ACTA ET COMMENTATIONES UNIVERSITATIS TARTUENSIS DE MATHEMATICA
Volume 29, Number 1, June 2025
Available online at https://ojs.utlib.ee/index.php/ACUTM

Invariant metrics on nilpotent Lie algebras

ROSENDO GARCIA-DELGADO

ABSTRACT. In this work we state criteria for a nilpotent Lie algebra g to
admit an invariant metric. We use that g possesses two canonical abelian
ideals i(g) C J(g) to decompose the underlying vector space of g. By
using this decomposition we state sufficiency conditions for g to admit
an invariant metric. The properties of the ideal J(g) allow to prove that
if a current Lie algebra g ® S admits an invariant metric, then there
must be an invariant and non-degenerate bilinear map from S x S into
the space of centroids of g/J(g). We also prove that in any nilpotent Lie
algebra g there exists a non-zero, symmetric and invariant bilinear form.
This bilinear form allows to reconstruct g by means of an algebra with
unit. We prove that this algebra is simple if and only if the bilinear form
is an invariant metric on g.

1. Introduction

Let (g,[-, -]) be a Lie algebra over a field F with bracket [-, -]. The
Lie algebra (g,[-, -]) is said to be quadratic if it is equipped with a non-
degenerate, symmetric and bilinear form B : g x g — F, which is invariant
under the adjoint representation ad : g — gl(g), that is: B([z,y],2) =
—B(y, [z, z]), for all z,y,z in g. A quadratic Lie algebra is denoted by
(g,[, ], B), and B is called an invariant metric.

A semisimple Lie algebra is quadratic, as the Killing form is an invari-
ant metric defined on it. A reductive Lie algebra is an example of a non-
semisimple quadratic Lie algebra; another more elaborated example is the
following: Let (g,[-, -]) be a Lie algebra. Define the skew-symmetric and
bilinear map [-, -]’ in the vector space g ® g*, by [z + o,y + 8] = [z,y] +
ad(z)*(8) — ad(y)*(«), and consider the symmetric bilinear form B defined
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by B(x + o,y + 8) = a(y) + B(z), for all z,y in g and «,f in g*. The
triple (g @® ¢*,[-, -|', B) is a non-semisimple quadratic Lie algebra, as g* is
an abelian ideal.

The algebraic study of quadratic non-semisimple Lie algebras can be
traced back to the work of Kac [7], presenting an inductive way to con-
struct solvable quadratic Lie algebras. It is also shown there that any solv-
able quadratic Lie algebra can be identified with this construction. In [3],
the conditions are stated for which these type of quadratic Lie algebras
are isomorphic. In [8], Medina and Revoy generalize the results of Kac to
any indecomposable, non-semisimple and quadratic Lie algebra; the proof
of these results depends on the choice of a minimal ideal. In [6], Kath and
Olbrich propose an alternative approach by using canonical ideals to obtain
classification results.

If the Killing form is non-degenerate, the Lie algebra is semisimple and,
therefore, is quadratic. For nilpotent Lie algebras, the Killing form is zero, so
this bilinear form is of no help to determine whether a nilpotent Lie algebra
is quadratic. One of the aims of this work is to provide criteria under which
a nilpotent Lie algebra is quadratic. Although much has been said about
nilpotent quadratic Lie algebras, we hope that these results, which are based
on classical tools and well-known results, can take a step forward in obtaining
a criterion that determines conditions for which an arbitrary Lie algebra is
quadratic.

If g is a nilpotent Lie algebra then there are canonical abelian ideals
i(g) C J(g) such that [g,J(g)] C i(g); further, if g admits an invariant metric
then i(g) = J(g) (see Lemma 4.2 in [6] and Lemma [I| below). If b is a
subspace of g such that g = h @ J(g), we prove that a necessary condition
for a current Lie algebra g ® & to admit an invariant metric, where § is
a commutative and associtive algebra with unit, is that there must be a
bilinear map € : § x § — Cent(h) with the same properties as that of an
invariant metric; that is, € is symmetric, invariant and non-degenerate (see
Theorem . In [9] it is proved that if g is simple then S admits an invariant
metric. In Corollary 1.3 of [4] this result is generalized to the case when g is
indecomposable. The difference of the result obtained here is that the image
of the bilinear map e is contained in Cent(h), although h does not admit an
invariant metric and S is not necessarily finite dimensional. In addition, in
[4] it is assumed that the ground field is algebraically closed.

In Section 2 we start by giving a review of the theory of abelian extensions
of Lie algebras, as well as some standard results that we need in the sequel.
Given an arbitrary Lie algebra h and a vector space a, in Proposition
we give a method to construct a Lie algebra in the space h @ a @ h*. In
Proposition [3| we prove that any non-abelian nilpotent quadratic Lie algebra
can be constructed in this way. In Propositions [ and [6] we give sufficiency
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conditions for such a Lie algebra to admit an invariant metric. In Section 3
we prove that if a current Lie algebra g ® S admits an invariant metric,
where g = h ® a® h* is nilpotent and § is non-abelian, then there must be a
non-degenerate bilinear map € : S x § — Cent(h) such that (s, t) = e(st, 1),
for all s, in S (see Theorem . In §4 we prove that any nilpotent Lie
algebra has a non-zero, symmetric and invariant bilinear form. Using this
bilinear form, we construct an algebra with unit from which we can recover
the original Lie algebra structure, and we prove that this algebra is simple
if and only if the bilinear form is an invariant metric (see Theorem [2). All
the algebras and vector spaces considered in this work are finite dimensional
over a unique field F of zero characteristic.

