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Cohomology and deformations of crossed
homomorphisms between Lie —Yamaguti
superalgebras

MEHER ABDAOUI AND JAMEL BOUJELBEN

ABSTRACT. In this study, we propose the idea of crossed homomor-
phisms between Lie —Yamaguti superalgebras and develop the Yamaguti
cohomology theory of crossed homomorphisms. In light of this, we char-
acterize linear deformations of crossing homomorphisms between Lie—
Yamaguti superalgebras using this cohomology. We demonstrate that if
two linear or formal deformations of a crossing homomorphism are simi-
lar, then their infinitesimals are in the same cohomology class in the first
cohomology group. In addition, we show that an order n deformation of
a crossing homomorphism can be extended to an order n+ 1 deformation
if and only if the obstruction class in the second cohomology group is
trivial.

1. Introduction

In mathematical deformation theory, one studies how an object in a cer-
tain category of spaces can be varied in dependence of the points of a param-
eter space. In other words, deformation theory thus deals with the structure
of families of objects like varieties, singularities, vector bundles, coherent
sheaves, algebras or differentiable maps. Deformation problems appear in
various areas of mathematics, in particular in algebra, algebraic and analytic
geometry, and mathematical physics. The mathematical theory of deforma-
tions has been proved to be a powerful tool in modeling physical reality. For
example, (algebras associated with) classical quantum mechanics (and field
theory) on a Poisson phase space can be deformed to (algebras associated
with) quantum mechanics (and quantum field theory). That is a frontier
domain in mathematics and theoretical physics called deformation quanti-
zation, with multiple ramifications, avatars and connections in both math-
ematics and physics. These include representation theory, quantum groups
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(when considering Hopf algebras instead of associative or Lie algebras), non-
commutative geometry and manifolds, algebraic geometry, number theory.
The notion of deformation can be applied to a variety of categories that
are used to express mathematically the physical reality. The deformation
of algebraic systems has been one of the problems that many mathematical
researchers are interested in, since Gerstenhaber studied the deformation
theory of algebras in a series of papers (2], [3]). For example, it has been
extended to covariant functors from a small category to algebras (see [1]) and
to algebraic systems, bialgebras, Hopf algebras (see [5]) by Gerstenhaber and
Schack, also to Leibniz pairs and Poisson algebras (see [1]) by Flato et al.
to Lie triple systems (see [3]) by Kubo and Taniguchi.

Lie—Yamaguti algebras (first called generalized Lie triple systems) were
introduced in [22] as an algebraic treatment of characteristic properties of
the torsion and curvature of reductive homogeneous spaces. Later on, these
algebras were called Lie triple algebras in [9] and the recent terminology
was introduced in [10]. Cohomology groups of Lie—Yamaguti algebras were
defined in [21] while their deformations and extensions were considered in
[23, 12, 13].

Lie superalgebras as a Zo-graded generalization of Lie algebras are consid-
ered in [7, 17] while a Zg-graded generalization of Lie triple systems (called
Lie supertriple systems) was first considered in [20]. For an application of Lie
supertriple systems in physics, one may refer to [14]. Next, Lie—Yamaguti
superalgebras as a Zo-graded generalization of Lie—Yamaguti algebras were
first considered in [15]. In [18] the authors analyzed product structures and
complex structures on Lie—Yamaguti algebras by means of Nijenhuis op-
erators. Takahashi studied modules over quandles using representations of
Lie—Yamaguti algebras in [19].

The notion of crossed homomorphism on Lie algebras was introduced when
non abelian extension of Lie algebras was studied [11]. An example of crossed
homomorphisms is a differential operator of weight 1, and a flat connection
1-form of a trivial principle bundle is also a crossed homomorphism. In [16],
authors showed that the category of weak representations (resp. admissi-
ble representations) of Lie-Rinehart algebras (resp. Leibniz pairs) is a left
module category over the monoidal category of representations of Lie alge-
bras using crossed homomorphisms. Later, cohomology and deformations of
crossed homomorphisms on 3-Lie algebras were also studied in [6]. Thus it is
natural to consider cohomology and deformations of crossed homomorphisms
between Lie —Yamaguti superalgebras. More precisely, for a crossed homo-
morphism H : g — b from a Lie —Yamaguti superalgebra g to another Lie—
Yamaguti superalgebra b with respect to an action (p, 1), the most important
step is to establish the cohomology theory of H. Our strategy is as follows.
First we introduce linear maps pg : g — b and ppg : ®°g — b via H, and
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prove that (h; pm, ) is a representation of g on the vector space . Conse-
quently, we obtain a corresponding Yamaguti cohomology of Lie—Yamaguti
superalgebra g with coefficients in the representation (b; pg, ug). Note that
Yamaguti cohomology starts from 1-cochains. Thus the second step is to
construct 0-cochains and the corresponding coboundary maps, which is a
difficulty to overcome. Once the cohomology theory is established, we are
able to explore the relationship between cohomology and deformations of
crossed homomorphisms. For this purpose, we intend to investigate three
kinds of deformations: linear, formal, and higher order deformations. Note
that a Lie—Yamaguti superalgebra can be reduced to a Lie supertriple sys-
tem when the ternary bracket is trivial, thus the notion of crossed homo-
morphisms and the cohomology and deformation theory of those between
Lie supertriple systems can be obtained directly from the present paper.

The paper is structured as follows. In Section 2, we review several fun-
damental concepts like representations, cohomology, and Lie—Yamaguti su-
peralgebras. We define crossed homomorphisms between Lie —Yamaguti su-
peralgebras in Section 3 and demonstrate that there is a one-to-one corre-
spondence between crossed homomorphisms and Lie—Yamaguti superalge-
bra homomorphisms. The cohomology of crossed homomorphisms on Lie—
Yamaguti superalgebras is established in Section 4, and a functorial property
of the cohomology theory is examined. Finally, in Section 5, we examine
three different types of deformations and demonstrate how cohomology can
control the infinitesimal linear and formal deformations, as well as how a
higher deformations extension is described by a certain cohomology class.

In this paper, all vector spaces are assumed to be over a field K of char-
acteristic 0 and finite-dimensional.

2. Preliminaries

Let g be a Zs-graded linear space with direct sum g = g5 ® g;. The
elements of g;, are said to be homogeneous of degree (parity) j € Zs. The
set of all homogeneous elements of g is H(g) = gz U g7. Usually | z | denotes
parity of a homogeneous element = € H(g).

Now we recall some basic notions such as Lie—Yamaguti superalgebras,
representations and their cohomology theories. The notion of Lie —Yamaguti
superalgebras was introduced by Yamaguti in [22].

Definition 1 ([22, 24, 25]). A Lie—Yamaguti superalgebra is a triple
(g,['»], [, -]) where g = go ® g1 is K-vector superspace, i.e, Zo-graded vec-
tor space, [, -] a bilinear map (the binary superoperation on g ) and [-,-, -]

a trilinear map (the ternary superoperation on g ) such that
[z, y] = (=), 2,
z,y, 2] = (D)WY, 2, 2],
[z, 2] = ( y
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[z, y, 2] + (=)@ WHD [y 2 2] 4 (=)D 2 2 y] + T (2,9, 2) = 0, (1)
[z, 9], 2 u] + (1AW 2], 2 u] + (-1 EFRIE ]y u] = 0, (2)
[2,y, [u,o]] = [Tz, y, ul, v] + (=)D, [, y, o], 3)
[o.y. [u,v,w]] = [[e,y, ul, v,w] + (=)D [y, [, y, 0], w]
+(_1)(Iz|+|y\)(|u|+\v\)Hu’ v, [z, y, w]],
for all x,y, z,u,v,w in g and
J(2,y,2) = [l2,y], 2] + (=)D [[y, 2], 2] 4 (1) ROz 2], 4] (4)
The relation (4) is called super-Jacobiator.

