semi-P-open. Then there exists a P-open set G such
that G C S C ¢(G). Now, G = i(G) C i(S) C i(c(G)) implies G C i(.9),
hence ¢(G) C ¢(i(5)). Since G C S C ¢(G), we can write S C i(¢(S)). Hence,
the claim is proved. O

Remark 6. 1t is easy to show that, in a clopen topological space ¥ , 5 C %
is semi-open if and only if S is open.

Remark 7 ([37], p. 36). In a topological space T, S C ¥ is semi-open if
and only if C ¢(i(9)).

We will give an example that shows that the converse of Proposition [3]is
not true.

Example 5. Let B = {p,,p,,p;,p,} be a pretopological space with the
neighborhood system defined as follows:

sJ’t(pl) = {{plﬂpl}a {plvplapj}a {plapzap4}7q3}a
N(p2) = {{p2, b3} b1, b2, 03}, {02, 03,041, B
m(Psg = {{p2, P35, 04}, B},

Pa

m( = {{plaplap4}7m}'
Now, consider a subset S = {p;,p,,p3} CB. Then i(S) = {p,,p.}, c(i(5)) =

{p1,p2,p5.0,} = P. Therefore, S C ¢(i(5)). Here P-open sets are ¢, P.
Thus, there exist no P-open set G such that G C S C ¢(G). Hence, S is not
a semi-P-open set.
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Proposition 4. Let B be a P-clopen pretopological space. Then S C P
is P-open if and only if S is semi-P-open.

Proof. Let S C B be P-open. Therefore, we can write S C S C ¢(5).
Hence, S is semi-P-open. Conversely, let S C B be semi-P-open. Then
there exists a P-open set G, such that G C S C ¢(G). Since B is P-clopen,
¢(G) = G. Therefore, G C S C G implies that S = G. Hence, S is P-
open. ]

Below we discuss a special type of topological space which demonstrates
an interesting property.

Definition 10 ([29], p.76). If every subset of a topological space ¥ is
either open or closed (or both) then such a space is called a door space.

Remark 8. In a door space ¥, every pre-open set is always open ([55],
p. 89)).

3. Compactness in pretopological space

Compactness in a topological space has been discussed by many authors
(6], [45], [54], [59]). Here, we extend the property of compactness to a
pretopological space. Since, in a pretopological space, P-interior of a set
is not always P-open, compactness in a pretopological space cannot be the
same as that in a toplogical space. We will now introduce a new type of
compactness which we will call ‘Full compactness’.

We begin with the definitions of various types of covers in pretopological
spaces which are simply the extensions of covers in topological spaces. A
cover for a pretopological space P is, simply, a collection of subsets of P
whose union is 3 itself.

Definition 11 ([12], p. 285, [18], p. 16). Let P be a pretopological space
and i be the P-interior operator on 8. Then a family I of subsets of 3 is
said to be a P-interior cover of P if

B = U i(9).
Sel

Definition 12 ([I§], p. 16). Let P be a pretopological space and D(p)
be a P-neighborhood system on P for p € B. A cover U of P is said to be
a P-neighborhood cover of P if for each p € B, there exists J € U such that
J € N(p).

It should be noted that every P-neighborhood cover is a P-interior cover
for a pretopological space and vice versa (see [I8], p. 16]).

Definition 13. Let 3 be a pretopological space. We will call a cover P of
B a pre-P-open cover if it consists of pre-P-open sets of P (i.e. P = {S|S C

i(e(5))})-
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Definition 14. Let ¥ be a pretopological space. We will call a cover O
a P-open cover if it consists of P-open sets of P (i.e. O = {S|i(S) = S}).

Definition 15. Let 3 be a pretopological space and P be a pre-P-open
cover of P. Let G be a cover of P such that for each pre-P-open set P € P
there exists a P-open set G € G such that P C G C ¢(P), that is, G =
{G|P € P,P C G C ¢(P)}. We will call the cover G a P-open super cover of
B with respect to P.