2. Abelian extensions of Lie algebras

Let p : g — gl(V) be a representation of a Lie algebra (g,[-, -]) on a
vector space V. We call V' a g-module. Let C(g; V') be the standard cochain
complex with differential map d, given by:

pt1
dp @1, 1) = (=170l Mans 1))

7=1
+ Z(—l)z—'—])\([l'i,l'j],l'l, SRR o P ,1'3, cee ,1'p+1),
1<J
where p is a non-negative integer, A belongs to C?(g; V'), and z; belongs to
g, forall 1 <j <p+1. If dy(A) = 0 then X is called a p-cocycle. If the
representation p is zero, we say that V is a trivial g-module and we denote
the differential map in C(h; V') by dy.
Let J be an abelian ideal of (g,[-, -]) and b a vector subspace comple-
mentary to J, that is g = h @ J. For each pair x,y in b, let [z, y], be in b
and A(z,y) be in J such that

Let [-, -]y be the skew-symmetric and bilinear map on f defined by (z,y) —
[x,y]y. Since the bracket [-, -] satisfies the Jacobi identity, [, -]y is a Lie

bracket in h. By A: b x h — J, we denote the skew-symmetric and bilinear
map (z,y) — A(z,y).

Let R : h — gl(J) be the linear map defined by R(z)(U) = [z, U], for
all z in h and U in J. Let x,y be in h and U be in J; the Jacobi identity,
i.e., the vanishing on the cyclic sum of on [z, [y, U]] and the fact that J
is abelian imply that R is a representation of (h,[-, -]5). In addition, the
Jacobi identity on [z, [y, z]], where z,y and z are in b, implies

R(z)(A(y, z) + R(y)(A(z,2)) + R(z)(A(z, y))
+ A(J:‘, [y7 Z]fl) + A(y7 [Z7x]h> + A(za [.1‘, y]h) =0.
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Then A is a 2-cocycle in the complex C(h;J).

Conversely, let R : h — gl(J) be arepresentation of a Lie algebra (b, [, - ]p)
in a vector space J and let A be a 2-cocycle in C(h;J). The skew-symmetric
and bilinear map |-, -| defined in g = h @ J by

[z,y] = [z, yly + Az, y),  [2,U] = R(z)(V),

2
[U,V] =0, forall z,y€g, and U,V €3, @)

is a Lie bracket. The pair (g, [-, -]) is the abelian extension of (b,[-, -]y) by
J associated to R and A. We denote this Lie algebra by h(A, R).
For our purposes, in the following we assume that (g,[-, -]) has abelian
ideals i and J such that
(a) J is abelian; (b) iCJ; (c) [g,J] Ci. (3)

For nilpotent non-abelian Lie algebras these ideals always exist (see Lemma
below).

Let h be a subspace of g such that g = h @& J, and let a be a subspace
of g satisfying J = a®i; thus g = hdadi. For z,y in b, we write
[z,y] = [z,yly + Az, y), where [z,y]y belongs to h and A(z,y) belongs to
J (see ) For skew-symmetric and bilinear maps A : h x h — a and
w:hxbh—i we descompose A as follows: A(z,y) = Az, y) + u(z,y).

Since J is equal to a @ i and [g,J] is contained in i, the representation
R :bh — gl(J) has the following decomposition:

o(r) = R(x)|q:a—1i, and p(z)=R(z)li:1—1i, wherez€hb.
This yields linear maps ¢ : h — Hom(a;i) and p : h — gl(i) such that
[z,u+ a] = R(x)(u + a) = ¢(z)(u) + p(x)(a), for all v in a and « in i, and
we write R = (¢, p). Thus, the bracket [-, -] in g takes the form

[z, 9] = [z, yls + Az, y) + pl(z, y),
[z,u + o] = p(x)(u) + p(z)(),

for all z,y in h, u in a and « in i. Due to R = (i, p) being a representation,
we have the identities

e([z,yly) = p(x) o ¢(y) — p(y) © (), (4)
p(z,yly) = p(x) o p(y) — p(y) o p(x), forall z,y €b. (5)
From it follows that p : h — gl(i) is a representation of (h,[-, -]y) in i.

The condition (4) states that ¢ is a 1-cocycle in the complex C(h; Hom(a, 1))
with representation p : h — gl(Hom(a;1)) defined by

p(z)(t) = p(x) or, forall 7 € Hom(a;1i). (6)

Since [h, a] is contained in i and has no component in a, we assume that

a is a trivial h-module. Due to J = a @ i, we write the differential map dp
of C(h;J) as follows.
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Let xq,...,z, be in g,

X, = (21,...,2p), and Xg,:(ml,...,xj...,xp), 1<j<p.

For a given A in CP(h;J), let A(X,) be in a and p(X,) be in i such that
AXp) = AMXp) + 1(Xp). The maps X, — A(X,,) and X, — pu(X,,), belong
to CP(h;a) and CP(h;i), respectively; we denote these maps by A and p,
respectively. Let dq be the differential in C(b; a) and let d,, be the differential
in C(h;i). Due to R = (¢, p), we have

dr(A)(Xpt1) =

p+1 ’
AN Kpir) + 31 oley) (M) + ) Kprr).
j=1

This suggests to consider the map e, : C(h;a) — C(h;1i), defined by
p+1 - )
o) (Xpi1) = > (=17 () (AXJyy) ), forall A€ CP(b3a).  (8)
j=1
Thus, we can rewrite as

dr(A)(Xp+1) = da( M) (Xp+1) + € (A (Xpr1) + dp (1) (Xpt1), 9)

where dq(A)(Xp+1) belongs to a and ey, (A)(Xp41) +d, (1) (Xp41) belongs to
i. We make the identification A = (A, 1), where X is in CP(h;a) and p is in
CP(h;1). By (9), the complex C(h;J) = C(h;a) ® C(b;1) has the differential

map
dr(A )= (da(N), (V) + dy(p2)). for all (A, p) €C(h;a) & C(b31). (1)

Since d% = d2 = d/% = 0, one has e, o dq = —d,oe,. We summarize what
we obtained in the following statement.