Observe that if [z, y] = 0, for all 2,y in g, then a Lie—Yamaguti superalge-
bra (g, [, ], [+, ]) reduces to a Lie supertriple system (g, [-,-,]) as defined
in [14] and if [z,y,2] = 0 for all z,y,z in g, then (g,[,],[-,,-]) is a Lie
superalgebra (g, [+, ]).

Recall that a Lie supertriple system is a pair (T, [-, -,-]) where T' = Ty ® T}
is a K-vector superspace and [- -, -] a trilinear map such that

[2,y, 2] = (=1 W[y, , 2],
[z, y, 2] + (_1)\rl(\y|+lz|)[[y, z,z] + (_1)Iz|(\rl+ly|)[[z7m,y]] =0,
[, y, [u. v, 0]l = [2,y,ul, v, 0] + (1) Dy, [, y, 0], w]
+(_1)(Ix\+\y|)(lu\+|v|)[[u,%{x’y,w]ﬂ]’
for all z,y,z in T, and a Lie superalgebra is a pair (A, [, ]) where A =

Ay @ A; is a K-vector superspace with 7 [-,:] 7 a bilinear map (the binary
superoperation on A ) such that

TRy = (_1)‘93”3/@ * T,
J(z,y,2) =0,
for all z,y,z in A.

Example 1. Let (g,[,:]) be a Lie superalgebra. We define a bracket
{rrexgxg—gby
{2y, 2} = [[z,9], 2] Va,y,2 €0
Then (g, [, ], {-,, }) becomes naturally a Lie—Yamaguti superalgebra.

Example 2. Let g = g5 ® g7 a Zo-graded vector space where the even
part gz = span{e;, ez} and the odd part gy = span{fi, fo}. If we define a
binary non-zero bracket [-, -] and a ternary non-zero bracket {-,-,-} on g as

le1,e2] = ea, [e1, fi] = fo,  [f1, fo] = e,

{er,ea, fit = fo, {er, f1, fo} = e,
then (g, [, ], {,",}) is a Lie—Yamaguti superalgebra.
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Next, we recall the notion of representations of Lie —Yamaguti superalge-
bras.

Definition 2. Let (g,[,],[,-,-]) be a Lie—Yamaguti superalgebra. A
representation of g is a wector superspace V equipped with an even linear
map p : g — gl(V) and an even bilinear map x : ®%*g — gl(V'), which meet
the following conditions: for all z,y, z,w € g,

[z, gl 2) — (=)W (@, 2)p(y) + (1) WHED iy 2)p(z) =0, (5)

iz, [y, 2]) = (1) Wp(y)u(e, 2) + (~1)HEHD p(2) (2, ) =0, (6)
p([[m,y,z]]) = [Dp,u(x,y),p(z)}, (7)
(_1)(\x|+\y|)(|z\+|w|)M(Z’w)ﬂ(%y) — (_1)(IxHy|+|sz\)M(y, w)p(x, z)
—p(z, [y, z,w]) + (D)W D, (y, 2)p(, w) = 0,
[z, y, 2], w) + (=)D 4z [y, w]) = [Dpu(,y), wlz,w)],  (9)
where the bilinear map D, ,, : ®?g — gl(V) is given by
Dpu(x,y) == (=) Wy, 2) — p(a,y) + [p(x), p(v)] = p([z,9]), Vz,y (E1gj

It is obvious that D, , is skew-symmetric, and we write D in the sequel
if there is no ambiguities. We denote a representation of g by (V; p, u).
By computation, we obtain the following lemma.

Lemma 1. Suppose that (V;p, ) is a representation of a Lie —Yamaguti
superalgebra (g, [, -], [-,-,-]). Then the following equalities are satisfied:

D([x,y), z) + (~1)FWHED D(fy, 2], 2) 4 (~1) D D([2, 2], 9) = 0
D(vayv Zﬂvya w) + (_1)‘Z|(‘x|+‘y|)D(z7 [[x,y,w]]) = [D(‘T?y)?D/LM(Z’ UJ)]
—(=D)lwlel+l=DHellzl (g w) (2, )
(= 1) UslHeDal+vD 2, ) D, y).
Example 3. Let (g,[-,-],[,",]) be a Lie—Yamaguti superalgebra. We
define linear maps ad : g — gl(g) and ® : ®?g — ¢l(g) by = — ad, and
(x,y) — Ry, respectively, where ad,z = [z, 2] and R, y2z = [z, z,y] for all

z € g. Then (ad,fR) forms a representation of g on itself, where £ := Dyq »
is given by

Loy = (—D)1WIR,  — R, + [ad,, ady] — ad,,), Y,y € g
By (1), we have
Loyz = [z,y,2], Vzegy.
In this case, (g;ad,fR) is called the adjoint representation of g.
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Let (g,[-,*],[,+,]) be a Lie—Yamaguti superalgebra and (Vip, 1) a rep-
resentation of g. We denote the set of p-cochains by Cf,.y (g,V) (p > 1),
where

Hom(A2g® --- @ A2g,V) x Hom(A? g @ - - ® A2g®g, V),

N—
Cliey (8,V) 2 " .
Hom(g, V), n=0.

= 9

In the sequel, we recall the coboundary map of p-cochains.

e If n>1, for any (f,g) € C’ﬁg,( g, V), the coboundary map

6 = (61.01) : Cf5tb(a.V) = CF2(a. V), (f.9) v (1(f.9). 6u(f. 9)
is given as follows:
(01(f,9)) (X1, Xnt1)
= (=1)rFlennl(Xdt XD g (2, 00) g (X1, -+ Xy Yng1)
—(=1)r el XX (g ) g (X1, -+ X, Tng)
—(=D"g (X1, , Xn, [Tng1, Yn+1])
F S (— )RR (R R D (%k)f(xl,m,5€k,~-~,3€n+1)

+ Zl<k<l<n+1(_1)k+‘xk|(|%k+1H""+|%171|)f (xl’. . .’§k7. L Xpo Xy, an) ,
(11)

(5II(f7 g)) (xl, e ;xn+1; Z)
= (_1)ﬂ+(|3€n+1\+|2|)(|3€1|+"'+\3€n|)u (Yns1,2) g (X1, Xny Tng1)

— (=) Fna DR 2y (2,10, 2) g (X1, -+, Xy Ynog1)
S )RR (R R D D (2, g (351 T ,3€n+1,z)
+ Zl<k<l<n+1(_1)k+‘%k|(|xk+l‘+'-~+|xl—1|)g(%17. . .7%“. X o Xy, '7%n+172>

S )RR (X e X D g (331 Xy, ,3€n+1,[[xk,yk,z}]) 7
(12)
where X; = x; Ay; € N2g(i=1,--- ,n+1), | X |=| x|+ |y |,z €9
and Xp, 0 X; =[x, yr, ©1] Ay + oA [or, yr, wi].-
e If n=0, for any f € CL. (g,V), the coboundary map

0 CﬁieY(ga V) — CﬁieY(gv V),
f=(01(f), ou(f))
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is defined to be

(01() (2,y) = p(x) f(y) — p(y) f () = [z, 9)), (13)
Ou(f)) (2,9, 2) = D(@,y) f (2)+uly, 2).f (x) = p(z, 2) f(y) = f([2,y, 2]), (14)

for all z,y,z € g.
Yamaguti proved the following fact.