Definition 16. Let 3 be a pretopological space. We will call a cover S
an S-cover of P if S consists of semi-P-open sets of P.

Let C be any cover of B. Recall that if a subcollection S of C also covers
B, then S is called a subcover of C. When this subcover consists of finite
number of elements, then S is said to be a finite subcover of 3. Based on
the different covers defined, there are different types of compactness in a
pretopological space that can be defined.

Definition 17 ([12], p. 783, [19], p.77). Let P be a pretopological space
and I be any P-interior cover of 8. Then P is compact if

m
L= U i(Skj) where Sk]- el
j=1

That is, for every P-interior cover I = {Sk|k € I} of B3, there exists a finite
collection { Sy, € I|j = 1,2,..,m, m is finite} which also covers L.

Since every interior of a set is an open set in a topological space, com-
pactness in a topological space is defined in terms of open covers, that is, a
topological space is compact if every open cover has a finite subcover.

Proposition 5. Let U be any P-neighborhood cover of a pretopological
space B. Then P is compact if and only if there exists a finite subcover
{Jk|l <k < n,n e N} of U such that, for each p € P, we have a k with
Ji € N(p).

Proof. Let B be a pretopological space which is compact and U be any
P-neighborhood cover of 8. Then U is a P-interior cover of . Since B is
n

compact, B = |J i(Jx) where Ji € U. This implies that, for each p € B, we
k=1

have atleast one k with p € i(J;) where 1 < k < n. Consequently, for each
p € B, we have a k with J € N(p) where 1 < k < n. Hence, there exists
a finite subcover {Ji|1 < k < n,n € N} of U such that, for each p € P, we
have a k with Ji € M(p).

Conversely, suppose that any P-neighborhood cover U of 8 has a finite
subcover {J; € U|l < k < n,n € N} such that for each p € B, we have a
k with Ji € 9(p). We will show that 9 is compact. By Definition P
is compact if and only if every P-interior cover of 8 has a finite subcover.
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Consider any P-interior cover I of 9B. Then P = |J i(S) and so for each
Sel
p € P, there exists S € I such that p € i(S). By Remark {4} this implies

that, for each p € B, there exists S € I such that S € D(p). Therefore,
I ={S|S € N(p)} is also a P-neighborhood cover of PB. By assumption, I
has a finite subcover {S; € I|1 < k < n,n € N} such that for each p € R,
we have a k with Si € 9(p). That is to say, the P-interior cover I of 8 has
a finite subcover. Since [ is an arbitrary P-interior cover, it follows that T
is compact. ]

Definition 18. A pretopological space B is called a nearly compact space
if, for each P-open cover O = {O C ‘Bi(O) = O} of P, there exists a finite
subcollection {Ox|Oy € 0,1 < k < n} of O such that

T = kg{i(c(omok € 0}.

Definition 19. A pretopological space B is said to be po-compact space
if each pre-P-open cover P of 8 has a finite P-open super cover that covers

.

Definition 20. A pretopological space is strongly compact if each pre-P-
open cover of P has a finite subcover.

Definition 21. A pretopological space 3 is said to be an S-compact space
if, for each S-cover of 3, there exists a finite subcover.

Below we provide a new definition of a type of compactness which we find
the strongest version among all types of compactness.

Definition 22. Let 8 be a pretopological space. We will call B a fully
compact space if, for every P-neighbourhood cover U of 3, there exists a
finite subcollection G = {J; € U|i(J;) = Ji,1 < k < n} of U, such that

B= U .
JreG

Full compactness in a topological space can be defined in a similar way,
that is, a topological space B is fully compact if for every neighbourhood
cover U there exist a finite subcollection G = {Jj, € U|i(Jy) = Jp, 1 < k <n}
of U such that

B= U
JeG

Below we present some relations between different compactnesses in a

pretopological space and in a topological space.