Proposition 1. Let (h,[-, -]y) be a Lie algebra, a be a trivial h-module,
and p : b — gl(i) be a representation of (h,[-, -]y) in a vector space i. Let
¢ : h — Hom(a; i) be a 1-cocycle in the complex C(h; Hom(a; 1)) associated to
the representation p : h — gl(Hom(a, 1)) defined by (6)). Let C'(h;a) @ C(h;i)
be the complex with differential map dg given in . For each (A, p) in
C%(h;a) ® C?(h;i), let [+, -] be the skew-symmetric and bilinear map in
h & a @i defined by

[z,9] = [2,yly + A(z,y) + p(z,y), forallz,y € b,
[z,u+a] =p(z)(u) + p(z)(a), forallzebh, uca, and o € i.
Then |-, -] is a Lie bracket in h @ a @i if and only if dg(\, 1) = 0.

Proof. 1t is clear that if [-, -] is a Lie bracket, then dr(\, u) = 0. Now
suppose that dg(\, 1) = 0, where R = (¢, p) : h — gl(a®i). By hypothesis, ¢
and p satisfy (4f) and , respectively, then R is a representation of (h, [, -]y)
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on J = adi, for which A = (A, u) is a 2-cocycle in C(h;a @ 1i). Then, by ,
[+, -] is a Lie bracket in h & a & i. O

The Lie algebra in h & a & i of Proposition [I], is an abelian extension of
(b, [+, -]p) by J = a @i, associated to the representation R = (p,p) : h —
gl(J) and the cocycle A = (A, ). We denote the Lie algebra h(A, R) of
Proposition by b(A, i, ¢, p). In addition we have the following short exact
sequence of complexes:

0 —=C(h;i) —=C(b;a) ® C(h;i)) —=C(h;a) —=0  (11)

where e, : C'(h;a) — C(bh;1i) is the connecting homomorphism. We denote
the cohomology group of C(h;a) @ C(bh;1) by H(h;a @ i). For abelian ex-
tensions, the elements in H?(h,J) are in one-to-one correspondence with
isomorphism classes of extensions of (h,[-, -]y) by R = (¢, p) (see [1], The-
orem 26.2). In accordance with the decomposition J = a @ i, we have the
following.

Proposition 2. Let h(\, pu, o, p) and h(N,u',p,p) be Lie algebras con-
structed as in Proposition associated to the same representation R =
(p,p). If (\, ) and (X, ') are in the same cohomology class in H?(h; a ®1),
then there exists an isomorphism ¥ of Lie algebras between h(\, u, ¢, p) and
h(N, 1, p, p) such that ¥|, = Id, and ¥|; = 1d;.

Proof. If (A, 1) and (N, p’) are in the same cohomology class in H(h; a®i),
then there are linear maps L : h — a and M : h — i such that (N, u/) =
(A, p)+dgr(L, M). Let ¥ be the map between h(\, p, p, p) and h(N, 1/, ¢, p),
defined by ¥(z) = x — L(z) — M(z), for all z in b, and ¥(u + o) = u + «,
for all w in a and « in i. Then ¥ is an isomorphism of Lie algebras. O

We denote by Z(g) the center of (g,[-, -]). The derived central series
Z1(8) C Zo(g) C -~ C Zi(g) C --- is defined by Z1(g) = Z(g) and Zy(g) =
7,1 (Z(8/Ze-1(9))), where £ > 1 and m—1 : g — §/Z¢—1(g) is the canonical
projection. The descending central series g° D gl D --- D gt D - is defined
by g° = g and g° = [g, g*"'], where £ > 1.

The following result defines the ideals i(g) and J(g) for a nilpotent Lie al-
gebra (g, [, -]). This result is a particular case of the one given in Lemma 4.2
of [6] and its proof can be consulted there.

Lemma 1. Let (g,[-, -]) be a finite dimensional nilpotent Lie algebra
over a field F. Let

i)=Y Zi@ng" and 3J(a) = [)(Zu(a) +g").

keN keN
Then the following hold.

(i) i(g) C J(9)-
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m—1
(ii ) There exists m > 1 such that J(g) = Z(g) + Z Zy1(g) N gk
k=1

(iii ) J(g) is abelian and [g,J(g)] C i(g).
(iv) If (g,[-, -]) admits an invariant metric, then i(g)* = J(g).

3. Quadratic Lie algebras with abelian ideals i and J

For a bilinear form B on a vector space g, let B’ : g — g* be the map
defined by B°(z)(y) = B(x,y), for all z,y in g. If B is non-degenerate, then
there exists the inverse map Bf : g* — g, of B’.

Suppose that a quadratic Lie algebra (g, |-, -], B) has abelian ideals i and
J such that i ¢ J, J = it and [g,J] C i. For example, if g is nilpotent
and non-abelian, then Z(g) # {0}, for g has a one-dimensional ideal which
is contained in Z(g). By Lemma 3.3 of [2], Z(g) N [g,8] # {0}, and by
Lemma[l] Z(g) € J = J(g), and Z(g) N [g,g] C i =i(g). In addition, i and
J are abelian.

By Proposition[I]the vector space g can be written as: g = h®J = hdadi,
where J = a@®i. Since i is isotropic, by the Witt-decomposition we consider
h as an isotropic subspace of g such that a+ = h@®i. In addition, B restricted
to a X a is non-degenerate; we denote by B, the restriction B |qxq.