Proposition 1. With the notations above, for any f € CL,.v(g,V), we
have
o (01(f),0u(f)) =0 and  ou (é1(f),du(f)) =0.
Moreover, for all (f,g) € C}.,y (8, V) where p > 2, we have

o (01(f,9),0u(f,9)) =0 and ou(9(f,9),0u(f,g9)) =0.

Thus the cochain complex (Cﬁiey(g,V) =@, C’I’jie(g,V),5> is well de-
fined.

For convenience, we call this cohomology the Yamaguti cohomology in this
paper.

Definition 3 ([0]). With the above notations, let (f,g) in C},.y (g,V)
(resp. f € Cliy (8,V) for p=1) be a p-cochain. If it satisfies §(f,g) =0
(resp. 6(f) = 0), then it is called a p-cocycle. If there exists (h,s) €
CPyv (8,V) (resp. t € C(g,V), if p = 2) such that (f,g) = 6(h,s) (resp.
(f,9) = d(t)), then it is called a p-coboundary (p > 2). The set of p-cocycles
and that of p coboundaries are denoted by Z¥. ('g,V) and B}, (g,V) re-
spectively. The resulting p-cohomology group is defined to be the factor
super space

Hf ey (8,V) = Ziiev (9, V) /Bliey (8, V).
In particular, we have

Hiiey (8,V) ={f € Cliey (8,V):6(f) =0}

3. Crossed homomorphisms between Lie —Yamaguti
superalgebras

The concept of crossed homomorphisms between Lie—Yamaguti superal-
gebras is introduced in this section, and it is demonstrated that a crossed
homomorphism can be viewed as a homomorphism of Lie —Yamaguti superal-
gebras. A crossed homomorphism also has a 1 relative Rota-Baxter operator
associated with it. We first present the idea of center of Lie —Yamaguti su-
peralgebras. Let (g, [, g, [-,-]q) be a Lie—Yamaguti superalgebra. Denote
the center of g by

Clg) = ({regl|lz,y2]=0Yy,zcgtU{zecg]|[y z 2] =0,y z € g}
Mz egllz,y =0,Vy € g}
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Definition 4. Let (g,[-,]g,[-,-]g) and (b, [, ]y, [:,-]y) be two Lie—
Yamaguti superalgebras. Let (b; p, 1) be a representation of g on the super-
space b, i.e., linear maps p : g — gl(b), u : ®%g — gl(h), and D : A? g — gl(g)
are given by (5)—(10). If for all z,y € g, u,v,w € b, the following conditions

p(x)u, pu(z,y)u € C(bh),

( ), v]y = p(x, y)[u, v]y =0,
p(x)[u, v, wly = p(z,y)[u, v, w]y =0
(

are satisfied, then we say that (p, 1) is an action of g on b.
Let (p, ) be an action of g on h. By (10), we deduce that
D(z,y)u € C(g), D(x, y)[u,v]y = D(z, y)[u,v,w]y =0, Va,y € g,u,v,w € b.

The following proposition show that actions of Lie —Yamaguti superalgebras
can be used to characterize semidirect product Lie —Yamaguti superalgebras.

Proposition 2. Let (g, [, g, [-;-]q) be two Lie -Yamaguti superalgebras.
Let (p, ) be an action of g on by, then there is a Lie —Yamaguti superalgebra
structure on the direct sum g ® b defined by

[+ w, y + v]pu = [z,ylg + p(@)v — p(y)u + [u, vy,
[[x+u,y+@,z+w]]p,# = Hxayvzﬂg +D(x,y)w+ (‘UluMyleDM(yaz)U
— (=)l (e, 2)v + [u, v, wly,
forall z,y,z € g and u,v,w € h. This Lie —Yamaguti superalgebra is called

the semidirect product Lie —Yamaguti superalgebra with respect to the action
(p, 1), and is denoted by g X, b.

Proof. Tt is a direct computation, and we omit the details. ]

The following definition is standard.

Definition 5. Suppose that (g, [, g, [",",]g) and (b,[-, ]s, [, ]s) are
two Lie -Yamaguti superalgebras. A homomorphism from (g, [+, |g, [, ]g)
to (b, [, ]s, [,-,-]p) is a linear map ¢ : g — b that preserves the Lie—
Yamaguti superalgebra structures, that is, for all x,y, z € g,

(1) ¢(gi) € by, @ € Zao,
(2) ¢ ([z,yls) = [¢(z), 2(y)]p,
(3) ¢ ([z,y,2lg) = [9(2), &(y), ¢(2)]p-

If, moreover, ¢ is a bijection, then it is called an isomorphism.

Now we are ready to introduce the notion of crossed homomorphisms
between Lie—Yamaguti superalgebras.

Definition 6. Let (g, [+, g, [-, -]g) and (b, [-, ]y, [-, -]5) be two Lie ~Yamaguti
superalgebras. Let (p, ) be an action of g on . A linear map H : g — b
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is called a crossed homomorphism from g to h with respect to (p, u), if H
preserves the grading, that is, H(g;) C b;, i € Z2, and

Hlz,ylg = (~1)" 1 p(2) H(y) — ()M D p(y) H(2) + [Ha, Hyly,  (15)

Hlwy,2lg = (~)WI0HD D, ) H(2) + () HHD Dy, 2 (2)
(=)D i, 2) H (y) + [He, Hy, Hely, V.02 €0
(16)

Example 4. Let g and h be Lie—Yamaguti superalgebras with trivial
actions (p = 0, u = 0). Any homomorphism H : g — b is a crossed
homomorphism.

Remark 1. If the action of g on b is trivial, then any crossed homo-
morphism from g to h is a Lie—Yamaguti superalgebra homomorphism as
in Definition 5; if h is commutative, then any crossed homomorphism is a
derivation from g to h with respect to the representation (b; p, u).

The following theorem shows that a crossed homomorphism can be seen
as a homomorphism between Lie —Yamaguti superalgebras.

Theorem 1. Let (p,p) be an action of a Lie—Yamaguti superalgebra
(9, g, [+ -]g) on another Lie-Yamaguti superalgebra (b,[, ]y, [-,-, ]s)-
Then a linear map H : g — b is a crossed homomorphism from g to b
if and only if the linear map ¢p : g — g X, b is a Lie—Yamaguti superal-
gebra homomorphism, where

¢H(x) = (JJ,H.’L‘), vz €g.
Proof. For all z,y, z € g, we have

oye) ([x,y]g) = ([wvy]B’H[m>y]g)7
[On (), ou (W), = [(z, Hx), (y, HY)lpu

Similarly, we also have

QZ)H ([[:L‘, Y, Z]]g) = ([[x’ Y, Z]]Q’ H[[l‘, Y, Zﬂg) )
[[d)H(x)v ¢H(y)a (bH(Z)]]P# = [(fL‘, Hm)a(% Hy)v (Zv HZ”P:M = ([[l‘, Y, Z]]gv H[[:C, Y, Z]]E) )
where
Hlz,y, 2], =(—DIHHD D (2, ) H (2) + (—1)HFHDAIHED () ) H (2)
— (=)W=l =DHull=l )y () 2)H (y) + [Hzx, Hy, Hz]j.
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Thus, we have that the linear map ¢y : g —> g X, , b is a Lie—Yamaguti
superalgebra homomorphism if and only if the following two equalities hold:

Hlz,yl :(_1)IHHw|p(m)Hy _ (_1)Iy\(|x|+|H\)p(y)H$ + [Hz, Hyly,
Hlw,y, 2Ny =(~ 1) D, y) H(z) + (-1 HDWD ) ()
- (_1)|H|(|1’\+\Z|)+|y\\Z|M(x’ Z)H(y)+ [[HQZ’, Hy7 HZ]]hv Vl’, Y,z €9,

which implies that the linear map H : g — b is a crossed homomorphism
from g to h. This completes the proof. O

Remark 2. In fact, a crossed homomorphism corresponds to a split non-
abelian extension of Lie—Yamaguti superalgebras. More precisely, consider
the following nonabelian extension of Lie —Yamaguti superalgebras:

0—bh—gbh—9—0.