Proposition 6. If B is a fully compact pretopological space, then it is
compact.
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Proof. Let B be the fully compact pretopological space. Now, consider a
P-neighborhood cover U of . Since P is fully compact, there exists a finite
subcollection G = {J € Uli(J) = Ji;1 < k < n} such that

B= U .
JeG
Thus, there exists a finite subcover G of U such that, for each p € B, we
have k with J; € G and p € J, = i(Jg). That means that there exists a
finite subcover G of U such that for each p € 3, we have k with J; € G and
Jr € N(p). Thus, P is compact. O

Proposition 7. If B is a strongly compact pretopological space, then it
is a nearly compact space.

Proof. Let P be a strongly compact pretopological space. Consider a P-
open cover O of B. Since every P-open set is a pre-P-open set, O is a pre-P-
n n
open cover of B. Because B is strongly compact, B = |J Or C U i(c(Og))
k=1 k=1

n
where Oy, € Q. Therefore, P = |J i(c(Or)) and so B is nearly compact. [
k=1

Proposition 8. Let B be an S-compact pretopological space. Then it is
nearly compact.

Proof. Let P be an S-compact pretopological space. Consider a P-open
cover O of PB. For O € O, we have O C O C ¢(O). Hence O € O is a semi-
P-open set. Therefore, O is an S-cover of . Since P is S-compact, P =

n n
U Or € U i(c(Og)) where Oy € O being P-open is pre-P-open. Therefore,
k=1 k=1
n
B = U i(c(Ok)) where Oy € O and hence, P is nearly compact. O
k=1

Proposition 9. IfB is a compact pretopological space, then it is a nearly
compact space.

Proof. Let 3 be a compact pretopological space. Consider a P-open cover

O of B. Since every P-open set is a P-neighborhood of all its points, the

P-open cover O is also a P-neighborhood cover of 8. Now, there exists a

finite subcover {Of € O|1 < k < n} of O as P is compact. Thus, for each

p € P, we have k,1 < k < n, with p € O and O € N(p). Consequently,
n

P = U O where O € 0. Now, O, Ci(c(Oy)) as Oy, is P-open. Therefore,
k=1

P = U i(c(Ok)) and so P is nearly compact. O
k=1

Proposition 10. If a pretopological space P is po-compact, then it is
always nearly compact.
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Proof. Let 8 be a po-compact space. Let O be a P-open cover of ‘.
Since every P-open set is pre-P-open, O is a pre-P-open cover of . For
each O € O = O C O C ¢(0O). So, O is a P-open super cover of itself.
Because 3 is po-compact, there exists finite P-open super cover G of O that

n
covers B. Therefore, P = |J {Ox € G}. Clearly, O being P-open implies
k=1

that O C i(c(Og)). This gives P = J {i(c(Ok))|Ox € G}. Hence, P is
k=1
nearly compact. ([l

Remark 9. In a topological space, the converse of Proposition [L0] is also
true [0, p. 140], but in a pretopological space, the converse is not always true
because (cb) may not be satisfied.

Proposition 11. Let T be topological space. If T is fully compact, then
1t 18 compact.

Proof. Since ¥ is a topological space, it is a pretopological space. The
proof follows as in Proposition [6] O

Door spaces are special type of topological spaces. Below we present an
interesting observation regarding a door space.

Theorem 1. Let T be the door space. Then ¥ is compact if and only if
it 1s strongly compact.

Proof. Suppose that ¥ is a compact space. Consider any pre-open cover P
of T. Since ¥ is a door space, every pre-open set is open. Since PP is an open
cover of T, it is also a neighborhood cover of €. Since ¥ is compact, there
is a finite subcover of the neighborhood cover P. Therefore, ¥ is strongly
compact.

Conversely, assume that ¥ is strongly compact. Consider a neighborhood
cover U of T. Thus, for every t € T, there exists J € U such that J € N(t).
We know that, for every J € 91(t), there exists an open set O € MN(t), such
that O C J. Therefore, for each t € T, there exists an open set O C J
such that J € U. Therefore, O = {O C J|O € N(t), J € Uand t € T} is
an open cover of . Since every open set is pre-open, O is a pre-open cover
of T. Thus, there exists a finite subcover {Ox|Of € 0, 1 < k < n} of O.
This implies that, for every t € ¥, there exists k such that 1 < k < n and
Oy € M(t). Since Oy C Ji € U, we can say that, for every t € T, there exists
Ji, € U such that J, € N(t), 1 < k < n. Thus, T is compact. ]

Now, we will prove some results related to compactness in clopen spaces.