By Proposition |1}, there are a Lie bracket [-, -y in b, a representation p :
h — gl(i), a 1-cocycle ¢ in C'(h; Hom(a; 1)) associated to p : h — gl(Hom(a; 1))
and a 2-cocycle (A, ) in C(h;a) @ C(h;i) associated to the representation
R = (p,p) : h — gl(J), such that

[z, y] = [z, yly + Mz, y) + p(z,y),  [v,u+a] = o(@)(u) + p(x)(a),

for all z,y in h, v in a and « in i(g); then (g,[-, -]) = b(A, 1, 0,p). In
addition, due to the fact that B is non-degenerate and invariant, the map
¢:i—b* ar B(a) ] (12)

is an isomorphism of h-modules, that is, adg(z) o ¢ = ¢ o p(x), for all x in b.
Since g = bh @ a @i, the invariant metric B takes the form

Bz +u+a,y+v+p)=d(a)(y) + ¢(8)(x) + Ba(u,v), (13)

for all z,y in b, u,v in a and «, 5 in i. Using that B is invariant under [-, -]
we obtain: B(SO(:U)(U)’ y) = B([I’, ’U,], y) = 7B(ua [SL‘, y]) = *Ba()‘(ﬂfv y)’ u)
Then

d(p(z)(u))(y) = —Bg (Mz,y)) (uw), for all z,y € b, and u € a. (14)

Similarly, using that B is invariant under [-, -], for z,y, z in b we get

Sz, y))(z) = B(p(z,y),2) = B([z, 4], 2) (15)
= B(.%', [yv z]) = B(m,,u(y, z)) = ¢<M(yv z))(w)
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Let ¢’ : h — Hom(a; h*) be the map defined by ¢'(z) = ¢ o p(z), for all =
in h. Thus, the map = + u+ a — = + u + ¢(a) is an isomorphism between
H(A, s 0, p) and (A, pop, ¢, ady). Further, let B’ be the symmetric bilinear
form on h @ a ® h* defined by

Bla+u+a,y+v+8)=d(y)+ 8@ +Baluv),  (16)

for all z,y in b, w,v in a and o/, 3 in b*. Then B’ is an invariant metric
on h(\, ¢ o p, ¢ ;ady), making it into a quadratic Lie algebra isometric to
(g,[+, -], B) (see and ([16))). If we make the assumptions ¢’ = ¢, ¢ o p,
and p = ady, induced by the isomorphism ¢ : i — h* (see (12)), then by
and , o and p satisfy
¢ :h— Hom(a;b), @(z)(u)(y) = —Ba(A(z,y),u), and (17)
pbxb—=b% (e, y)(z) = ply, 2)(@), (18)

for all ,y,z in h and u in a.

Proposition 3. Let (A, u, ¢, ady) be a Lie algebra in the sense of Propo-
sition[l} Let B, be a symmetric and non-degenerate bilinear form on a. The
symmetric and non-degenerate bilinear form B defined on h & a & bh* by

Bz +uta,y+ov+p)=a(e)+ (@) + Ba(u,v) (19)

is invariant if and only if the conditions in and hold. In addition,
any nilpotent non-abelian quadratic Lie algebra can be identified with this
construction.

One of the aims of this work is to provide conditions for a nilpotent Lie
algebra to admit an invariant metric. By Proposition (3| the structure of
a nilpotent non-abelian quadratic Lie algebra is of the type h(A, p, p, ady),
with underlying vector space h @& a @ h*. Thus, from now on we consider
Lie algebras of the type h(A, i1, ¢,ady), in the sense of Proposition |1, with
underlying vector space h & a ® h*, and bracket

z,y €h, [z, y] = [z, yly + Mz, y) + plz,y),
reEh uca, [zr,ul=q¢)(u),
rebh, aeh’ [r,a] =adj(z)(a).
where A: h x h — aand p: h x h — h* are skew-symmetric bilinear maps,
and ¢ : h — Hom(a; h*) is a linear map.
As we saw in , if the bilinear form B defined in is an invariant

metric on h(A, u, p,ady), then p satisfies the cyclic condition p(z,y)(z) =
w(y, z)(z), and A and ¢ are related by ¢(z)(u)(y) = —Ba(A(z,y), u).

In the next result, we will show that we can associate to ¢ a bilinear
map A, : h x h — a such that ¢(z)(u)(y) = —Ba(Ap(z,y), u), regardless of
whether (A, i1, o, ady) admits an invariant metric or not.
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Proposition 4. Let h(\, i, ¢, ad;) be a Lie algebra, in the sense of Propo-
sition Let B, be a non-degenerate, symmetric and bilinear form on a.
Then, there exists a bilinear map A, : h X h — a such that ¢(z)(u)(y) =
—Ba(Ap(x,y),u), for all x,y in h and v in a.

Proof. Since ¢ is a linear map between h and Hom(a; b*), for each pair
x,y in b, let us consider the map T'(x,y) : a — IF, defined by:

T(xz,y)(u) = —p(z)(u)(y), forallu e a.

As ¢ is linear, T'(x,y) is a linear map and belongs to a*. Since B, is non-
degenerate, let us consider the element A\, (z,y) in a, defined by Ay (z,y) =

Bi(T(x,y)), that is, Bi(Ap(x,y)) = T(z,y) and

o(x)(u)(y) = —T(z,y)(u) = —Ba(Ap(z,y),u), foralluca.

Let Ay : h x h — a be defined by (z,y) — Ay(x,y), which is bilinear because
© is linear and B, is non-degenerate. U

If A\, = A and p satisfies (18)), by Proposition [3] h(X, i, ¢, ady) admits an
invariant metric. If A, # A but A\, — A is a coboundary, we can use Propo-
sition [2| to obtain the following criteria that determine sufficient conditions
on a Lie algebra h(A, i, ¢, ady) to admit an invariant metric.

Proposition 5. Let h(A, u, ¢, ady) be a Lie algebra in the sense of Propo-
sition[I|such that u(x,y)(z) = p(y, z)(x) for all z,y, z inh. Let X, : hxbh — a
be the map of Proposition and e, : C(h;a) — C(b;h*) be the map in .
If there exists a linear map L:h— a such that

(i) ep(L) =0, and (ii) Ap = A+ da(L),
then h(\, p1, p, ady) admits an invariant metric.