A section s : g — g @ b is given by s(z) = (z,Hz),x € g. Theorem 1
says that s is a Lie—Yamaguti superalgebra homomorphism if and only if H
is a crossed homomorphism. Such an extension is called a split nonabelian
extension.

Definition 7. Let H and H' be two crossed homomorphisms from a Lie—
Yamaguti superalgebra (g, [+, g, [-,-,]g) to another Lie -Yamaguti superal-
gebra (b, [-,-]p, [, -, -]s) with respect to an even action (p, ). A homomor-
phism from H' to H is a pair (¢g,1p), where by : g — g and 1p : h — b
are two Lie ~Yamaguti superalgebra homomorphisms such that v4(g;) C gi,
wh(b]) g h]v 27.7 € ZQ, and

@bhoH/:Howg, (17)

Yy (p(a)u) = (=)ol IWal D g (g (@) 4y (w), (18)

by, y)u) = (=1)IHD L (g (), g () Py (), Va,y € gu € f)( |
19

In particular, if both 1y and 1)y are invertible, then (¢g,p,) is called an
isomorphism from H' to H.

By equalities (18) and (19), and a direct computation, we have the fol-
lowing proposition.

Proposition 3. Let H and H' be two crossed homomorphisms from a
Lie -Yamaguti superalgebra (g,[-,g, [+, ]q) to another Lie-Yamaguti su-
peralgebra (b, [+, -]y, [-, -, -]y) with respect to an action (p,p). Suppose that
(tbg,y) is a homomorphism from H' to H, then we have

Uy(D(@, y)u) = (~)IIIPHEHDD (g (), () vy (), Va,y € g,u € b.
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At the end of this section, we reveal the relationship between crossed
homomorphisms between Lie—Yamaguti superalgebras and relative Rota-
Baxter operators of weight 1 on Lie—Yamaguti superalgebras. We give the
notion of relative Rota-Baxter operators of weight A on Lie—Yamaguti su-
peralgebras first.

Definition 8. Let (g, [, ]q,[-,-]q) be a Lie—Yamaguti superalgebra and
(V5 p, ) its representation. A even linear map 7' : V' — g is called a relative
Rota-Baxter operator of weight A if the equalities

[Tu,Tv] =T (p(Tu)v — (=)l p(To)yu + Au, v]) )

[Tu, Tv, Tw] =
T (D(Tu,Tv)w + (_1)|u\(\u|+\w|)M(TU7Tw)u _ (—1)|”HW|M(TU, Tw)v + N[u, v, w]]) ,

hold for all u,v,w € V. Relative Rota-Baxter operators of nonzero weight

on Lie superalgebras stem from the classical Yang-Baxter equation and have
many applications in mathematical physics. Here, we introduce the notion
of relative Rota-Baxter operators of nonzero weight on Lie —Yamaguti super-
algebras and explore its relation to crossed homomorphisms.

Proposition 4. Let (p, p) be an even action of a Lie —Yamaguti superalge-
bra (g, [, lg, [, -, -]g) on another Lie - Yamaguti superalgebra (b, [-, -]y, [, -, -]p)-
An invertible linear map H : g — b is a crossed homomorphism from g to
b with respect to (p, u) if and only if H=' : h — g is a relative Rota Baxter
operator of weight 1 on g with respect to the representation (b;p, 1).

Proof. Assume that the invertible linear map H : g — b is a crossed
homomorphism, then for all u,v,w € b, by (15), we have

(B ), m )] = H (B (B (), 17 )] )
=H ' (p(H ' (W)v—pH ") w+ [u,v]) .
Similarly, by (16), we have
[H" (u), H™ (), H (w)]g
=H~" (H[H ™" (u ) ( ), H™ (w)]g)
( (™ (w), B (@) w+ (=)D (57 ), H (w) u)
H((- 1>'”"w' (H (), H'(w)) v = [, 0, w]y )

Thus H~! is a relative Rota-Baxter operator of weight 1.
Conversely, let H~! be a relative Rota-Baxter operator of weight 1. For
all z,y,2 € g, there exist u,v,w € b, such that z = H *(u), y = H *(v)
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and z = H~!(w). Then we have
Hio,ylg = H [H~(w), H™ ()],

= HoH ™ (p(H (W) v~ (~)!"lp (H () u+ [u, o]y )
= (1)l p(a) H (y) — (— )W o) H () + [Hz, Hyy

and
Hiz,y, 21y = H [H (), H(0), B~ ()]
=HoH ! (D (H_1 U)) w + (—1)vlFe) (H_l(v), H_l(w)) u)

_HoH™! (( 1)\v\lw\ (H Y (u), H (w ))v—[[u,v,w]]h>
:(_1)|H\(Ix\+|y|)D(x y)H(2) + (1) (H[+]=|) (\y|+|2\)u(y, 2)H (x)

— (=) H W=D+l (0 2)H (y) + [Ha, Hy, H2],

which implies that H is a crossed homomorphism. ]

4. Cohomology of crossed homomorphisms between
Lie —Yamaguti superalgebras

The cohomology of crossed homomorphisms between Lie—Yamaguti su-
peralgebras is constructed in this section. We first create a representation
of a Lie—Yamaguti superalgebra via a given action. Let (g, [, g, [, -]4) and
(b,[,-]y,[-,-]p) be two Lie—Yamaguti superalgebras, and H : g — b a
crossed homomorphism with respect to an action (p, p). Define py : g —
gl(h), pm : @%g — gl(h) to be

pr(x)u = [He,uly + plx)u, (20)

wr(x, y)u = (—1)|“|(‘$|+‘y|)[[u, Hzx, Hyy + p(z,y)u, Vr,y € g,uech. (21)

Lemma 2. With the assumptions above, define Dy : N> g — gl(h) to
be

Dy (x,y)u:= (—1)‘I||H‘[[Ha:,Hy,u]]h + D(z,y)u, Vr,y€g,uch. (22)

Then Dy = D

PHMH
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Proof. For all z,y € g,u € h, we have

Doy un (2, y)u

= (D)W g (y, 2)u — par (2, y)u + [pr (@), prr(y)] (w) = par ([, y]g) u

_ (=) ull=419D [, Hy, Haly+(=1) =19 u(y, 2yu— (= 1)l el 15D fu, Ha, Hy],
—p(a, y)ut (=) [ Ha, [Hy, ulo], + (= 1)1 p(a) [Hy, u]y + [He, p(y)uly
Folap(y)u — (~D)MHED [y, [Ha,uly], — (~)MH1 () e ]
— (=D Hy, p(e)uly — (=1)" W p(y)p(x)u — [H]z, ylg, uly — p ([2,y]g) u

WL )t [y, Hy, uly, + D(,y)u

= Di(z,y)u.

This completes the proof. O

Proposition 5. With the assumptions above, (b; pm, i) is a represen-
tation of g, where pg, up, and Dy are given by (20) — (22), respectively.