Theorem 2. Let T be a clopen topological space. Then T is S-compact if
and only if ¥ is compact.
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Proof. If T is an S-compact clopen topological space then it is easy to
show that ¥ is compact. We prove the converse part. Let T be a compact
clopen topological space. Then every open cover of ¥ has a finite subcover.
Let S be any semi-open cover of ¥. Here, ¥ is clopen. Thus, every semi-open
set of ¥ will be open. This implies that S is an open cover of €. Since ¥ is

n
compact, we can write ¥ = |J Sk, where Si, € S. Hence, ¥ is S-compact. [
k=1

Remark 10. If 433 is clopen pretopological space, then P8 is S-compact if P
is compact.

Theorem 3. Let T be a clopen topological space. Then T is compact if
and only if T is nearly compact.

Proof. If T is compact, then it is easily seen that ¥ is nearly compact.
We prove the converse part. Let T be nearly compact. We will show that
T is compact. Consider any open cover O of T. Since ¥ is nearly compact,

n

we can write T = |J i(¢(Oy)), where O € O. Here, T is clopen space, and
k=1

therefore, we can write i(c(Og)) = i(Ox) = Oy, for all Oy € O. Therefore,
T= U i(c(Or)) = U Ok, where Oy € Q. Hence, T is compact. O
k=1 k=1

Theorem 4. Let T be a clopen topological space. Then T is S-compact if
and only if T is nearly compact.

Proof. If T is S-compact, then it is easily seen that ¥ is nearly compact.
We will prove the converse part. Let ¥ be nearly compact. We will show that
T is S-compact. Consider an arbitrary S-cover S of ¥. Since ¥ is a clopen
topological space, every semi-open set will be an open set. Therefore, S will

n

be an open cover. Moreover, ¥ is nearly compact. Thus, T = J i(c(Sk)),

k=1
where S € S. Here, S is an open set and so i(¢(Sg)) = Sg. Thus, T =

n

U (Sk) with S € S. Hence, ¥ is S-compact. O
k=1

Remark 11. Just like in the case of clopen topological spaces, we can prove
that a P-clopen pretopological space is S-compact if and only if it is nearly
compact.

We summarize the above relationship between the types of compactness
in both pretopological and topological spaces by Figures [} Bl and [6]
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’ Strongly Compact }7

Fully Compact H Compact }—»’ Nearly ‘Compact ‘<—{ Po-compact

Ficure 2. Compactness in a pretopological space.

’ Strongly Compact }7

Fully Compact H Compact }—»’ Nearly (‘Jompact ‘«—{ Po-compact

Y

FiGure 3. Compactness in a P-clopen pretopological space.

’ Strongly Compact ‘

@@—{ Nearly Compact }—»’ Po-compact

A
S-compact

FIGURE 4. Compactness in a topological space [6].
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’ Strongly Compact }7

Fully Compact H Compact }—»’ Nearly éompact ‘«—»’ Po-compact

FIGURE 5. Compactness in a door space.

’ Strongly Compact }7

Fully Compact H Compact H Nearly Compact }—»’ Po-compact

Ficure 6. Compactness in a clopen topological space.

4. Conclusion

In this paper, we have explored various open sets in a pretopological space
and subsequently investigated the concept of compactness. Our examination
has revealed that “full compactness” is the strongest version and “near com-
pactness” is the weakest version of compactness, both within the realms of
topological and pretopological spaces. We have also discussed the compact-
ness of few special types of topological spaces to establish our results. It
becomes evident that many conclusions in pretopological spaces align with
those in topological spaces, yet certain results do exhibit disparities.
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