Proof. Since dr(A, ) = 0, e, 0odq = —d,oe, and e, (L) = 0, we have
dr(A + da(L), ) = dr(Ap, ) = 0; so, by Proposition H(Ap, 11, 0, ady) is
a Lie algebra. Due to (A +d(L),un) = (A, p) + dr(L,0), by Proposition
the Lie algebra h(A, i, ¢, ady) is isomorphic to h(Ay, u, ¢, ady). Let B be
the symmetric and non-degenerate bilinear form on h & a @ h* defined by
(19). For ¢(x)(u)(y) = —Ba(Ap(z,y),u), holds true. As pu satisfies
(18), by Proposition [3| the bilinear form B is an invariant metric on h(A +
da(L), p, , ady), and therefore h(A, p, ¢, ady) admits an invariant metric. [

3.1. Example. Let h = Spang{zi, z2, 3} be the 3-dimensional Heisenberg
Lie algebra, with [z1, x2]y = 3. Let h* = Spanp{a1, az, az}, where a;(x;) =
d;j. Consider a 3-dimensional vector space a = Spang{ui,u2, u3} with non-
degenerate, symmetric and bilinear form Bg(u;, uj) = ;5. We shall use the
criterion in Proposition [5| in a Lie algebra of the type h(A, i, p, ady), with
the following data. First we assume p = 0. The map ¢ : h — Hom(a; h*) is

given by p(x1)(u1) = ag, p(x2)(u1) = —ag and p(z3) = 0. Then ¢([z,y]y) =



44 ROSENDO GARCIA-DELGADO

ady(z) o o(y) — ady(y) o (y), for all 2,y in b, which means that ¢ is a 1-
cocycle in the complex C(h; Hom(a;bh*)), associated to the representation
.ad; : b — gl(Hom(a; h*)). Observe that dq(\) = 0 for any X in C?(h;a), that
is:
do(N) (21, 22, 23) = —A([21, 2]y, 3) + A([21, 23]H, 22) — A([22, 235 21) = 0.
Let A : h x h — a be the skew-symmetric and bilinear map defined by
Mz, xe) = —uy + ug and A(z2, z3) = A(w3,z1) = 0, then
eip()\)(xla x2, x3)
= (1) (M2, 23)) + p(22) (A3, 21)) + p(23) (A(21, 72)) = 0.
Hence dgr(A,0) = (da(A), ex(A)) = 0 and, by Proposition |1} (A, 0, ¢, ady) is
a Lie algebra.
Since p(x)(u)(y) = —Ba(Ap(z,y), u), we shall determine the bilinear map
Ay 1 b x h — a of Proposition [4] by
Ap(,y) = —p(@) (u1) (Y)ur — () (uz) (y)uz — () (us)(y)us,
for all z,y in h. Hence, A\y(21,22) = —u1 = —Ap(22,21) and A (2, 23) =
Ap(3,21) =0, for all 1 <k < 3.
Let L : b — a be the linear map defined by L(x3) = us; then

ep(L) (21, 2) = ¢(x1)(L(x2)) — p(22)(L(21)) = 0.

Analogously we can verify e, (L)(x2,23) = eu(L)(z3,21) = 0; thus e, (L) =
0. In addition dq(L) (21, x2) = —L([z1, 22]y) = —L(x3) = —us, then A\(z1, x2)
= Ap(21,22) — da(L)(21, 22), and A(xj, x3) = A\,(z3,2;) = 0 for all j; thus
Ay = A+ dq(L). By Proposition |5 the Lie algebra h(A, 0, ¢, ady) admits an
invariant metric. The bracket of h(A, 0, p, ady) is given by

(21, x2] = [w1, 23]y + A(21, 22) = 23 — us + us,
[z1, ] = (@1)(u1) = az,  [v2, 1] = @(2)(u1) = —
(21, 3] = adg(71)(a3) = —ag,  [72, a3] = adg(72)(as3) = 1.
Let B be the symmetric and bilinear form on h@a®h* defined by B(xs,us) =

—1 and B(u;,u;) = B(xi,a;) = d;5. Then B is an invariant metric on
H(A, 0, ¢, ady).

Proposition 6. Let h(A, u, ¢, ad;';) be a Lie algebra in the sense of Propo-
sition[I|such that u(x,y)(z) = u(y, z)(x) for allz,y, z inh. Let A, : hxbh — a
be the map of Proposition |4 and B, be a symmetric and non-degenerate bi-
linear form on a. If there exists a linear map L : ) — a such that

(i) Ap = A+ da(L), and (ii) Ba(Ap(y, 2), L(2)) = Ba(Ap(2,y), L(2)),

for all x,y,z in b, then b(A, u, @, ad;) admits an invariant metric.
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Proof. Let i/ = p+ ex(L). We claim that 1/ (x,y)(2) = 1 (y, 2)(x), for all
z,y,z in b. Since p satisfies the cyclic condition (18)), we have 1//(z,y)(z) =
W (y, z)(z) if and only if e, (L)(z,y)(2) = ex(L)(y, z)(z). By the definition
of e, (see (§)), we have

eo(L)(2,y)(2) = ¢(x)(L(y))(2) — ¢(y)(L(2))(2), and

o L)(1:2)(2) = £() (L)) — £ (L)) 20)
By Proposition [4, the equations in can be written as
ew(L)(x,y)(z) = —Ba(A¢(x,z),L(y)) +Ba<)‘<ﬂ(yvz)7L($))7 and (21)

e‘P(L)(y7 Z)(-’L') = _Ba()‘SD(y? .17), L(Z)) + BCl()\Lp(Za .13), L(y))
Since A, = A+ da(L), then A, : b x b — a is skew-symmetric. From we
deduce that e, (L) (x,y)(2) = ex(L)(y, 2)(z) follows from Ba(Ay(y, 2), L(x)) =
Ba(Ap(2z,y), L(2)), which is the hypothesis in (ii). Then, for all z,y, 2z in b,
w(z,y)(2) =t (y, 2)(x). Observe that