Proof. For all z,y,z € g,u € b, we have
pr ([x,y, 2lg) w — [Du(z,y), pu(2)] u
= [Hlz,y, g uly + p ([2,y, 2)g) u — (=1)#W [Hz, Hy, [Hz, uly]s
—(=)HWHWID (2, y)[Hz, u]y — (-1)#I# [Ha, Hy, p(z)uly — D(@, y)p(2)u
(=) DL ((Hz, [He, Hy, uly), + p(2)[He, Hy, ol )
(=) FIAPHHD (1) IR H 2, D(, y)uly + p(2) D(, y)u)

© (0 ([, Hy, Hely, ], ~ [Ha, Hy, [Hz, u]g]y)

+(_1)|z|(|x\+|y|)+|HHw| [Hz, [[Hx’Hyvu]]h]h
@ 9
and
prr ([, g, 2) w — (=) g (2, 2) prr (y)u + (=)= WIHED g (y, 2) prr ()

(1)l vl [y, )y, Ha, Hely — (—1)E 2D+ l12 (0 ) [Hy, o],
— (=)l =D W (y)u, Ha, He]y — (=1)17 (e, 2)p(y)u
+(—1)|“‘(‘y|+‘z‘)[[[Hx,u],,,Hy,Hz]]h 4 (—1)(‘HH'Z‘)(WH‘Z‘)M@,z)[H%u]h
(=)l ylH=DHHIY I (1), Hy, Hz]y + (=)l AIH1=D (g, 2) p(2)u
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(©) wl(IH |+l +yl 412

O ()l QH =D+ [y, [Ha, Hyly, He]y
(D) E D [y, o], He, H2
(=)D [, oy, Hy, He]

= 0.

The other equalities can be obtained similarly. We omit the details. g

Let (g, [-,"]g, ['» - -]g) and (b, [-, ]y, [-, -, ]y) be two Lie —Yamaguti superal-
gebras. Let (p,u) be an action of g on b. Define 6 : A2g — Hom(g, h) to
be

(6(z,y))z == (_1)(\HI+ImI)(\y\+\z\)M(y7Z)(Hx) —_ (_1)(IH\)(Iw|+IzI)+\yIIzlﬂ(x’Z)(Hy)

+(-)/HW[Ha, Hy, Hz]y, Va,y,2 € g.
(23)

Proposition 6. With the notations above, §(x,y) defined by (23) is a
1-cocycle of the Lie Yamaguti superalgebra (g, [+, -lg, [, -]g) with coefficients
in the representation (b; pr, prr).

Proof. For all x1,x2,x3 € g, we have

01(0(z,y)) (x1,2)
= (_1)|wl\(\x|+\y|)pH (1) 6(z,y)ze — (_1)\w2|(|x\+|y|+|x1|)pH (z2) 6(z,y)z:
~d(a.y) ([o1, 2], )
= (=1)HIF=DylHlesl+HzDHylled oy (20) @ (y, 20) (H)
+(=1)H Dtz ez Dt w2l (vl b (20) p (y, 21) (Ha)
D) HIl 42Dyl (el +HazDHellzal gy (200) (2, 22) (Hy)

1) Hl(al+ar |z )+l +Has ) +Has (2120 oy () o (2, 21) (Hy)

++

1 |m2|(|H|+\w|+\y|+\fﬂl\)+\Hlly\pH( o) [Hzx, Hy, Hx:]y,
DD 422Dy, [ ] ) (Ha) 4+ (=) [, Hy, H [y, 2]l

(=1)
(1)
(1)
(=1)los [ AH el s+ 9y (21 [H, Hy, Hava
(1)
(=1)
(1) a4l (0, o, 2], ) ()

|
o
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and
or(0(z,y)) (z1, 22, 23)
= (—)=Hbmlrle2D Dy (g, 29) 6(x, y)ws — 6(x, y) [21, 22, 23] 4
_(_1)(‘-L|+‘y‘)(|11|+“L3|)+‘-L2‘“L3|'uH (:1;1, $3) 6(x’ y)mz
= (< 1)UH Dy sl s D+l +HesD Dy (), 29) () ()

DD s +Has s D+l (H e +HeaD) Dy (24, ) o (2, 25) (Hy)

+

(1)

(-1) (zrl e (H Izl +Hy D+ HIlY D (z1,29) [Hz, Hy, Hx3]

+(=1)UzlHlzsDUH I+l Hy e DHH DAy D) gy (209, 28) o (y, 21) (He)
(1)

1)(z2l+HzaDUH el Hyl e D+ D4y (20, 20) o (2, 21) (Hy)
(1) eal s DB+l Hy o DHE (2, 24) [Hez, Hy, Haaly
1) (HI+al) (i o D+ ulas 1 zsD+ el 23] (2, 2g) o (y, 22) (H )

1) (H ) (ol zs )l (H o s e sy (21 20) (2, 20) (Hy)

_|_

1 (|H|+\:c\)(|y|+|ar1|+\xz\+\xs\>u( [z1, 22, 23]4) (Hz)

1 (IH\+\y\)(|w1|+\xz|+\xs\>+|Hllx\M( [z1, 22, 73]4) (Hy)

(=1)
(=1)
(=1)
(—1)UzrlHlzsDAH I+l YD+ HlylHe2llws] )y g (1)) 2g) [Hz, Hy, Hzs]y
(=1)
+(=1)
(=1)

VW[ He, Hy, Hzy, z2, 23] 4]
= O7

which implies that §(z,y) is a 1-cocycle. This finishes the proof. O

By now, we can establish the cohomology of crossed homomorphisms be-
tween Lie —Yamaguti superalgebras as follows. Let H : g — h be a crossed
homomorphism from a Lie -Yamaguti superalgebra (g, [, ]q, [, -, ]g) to an-
other Lie -Yamaguti superalgebra (g, [+, -]y, [, -, -]Jy) with respect to an action
(p, ). Define the set of n-cochains to be

Cliey(g:h), p>1
@p , — LieY \3 ’ ’

Define 8 : €%, (g,h) — €2 (g, h) to be

a: 6H7 pz]‘?
4, p=0,

where the map 67 is the corresponding coboundary map given by (11)—(14)
with coefficients in the representation (b;pg, ). Then combining with



150 MEHER ABDAOUI AND JAMEL BOUJELBEN

Proposition 6, we obtain that (@, ,C%(g,h),0) is a complex. Denote
the set of n-cochains by Z}(g,h) and denote the set of n-cobonudaries by
B} (g, h). The resulting n-th cohomology group is given by

Hy(a,h) == 25 (9,h) /B (g.h),n > 0.

Definition 9. The cohomology of the cochian complex (B, , €% (g, h), d)
is called the cohomology of the crossed homomorphism H.

At the end of this section, we show that a certain homomorphism be-
tween two crossed homomorphisms induces a homomorphism between the
corresponding cohomology groups. Let H and H’ be two crossed homo-
morphisms from a Lie—Yamaguti superalgebra (g, [, ]g, [, -]g) to another
Lie —Yamaguti superalgebra (b, [-, ]y, [, -, -]5) with respect to an action (p, it).
Let (tg,%y) be an even homomorphism from H' to H, where 1) is invertible.
For n > 2, define a linear map p : €%, (g, h) — €% (g,h) to be

pi(f) (X1, , %) =y (f (g (X1),-- 05 (X0))),
PH(Q) (xlv"' axmx) = 1/”) (g (¢;1 (:{1)7"' »¢;1 (%n)wgl(ff))),

for all (f,g) € €%, (g,h). Here X = x1 Ay € A’g,k =1,2,--- ,n,x € g,
and we use the notation %—1 (X) = wg_l (xg) A wg_l (yr),k=1,2,--- ;n. In
particular, for n = 1,p: @}1, (g,h) — €L (g,h) is defined to be

p(f)(@) =y (f (Vg (@), Ve, feCy(sh).