(A, 1) = (At da(L), + ep(L)) = (A, 1) + dr(L, 0), (22)
then dg(Ay, ¢') = 0. Thus, the Lie algebra h(Ay, 1/, ¢, ady) satisfies

p(@)(W)(y) = —BaPp(@,9),u), and  p'(z,y)(2) = 1'(y, 2)(2).
Hence, by Proposition (3] the symmetric and non-degenerate bilinear form
B defined by , is an invariant metric on h(A,, i/, ¢, ady). By Propo-
sition |2 and , h(/\w,u’,go,ad?;) and b()\,,u,go,ad?;) are isomorphic, thus
H(A, i, ¢, ady) admits an invariant metric. O

3.2. Example. Let h = Spang{x1,x2, 3} be the 3-dimensional Heisenberg
Lie algebra with [z1, 2]y = x3. Let h* = Spangp{a1, az, a3z}, where a;(x;) =
dij. Let a = Spanp{ui,ug,us} with the non-degenerate, symmetric and
bilinear form Bq(us,u;) = 6;;. We shall use the criterion in Proposition [f]
in a Lie algebra h(A, i, ,ady), with the following data. The map ¢ : h —
Hom(a; h*) is given by

p(r1)(uz) = —p(22)(u1) = as,  @(r2)(us) = —p(3)(uz) = ax,
p(3)(u1) = —p(21)(u3) = az.
Then o([z, yly) = ady(z)op(y) —ady(y)op(x), for all ,y in h, which amounts
to say that ¢ is a 1-cocycle in the complex C(h; Hom(a; h*)), associated to
the representation ady : h — gl(Hom(a; h*)). The skew-symmetric bilinear
map A:h X h — ais given by

)\(1'1,372) = (1 +§)U3, )\(1'27.’[}3) = uy, )\(%3,(1}1) = U2,

where ¢ is in F. As we pointed out in the previous example, dq(\) = 0, for
any A in C?(h;a). The skew-symmetric bilinear map u : h x h — b* is given
by

(23)

w(ry, wa)=—28 a3, p(re,r3)=-28ar, p(rs,z1)=-2¢as.
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Since p(z;)(u;) =0 forall 1 < j <3,

ep(N)(21, 22, 73) =
o(x1)(Mz2, 23)) + @(z2)(A(23, 21)) + P(23)(A(21, 22)) = 0.

Due to ady(x;)(a;) = 0 for all j, we have

daar (1) (21, 22, 23) = adg(21)(u(x2, 3))
+ ady (z2) (u(ws, 1)) + adg(@3) (21, 22)) + (w1, (22, w3]p)
+ (@2, [z3, 21]p) + plxs, [x1, 22]y) = 0.
Then dr(A, 1) = (da(A),ep(A) + dagz () = 0 and, by Proposition
h(A, u, o, ady) is a Lie algebra. By , the map A, : h X h — a, defined in
Proposition is skew-symmetric and is given by
Ao(T1,02) = uz,  Ap(w2,23) = u1, Ap(23,71) = uz.

Let L : b — a be the linear map defined by L(z;) = £u; for all j. It is
straightforward to verify that

Ba(Ap(21,72), L(3)) = Ba(Ap(22, 3), L(1))
= Ba()‘so(x37$1), L(zz2)) = €.
In addition,
do(L)(z1,22) = —L([z1, 22]y) = —L(x3) = —€uz, and
da(L) (22, 23) = —L([w2, x3]y) = 0 = —L([xs, 21]y) = da(L) (23, 71).
Then, A, = A+ dq(L). By Proposition |§|, H(A, i, , ady) admits an invariant
metric. The bracket on h(A, u, p, ady) is given by
[.’L'l,fl?Q] = I3 + (1+€)U,3 —25063, [1’2,1’3] =u —250&1,
(23, 21] =u2 — 28,  [w1, U] =—[z2, u1] =03, [72,us]=—[z3, u2] =11,
(23, u1] = —[r1,u3] = a2, [v1,03] = —aa, [r2,03] = a;.
The invariant metric B on h(A, u, , ady) is B(xj, uk) = =6k, and B(u;, ug)
= B(zj, o) = 0, for all j, k.
It is a straightforward to verify that
Z(g) = Spang{ar, an},  Za(g) =h", Zs(g) =a® b,
Zs(g) = Fa3 ® Z3(0), Zs(g) =9, ¢' = Zu(g),
g=aadb’, ¢®=b" g¢'=2Z(s), ¢ ={0}
Thus, i(g) = bh* and j(g) = a @ b*.



INVARIANT METRICS ON NILPOTENT LIE ALGEBRAS 47

4. Current nilpotent Lie algebras

Let g = h(A, i, ,ady) be a non-abelian nilpotent quadratic Lie algebra
with invariant metric B; by Lemma J(g) = a®bh*. Let S be an associative
and commutative algebra with unit 1 over F. In the vector space g ® S, we
consider the bracket [X ® 5,Y ® tlges = [X,Y] ® st, for all X,Y in g and
s,tin S. Then (g® S, [, -]ges) is a Lie algebra which is called the current
Lie algebra of g by S.

Since g = h 3 J(g), 9SS = (h®S) @ (J(9) ®S). Thus, by (2), the bracket

[, lges in g® S takes the form
[z @5,y @ tlges = [z,y]y @ st + A(x,y) @ st, -
[z ®s,U®tlges = R(x)(U) ® st.

where z,y are in b, U is in J(g), and s,t are in S. From now on we write
[, -] to denote the bracket |-, - Jjgs in g® S.