Theorem 2. With the notations above, p is a cochain map from a cochain
(@;’10:16”,(9, b),csH/) to (@20:1@;[(9, b),éH). Consequently, p induces a ho-
momorphism py : Hy (8, h) — HE (g, b) between cohomology groups.

Proof. For all (f,g) € €%, (g,h) (n > 2), and for all X = z; Ay €
Ng, k=1,2,--- ,n,z € g, denoting ¢ = 1%_1 we have

off (pr(f),pr(9)) (X1, -+, X, )
= (71)(|yn|+\2|)(|pn\+\g|+€n71+\ﬂ?n\)Jrn*lpJH (Yns ) pr(g) (X1, X1, 2n)

_(_1)\pn|+|g|+\yn\\:c|+6n71(Ixnl—i-\:cl)—i-n—luH (l‘n, .Z') pH(g) (xh e 7xn717 yn)
3 (—1)Relpnl+Hglte- )+ D () pr(g) (361,--~ T ,%n,z)
3 (—1)E-rtEpy (g) (351,... Xy Xpo Xy, 7357“55)

+ ZZ:](_l)gn-i_ka(g) (%17 o ;§k7 T 7x’n7 [[xlﬁ x]]g)
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= (_1)(|yn|+|m|)(\g\+snfl+|xn|)+n—1uH(yn7x)wh (g (X)), 0 En1),0(xn))
_(_1)|g|+\yn\\ac|+sn71(Ixn|+\x|)+n—1uH (2, ) (g (¢ (xlm(p (% )0 ()
+ 3o ()Rl D () 4y (g (0 (1) o0 (Ri)e 0 (Rn) (@)
+ Lt DTy (g (0 (1) 0 (B0 (Br) 0 0 (B) o0 (Bn) s (@) )

(=
+zk, (~D& ey (g (0 (), 0 (R 0 (R ,wuxk,wﬂg))
H(1,9) (0 (R1) 0 (X) (@)
H(5.9) G X)),
where €, = |X1|+---+|X,| and &, = |Xg|(|Xkr1|+- - -+]Xn|). Note that the
third equality holds, since for all z,y, € g,u € b, by using that (14, 1) is a

homomorphism from crossed homomorphism H’ to crossed homomorphism
H, we have

f (Yn, ) y (1)

(=)l et ln VI g (), Hyn, Haly + o (yn, ) g ()

(—)llCQwn D41 oy (w), 4py 0 H' © 0 (yn) 1bp © H' 0 p(2)]

o (@ (yn) s () u
= (=)l D Fom 1 iy ([, H' 0 @ (ya) s H' 0 p(2)]y + 11 (9 (yn) , (@) )
= Yy (nm (¢ (yn)  0(2))) .-

Thus we obtain that prr (' (f,9)) = off (p(/), pu(g)) for all (f,9) €

@%(g,b) (n > 2). Similarly, we can show that pr (51Hl(f, g)) :5{I(p1(f),pn(g))

for all (f,g) € €%,(g,h) (n > 2). And moreover, it is easy to see that the
case of n =1 is still valid. This finishes the proof. O

Example 5. The cohomology of a crossed homomorphism H : g — b is
defined using the cochain complex (@, €% (g,h),d), where

- for n Z 17 Q:%(g’ h) = CﬁieY(Q? h)v
- for n =0, €%(g,bh) = A%g.
The coboundary map 0 is given by

5— o ifn > 1,
18 ifn=0,

where 67 is the coboundary map for the representation (b; pgr, jupr) induced
by H

5. Deformations of crossed homomorphisms between
Lie—Yamaguti superalgebras

In this section, we use the cohomology theory established in the former sec-
tion to characterize deformations of crossed homomorphisms between Lie—
Yamaguti superalgebras.
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5.1. Linear deformations of crossed homomorphisms between Lie —
Yamaguti superalgebras. In this subsection, we use the cohomology con-
structed in the former section to characterize the linear deformations of
crossed homomorphisms between Lie —~Yamaguti superalgebras.

Definition 10. Let H : g — b be a crossed homomorphism from a Lie—
Yamaguti superalgebra (g, [olgs [l g) to another Lie—Yamaguti superal-

gebra (fL [ Tos [ s Hh) with respect to an action (h; p, ). Let $ : g — b be
a linear map. If H; := H +1t$ is still a crossed homomorphism for all ¢, then
we say that ) generates a linear deformation of the crossed homomorphism
H.

It is easy to see that if $ generates a linear deformation of the crossed
homomorphism H, then for all z,y, z € g, the equalities

Alz,ylg = (=D)PIp(2)(5y) — (=)D p(y) (52) 4+ (1)1 [H, 5y,
(D) EISIH [0, Hy),,

Az, y, 2]g = ()P D(2,4) (52) + (—1)I91HDAYI+2D (g, 2) (H2)
— (=)D (2, 2) (Hy) + (—1)‘H||y‘[[3§a:,Hy,Hz]]h
+(f1)|m\(\ﬁ\+|H\)+\Hlly\[[H/Lgy?HZ]]b
+(=1) =D HHDHON [ H ) Hy, $2],

hold, which means that $ is a 2-cocycle of the crossed homomorphism H.

Definition 11. Let H : ¢ — b§ be a crossed homomorphism from a
Lie—Yamaguti superalgebra (g, 5o lgs [y s ']]g> to another Lie—Yamaguti su-

peralgebra (f), [ -Tos [+ Hh) with respect to an action (p, u).

(i) Two linear deformations H} = H +t§; and H? = H +t$)2 are called
equivalent if there exists an element X € A%g such that
(Idg +t£(X),1dy +tD(X)) is a homomorphism from H? to Hy.

(ii) A linear deformation H; = H + t§) of the crossed homomorphism H
is called trivial if it is equivalent to H.

If two linear deformations H? and H} are equivalent, then Idg +££(X) is
a homomorphism on the Lie—Yamaguti superalgebra g, which implies that

[[[%7 y]]ga [[.}:, Z]]g]g = Oa (24)
[1%, ylg, [X. 2] g, ] + (_1)|3€||z\ [[%, ylg, 2, [X, t]e]
(25)

+ (_1)|%|(‘y|+|2|)[[y7 [[xa Z]]g7 [[xu t]]gﬂg = 07

(1%, ylg, [X, 21g, [X, t]alg = O (26)
for all y, z,t € g.
Note that by equalities (18) and (19), we obtain that, for all y, z € g,

p ([%,9]5) D(X) =0, (27)
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)P (2, ylg, 2) DEH-D) W (y, [, 2]g) DX ([X, ylg, [X, 2]g) =

H ([[%7 y]]w [[:{7 Z]]g) D(:{) =0.
Moreover, equality (17) yields that, for all z,y, z € g,

(Idy +tD(z,y)) (H+t$2) z = (1) HFHODUHD (F 4 16, (1dg +tL(, ) 2,
which implies that
922 — 912 =(—1)HFDWIHED () ) (Hz) — (=1)HERDAeD 0 2) (Hy)

0
)
)

—~~
N DD
O 0o

+ (V)W Hz, Hy, H],

= 0(X)z.
(30)
Thus, by (30), we have the following theorem.

Theorem 3. Let H : g — b be a crossed homomorphism from a Lie—
Yamaguti superalgebra (g, [+, g, [-, -, -]g) to another Lie -Yamaguti superalge-
bra (b, [, -]p, [, -, -]p) with respect to an action (b, p, p). If two linear defor-
mations Htl = H +t$1 and Hf = H + t9H9 are equivalent, then $H1 and $Ha
are in the same cohomology class in ’H%I(g, h).

Definition 12. Let H : ¢ — b§ be a crossed homomorphism from a
Lie —Yamaguti superalgebra (g, [, ]q, [, -, ]g) to another Lie -Yamaguti su-
peralgebra (b, [-,-]y, [, -, -]p) with respect to an action (p, ). If an element
X € A2g satisfies (24)-(29) and the following equality

D) (D(x)(Hy) - (~)"MH[x,y],) =0, Wyeq,

then X is called a Nijenhuis element associated to H. Denote by Nij(H) the
set of Nijenhuis elements associated to H.

It is easy to see that a trivial deformation of a crossed homomorphism be-
tween Lie—Yamaguti superalgebras gives rise to a Nijenhuis element. How-
ever, the converse is also true.

Theorem 4. Let H : g — b be a crossed homomorphism from a Lie -
Yamaguti superalgebra (g, [-, g, [-,-,-]g) to another Lie-Yamaguti superal-
gebra (b, [, ]y, [-, -, -]y) with respect to an action (p, ). Then, for any X €
Nij(H), H; :== H +t$ with $ = 6 (%) is a linear deformation of H. More-
over, this deformation is trivial.

We need the following lemma to prove the above theorem.

Lemma 3. Let H : ¢ — b be a crossed homomorphism from g to b
with respect to an action (p,p). Let g : g — g and ¢y : h — b be two
Lie —-Yamaguti superalgebra homomorphisms such that (18) and (19) hold.
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Then the linear map wh_l o H o)y is a crossed homomorphism from g to b
with respect to the action (p, ).

Proof. For all z,y, z € g, we have

(65" 0 H o) (lwvly) = w5 ((—1) Pl DALy (500 (1)
()bl 4oy (45, () HE (g (2))
(1)l DRI [ o g (), H o (1),
() D ) (8 o o)
— () D () (1 0 H oy (a)

4 (_1)|$|(|wl’_1\+|wg|+|HD {wh—l o H o Tﬂg(x)ﬂﬁh_l o H o %(y)h

and

(l/ll;l oHo ¢g> ([[:Evyv Zﬂg)

e ((_1)|y|(|wgl+\Hl>+lx“H‘D(wg( ), ¥a(y)) H (1hg(2))
(= 1) (DU Hallzl (5 (), 4 (2)) H (4())
— (= 1) Al HHIH DA (e (2, g (2)) H (14 (y))
(=)W 0 gy (@), H o (), H 0 g(2)])

(= 1) DI D D) (g0 H o 4g(2))
n (_1)(\y|+|z|)(|x\+|w;1|+\%\+\HI)M(y7 2) (@/Jh—l oHo %(x))
o (_1)(\ﬂ?|+|z|)(|¢;1\+|%|+|H|)+|y|\z|u(x, 2) (1/4]_1 oHo wg(y)>

(=)0 o HD 1 o F gy (), 4y o H og (), Wy o H 0g(2)]s,

which implies that the linear map 1/); loHo g is a crossed homomorphism
from g to bh with respect to the action (p, u). O

The proof of Theorem 4: For any Nijenhuis element X € Nij(H), we define

H:=90(%).
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By Definition 12, for any ¢, H; = H + tg satisfies that
H o (Idg +££(X)) = (Idy +tD(X)) o H,,
(Idy +tD(X)) 0 p(x) = (=1)FIFHEDp (14, +££(%)(2)) o (1dy +D(X)) ,

(Idy +£D(X)) o u(y, 2)

= (—)PHH DR, (1dg +£2(2) (y), Tdg +2£(X)(2)) © (Idy +ED(X)) ,
for all z,y,2z € g. For t sufficiently small, we see that Idy + t£(X) and
Idy + tD(X) are Lie—Yamaguti superalgebra homomorphisms. Thus, we
have

H; = (Idg +tD(X)) ' o H o (Idy +t£(X)).

By Lemma 3, we deduce that Hy is a crossed homomorphism from g to b for
t sufficiently small. Thus $ = §(X) generates a linear deformation of H. It
is easy to see that this deformation is trivial. This completes the proof.

5.2. Formal deformations of crossed homomorphisms between Lie —
Yamaguti superalgebras. In this subsection, we study formal deforma-
tions of crossed homomorphisms between Lie — Yamaguti superalgebras. Let
K][t]] be a ring of power series of one variable ¢. If (g, [, -]g, [, -, -]g) is a LieYa-
maguti superalgebra, then there is a Lie—Yamaguti superalgebra structure
over the ring K[[¢]] on g[[t]] given by

) o> ' oo
intzazyjt] :Z Z [xhy]] ts7

5s=0i+j=s

Zazz Zyjtj sztk]] = Z Z @i, vy, z6]t®, Vi, yj5, 2 € 9.

s=0i+j+k=s
For any action (p, u) of a Lie—Yamaguti superalgebra (g, [ ]gs [y s -]]g> on

another Lie—Yamaguti superalgebra (h, [ ]ps H""'Hb)’ there is a natural

action of the Lie —Yamaguti superalgebra g[[t]] on the K[[t]]— Lie—Yamaguti
superalgebra h[[t]] given by

p (ix#) (ivktk) Z Z (1) vpt®

k=0 s=0i+k=s

o0 o0 o0
Zmiti,Zyjtj (katk> Z Z w2, y5) vt®, Yo, y; €9, 05 € V.
i=0 =0

k=0 5=0i+j+k=s
Let H : ¢ — b be a crossed homomorphism from a Lie—Yamaguti superalge-
bra (g, 5 Jgs [ s -]]g) to anther Lie —Yamaguti superalgebra (f), [ -]gs [ - ]]h)
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with respect to an action (p, ). Consider the power series
e .
Hy=Y " 9it', $; € Hom(g,b), (31)
i=0

that is, H; € Homg(g, h)[[t]] = Homg (g, b[[t]]).

Definition 13. Let H : ¢ — b be a crossed homomorphism from a
Lie—Yamaguti superalgebra (g, 5o lgs [y s ']]g) to anther Lie—Yamaguti su-

peralgebra (h, Loles I s ]]h) with respect to an action (p, ). Suppose that
H, is given by (31) with $p = H, and H, also satisfies

Hilo, gl = (1)1 p(a) (Hug)=0)PHID o) (o) + (01 [Hia, g
(32

Hille,, g = (=)D D 0, ) (Hyz) 4+ (~1) (DD () (i)

— (=) D+ 2 (Hyy) 4+ (=D AW Hy 2, Hyy, Hyz]y,
(33)
for all x,y, z € g. We say that H; is a formal deformation of H.
Substituting (31) into (32) and (33) and comparing the coefficients of ¢*
for all s > 0, we have, for all x,y, z € g,

S ((_1)\wllﬁs\p(lp) (995) — (=)D () (6,2)
T (34)

(1) B3, 9] — 9l ylg ) ¢ =0

Sirjrrms  (~D)EHDID () (5,2) + (1) DDy, 2) (9,2)

4,7,k>0
f(fl)lzl(lmlﬂy\)+\x|lﬁs|M(I, 2) (9sy))

+(=1) 19l [9;2, 55, H12]y — Hs[2, v, 2]g) 5 =0
(35)

Proposition 7. Let H : g — b be a crossed homomorphism from a Lie —

Yamaguti superalgebra (g, [ Jgs [ s ']]g) to another Lie—Yamaguti superal-
gebra (f), s Jgs [ s ]],]) with respect to an action (b p,p). If Hy =3 50 Hit’

is a formal deformation of H, then 67§ = 0, i.e., H; € C}g(g,h) is a 1-
cocycle of H.
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Proof. When s = 1, the equalities (34) and (35) are equivalent to

D1z, ylg =(=1)"Ptp(@) (H1y) — (~1)PIEHDp(y) (912)
+ (1)l [He, 91y + (912, Hyl,
Mz, y, 2], =(—=1)" WD D2, ) (912) + (=) WHIEDUDIFD () 2 (9,2)
— (=)D F91 2 2) (5919) + [$912, Hy, Hz2],
+ (=D Hg 5,9, Hzy + (—1)‘3"(‘?’1”"”‘)[[}1:76,Hy,ﬁlz]]h,
Vz,y,z € g.
which implies that 67 ($1) = 0, i.e., $; is a 1-cocycle of 6. O
Definition 14. Let H : g — § be a crossed homomorphism from a Lie—
Yamaguti superalgebra (g, [ lgs I ol g) . to another Lie—Yamaguti super-
algebra (b, [y Jos [y s ]]h) with respect to an action (h;p, u). The 1-cocycle
91 is called the infinitesimal of the formal deformation H; = Z?io $H;tt of H.