Let W = {f : g x g — F | f is bilinear and invariant }. Suppose that
g ® § admits an invariant metric B. For each pair s,t in S, consider the
map L(s,t) : g x g — F defined by

L(s,t)(X,)Y)=B(X®s,Y®t), foral XY €g.

We assert that L(s,t) belongs to W. Indeed, let X,Y,Z be in g and using
that B is invariant, we get

L(s,t)([X,Y],Z2) = B([X,Y]|®s,Z®t)
B([X®sY®1],Z0t)=B(X®s,[Y®1,Z2t]) (25)
B(X ®s,[Y,Z]®t) = L(s,t)(X,[Y, Z]).

Then L(s,t) belongs to W. Following the arguments in , we obtain

L(s,t)([X,Y],2)=B(X®1,Y ©3],Z 1)
—B(X ®1,[Y,Z] @ st) = L(1, st)(X, Y, Z)) (26)
—£(1,st)([X, Y], 2).

Using the same arguments as in and that B is symmetric, we get
L(s,)([X,Y],Z)=B(Z®t,[X®sY ®1])
=B([Z,X]®st,Y ®1)=-B([Z®s5,X ®t],Y ®1) (27)
=B(Z®s,[X,Y|®t)=L(s,t)(Z,[X,Y]).

Since S is commutative, from and we deduce that L£(s,t)[[g qxg 18

symmetric and invariant, that is,

L(s,t)(X,Y)=L(~t,s)(X,Y) = L(st,1)(X,Y) = L(s,t)(Y, X), (28)
for all X in [g,g] and Y in g.
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Let Cent(g) = {T € gl(g) | T([X,Y]) = [X,T(Y)] for all X, Y € g}.
Since B is a non-degenerate bilinear form, for each pair s,t in S, let us
consider the map T'(s,t) : g — g defined by I'(s,t) = Bf o L(s,t)’, that is,
B’ oT(s,t) = L(s,t)” and

B(I'(s,1)(X),Y) =
where XY are in g. As L(s,
Cent(g). In addition, as L(s

L(s,0)([X,Y], 2) = B(

L(s,1)(X,Y)=B(X@sY &1), (29)

) is bilinear and invariant, I'(s,t) belongs to
| g is symmetric and invariant,

t
)

[g,9] %

D(s, )([X,Y]), Z2) = L(st, 1)([X, Y], Z)
B(I'(st,1)([X,Y],Z)), foral X,Y,Z € g.
Thus T'(s,)([X,Y]) = T'(st,1)([X,Y]) and I'(s,t)|g¢ is symmetric and in-
variant, that is,
P(S,t)“g’g] = F(t, S)I[Q,g]) = F(st, 1)|[g,g]7 for all s,t € S. (30)

It is not difficult to verify that the canonical ideal J(g) is invariant under
I'(s,t). Thus, for every = in h and U in J(g), there are €(s,t,z) in b, O(s, t, z)
in ‘j( ) and 19(5 t,U) in J(g) such that

[(s,t)(z) =€(s,t,x) + O(s,t,x), and I'(s,t)(U)="13(s,t,U).

Let € : S x S — gl(h) be the map defined by (s, t)(z) = €(s,t,x). Similarly,
we define © : S x § — Hom(h,J(g)) by O(s,t)(z) = O(s,t,z) and 9 :
S xS —gl(J(g)) by 9(s, t)(U) = I(s,t, U)

Since I'(s, t)([z,y]) = [z, T'(s,t)(y)] for all z,y in b, by (2) we deduce that
(s, t)([z, yly) =[x, €(s,t)(y)]y; that is, €(s, t) belongs to Cent(h).

From we get

[C(s,1)(X), Y] = T(s,t)([X, Y]) = T(st, 1)([X, Y]) = [['(st,1)(X), Y]
for all X,Y in g, then I'(s,t)(g) — I'(st,1)(g) € Z(g). This implies that
[(s,t)(x) — ['(st,1)(x) belongs to Z(g) C J(g) for all = in b, that is,
(

(e(s,t)(x) — e(st, 1)(2)) + (O(s, t)(z) — O(st,1)(x)) € Z(g) C I(g)-

As O(s,t)(z)—0O(st, 1)(x) belongs to J(g)

to hNJ(g) = {0}. Hence, €(s,t) = €(st, 1

As [z,U] = R(x)(U) and (s, t)([z, U]

for all x in b, and U in J(g), by (2| . we obtain that

I(s, t)(R(z)(U)) = R(e(s,t)())(U) = R(z)(I(s, 1) (U)). (31)

Suppose there exists s’ in S such that e(s’,t) = 0 for all ¢ in S. By it

follows that T'(s',t)(R(x)(U)) = ¥(s',t)(R(z)(U)) = 0 for all x in b, U in
J(g) and ¢t in S. By this amounts to saying that

B(R(z)(u)® s, Y @t) = B(L(s',t)(R(x)(u)),Y) =0, (32)

,)then €(s,t)(x)—e(st,1)(z) belongs
) = [[(s,0)(2),U] = [2,T(s,1)(U)]
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where Y is in g. As B is non-degenerate and Y and ¢ are arbitrary, from
we deduce that R(z)(U)®s" = 0. If s’ is non-zero, then R(z)(U) = [z, U] = 0.
Since x and U are arbitrary, it follows that [h, J] = {0}. As h* =i(g) C J(g),
then [, h*] = ady(h)(h*) = {0}, which implies that b is abelian. Therefore,
if b is non-abelian, s’ = 0.

Theorem 1. Let g = h(A, i, ¢, ady) be a non-abelian nilpotent quadratic
Lie algebra. Let S be a commutative and associative algebra with unit. If
the current Lie algebra g®S admits an invariant metric and b is non-abelian,
then there exists a bilinear map € : S x § — Cent(h) such that

(i) e(s,t) =€(st, 1), for all s,t in S;
(ii ) if there exists s such that €(s,t) =0, for all t in S, then s = 0.

Remark 1. Observe that € has the same properties as an invariant metric.
What Theorem [I]| says is that if g ® S admits an invariant metric, then &
possesses a bilinear map € into the centroids of g/J(g), which has the same
behaviour as an invariant metric. In Corollary 1.3 of [4], it is shown that
g ® S admits an invariant metric if and only if S admits an invariant metric;
under the hypothesis that g is indecomposable, § is finite dimensional and
[F is algebraically closed.

5. Invariant forms on nilpotent Lie algebras

Let (g,[-, -]) be a finite dimensional nilpotent Lie algebra over a field F of
zero characteristic. Let V be the vector space generated by all the symmetric
and bilinear forms f:gx g — F. Let o: g — gl(V) be the map defined by

o X)), Z2)=—F(X,Y).2) = f(V|[X, Z]), forall X,Y,Zcg. (33)

Then p is a representation of (g,[-, -]) in V. As (g,[-, -]) is nilpotent, by
Theorem 3.3 in [2], there exists a non-zero f in V such that o(X)(f) = 0 for
all X in g. From , this amounts to saying that f is an invariant form in
(gv [ i) ])

For finite dimensional nilpotent Lie algebras, the above shows that there
exists an invariant, symmetric and non-zero bilinear form. To find out
whether it is non-degenerate, to such a bilinear form, we can associate an
algebra with unit from which we can recover the Lie algebra structure in g,
and we can prove that this algebra is simple if and only if the bilinear form
is non-degenerate.

Theorem 2. Let (g,[-, -]) be a finite dimensional nilpotent Lie algebra
over a field F of zero characteristic. Let f be an invariant, symmetric and
non-zero bilinear form on (g,[-, -]). Let Ay = F x g be the algebra with
product defined by

(€ X)mY) = (En+ F(XY), €Y 40X +L[XY]),  (34)
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for all §,ninF and X,Y in g. Suppose that dimg > 1.

(i) The invariant form f is non-degenerate if and only if Ay is a simple
algebra.

(ii) Let [-, -] be the commutator of (34)). Then Ay/F(1,0) with bracket
induced by [-, -]y, is a Lie algebra isomorphic to (g, -, -]).

Proof.

(i) We define equality, addition and multiplication by scalars in Ay in the
obvious manner. Suppose f is non-degenerate and let I be a non-zero right
ideal of Ay. We shall prove that (1,0) belongs to I. We assert that there
exists an element (£, X) in I with £ # 0. Let (£, X) be a non-zero element
in I. If £ = 0, then X is non-zero. As f is non-degenerate, there exists Y
in g such that f(X,Y) is non-zero. By (34), we have that (0,X)(n,Y) =
(f(X, Y),nX + %[X, Y]) belongs to I, which proves our assertion.

Let (¢,2) be in I, then (&, X)(—¢,X) = (=€ + f(X,X),0) isin . If
—&2+ f(X, X) is non-zero, then (1, 0) belongs to I and consequently I = Ay.
Thus, from now on we assume the following:

for all (¢,X)in I, &%= f(X,X). (%)
Let (¢,X) be in I, with £ # 0 and X # 0 (if X = 0 we are done), and let
(n,Y’) be an arbitrary element in Af. Then (£, X)(n,Y) = ({n+f(X,Y), {y+
nX + %[X, Y]) belongs to I. Applying @, we obtain
1
FXY)?=@YY) + L f(1X Y] [X,Y)), (35)

As Y is arbitrary, we apply to Y 4+ Z, and using that f is invariant, we
get

Af(X,Y) (X, Z) =4 (Y. Z) - [([X, X, Y]], 2). (36)
Using that f is non-degenerate, from it follows that
4f(X, V)X =4€%Y —ad(X)*(Y). (37)
Applying the adjoint representation ad(X) in , we have
ad(X)?(ad(X)(Y)) = 462 ad(X)(Y). (38)
If ad(X)? = 0 then from we get
FX,Y)F(X,2) = 2f(Y. 2). (39)

As f is non-degenerate and £ is non-zero, from we obtain Y =
€72f(X,Y)X. Since Y is arbitrary, we deduce that g = FX and dimg = 1,
a contradiction.

If ad(X)? is non-zero, then ad(X) # 0 and there exists Y in g such
that ad(X)(Y) # 0. Then ad(X)(Y) # 0 is an eigenvector of ad(X) with
eigenvalue 4£2 # 0 by , which contradicts that ad(X) is nilpotent.
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Now suppose that Ay is a simple algebra and we will prove that f is non-
degenerate. Let R be the subspace of g generated by those elements X such
that f(X,Y) =0for all Y in g. We claim that {0} x R is a two-sided ideal of
Ay. Indeed, as f is invariant it is clear that R is an ideal of g. Let X bein R
and (n,Y) be in Ay. Then (0, X)(n,Y) = (0,nX + 3[X,Y]) = (n,Y)(0, X)
belongs to {0} x R. Since Ay is simple and f is non-zero, then {0} x R is
zero, which implies that R = {0} and f is non-degenerate.

(i) Let (¢, X) and (1,Y) be in Af, then [(¢,X), (,Y)]; = (0,[X, Y]
The kernel of the projection map (£, X) — x, between Ay and g, is (1,0
Then the map (£, X) +F(1,0) — X is an isomorphism between Ay /F(1,0)
with bracket induced by [-, -|¢, and (g,[-, -]).

).
).

O

Theorem [2| can be considered as a generalization of the results given in [5]
from the abelian to the nilpotent case.
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