In the following section, we will introduce the idea of comparable formal
deformations of crossed homomorphisms between Lie —Yamaguti superalge-
bras.

Definition 15. Let H : ¢ — § be a crossed homomorphism from a
Lie—Yamaguti superalgebra (g, [ Jgs [y s -]]g> to another Lie—Yamaguti su-

peralgebra <f)7 [ Jn, [ s ]]h) with respect to an action (p, ). Two formal

deformations Hy = Y 32, 94" and Hy = Y o0, 9;t', where = Hy = H, are
said to be equivalent if there exist X € A2g, ¢; € gl(g) and ¢; € gl(h),i > 2,
such that for

¢ =1dg +tL(X)+ > oit', ¢ =Idy +tD(X)+ > @it’,  (36)
=2 =2

the following conditions are satisfied:
[gbt(:ﬂ)a(ﬁt(y)}g :Cbt[xay]gv [[¢t($),¢t(y),¢t(z)]]g :(bt[[l"ya Z]]gn Vm,y,z € g,
[@t(U), @t(v)]f) = Sot[ua U]hv [[@t(u), (pt(v)? @t(w)]]h = th[[uv v, w]]h) \V/U, v,w € h,

eip(x)u = p (oe(2))(@e(w)) s prpl@, y)u=p(de(x), e (y))(pe(w)) , Vo, y€g,uch
and

Hyop = ¢po Hy (37)
as K[[t]]-module maps.

The following theorem is the second key conclusion in this section.
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Theorem 5. Let H : g — b be a crossed homomorphism from a Lie—
Yamaguti superalgebra (g, o lgs s s ~]]g> to another Lie—Yamaguti superal-

gebra (fb [, ]p, H'a',']]b) with respect to an action (b;p,p). If two formal
deformations Hy = > 50, 9;t° and Hy = Y 52, 9:t" are equivalent, then their
infinitesimals are in the same cohomology classes.
Proof. Let (¢t,pt) be the maps defined by (36), which makes two defor-
mations Hy = Y ;% 9;t" and H; = > ;0 $;t* equivalent. By (37), we have
Mz =z + ()EWEED u(y, 2) (He) — (=)W, 2) (Hy)
+Ha, Hy, Hzly = $12+ 0(2)(2),

for all z € b, which implies that $; and $; are in the same cohomology
class. g

5.3. Order n deformations of crossed homomorphisms between
Lie —Yamaguti superalgebras. A deformation of order n of a crossed ho-
momorphism is extensible in this subsection if and only if this cohomology
class in the second cohomology group is trivial. We also present a special
cohomology class associated with an order n deformation of a crossed homo-
morphism. Because of this, we refer to this particular cohomology class as
the obstruction class of an extensible deformation of order n.

Definition 16. Let H : g — § be a crossed homomorphism from a Lie—

Yamaguti superalgebra (g, [ ]gs I o] g> to another Lie —Yamaguti superal-

gebra (b, [y Jos [y s ]]h) with respect to an action (b; p, ). If Hy = > 1, 9t

with 9 = H,9; € Homg(g,h),i = 1,2, - ,n, defines a K[t]/ (t”“) module

from g[t]/ (t"*!) to the Lie—Yamaguti superalgebra ht]/ (t"*!) satisfying

Hyl, ylg = (1)1 p(x) (Hoy =)W EHED o ) (Hya =1 [Hyw, Hyy)
(38)

B[ . 2]y = (~ 1)/ P00 D, ) (B, 2) o (1) DD iy ) (B
(39)

_(_1)IZ\(IHt|+|y\)+\HtIIx\u(x7 z) (Hyy) + (—1)|H’f”y|[[Htx, Hyy, Hy 2]

for all x,y, z € g, we say that Hy is an order n deformation of H.

Remark 3. The left hand sides of (38) and (39) hold in the Lie —Yamaguti
superalgebra g[t]/ (£"*!) and the right hand sides of (38) and (39) make sense
since Hy is a K[t]/ ("*!) module map.

Definition 17. Let H : ¢ — b be a crossed homomorphism from a
Lie—Yamaguti superalgebra (g, s lgs [y s -]]g> to another Lie —Yamaguti su-

peralgebra (f), [, ]ps [[-,-,-]]h) with respect to an action (p,u). Let H; =
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Z?:o $;t" be an order n deformation of H. If there exists a 1-cochain
Hnr1 € Homg(g,h) such that Hy = Ty + H,.1t" ! is an order n + 1 de-
formation of H, then we say that H; is extendable.

The following theorem is the third key conclusion in this section.

Theorem 6. Let H : g — b be a crossed homomorphism from a Lie—

Yamaguti superalgebra (g, sl s s -]]g) to another Lie—Yamaguti superal-

gebra (f), [y Tos [ s ]]h) with respect to an action (b; p, ). Let Hy = > ", H;tt
be an order n deformation of H. Then H; is extendable if and only if the
cohomology class [ObH] € H2%(g,h) is trivial, where ob = (ObIH,Obff) €
¢%.( g,h) is defined by

Obllq ($1, 1‘2) = Z [ﬁixvﬁjy]h )

i+j=n+n-+1
0<i,5<n+1

Obff (z1,79,23) = > [Hiw1, 920, Oprs], Var,z2,73 € g.

itjt+k=n+1
0<i,j,k<n-+1

Proof. Let H, = Z?:Jrol $;t" be an extension of Hy, then for all z,y,z € g,

Hifer,yly =(=1)"p(a) (Hey) = (~1) 0D () (Fia)

+ (—1)lHelle] [ﬁt:c,fltyh, 10)

Hi[z,y, 2]y =(—1)Hl(HD D ) (fjtz)+(_1)(|Htmxl)(lywzl)#(y, 2) (ﬁ[tx>

(1) DU D+ Eellal g Y (ffty) + (=)W, Hyy, Hy2]y.
(41)
Expanding the equality (40) and comparing the coefficients of " yields that
Sualesgle = (1) 1p(@) (Snary) = ()R EDp(y) (5,410)
+Zz’+j:n+1(_1)|ﬁj”m| [ﬁixaﬁjy]h )
which is equivalent to

(=Pl p(@) (9,11y) — ()M D o) (9,412) + (941, Hyly

+ (_1>|5§n+1||50‘ [xvﬁ’ﬂrf-ly]b - y)n-&-l[l'ay]g"_ Z (_1)|ﬁ]||ﬂf‘ [ﬁlxa'ﬁjy]b = 07

itj=n+1
0<i,j<n+1

i.e.,

ObY + 67 (H41) = 0. (42)
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Similarly, expanding the equality (41) and comparing the coefficients of ¢"
yields that

Obi{ + 6f; (9n41) = 0. (43)
From (42) and (43), we get

Obfl = 6% (—9H,41).

Thus, the cohomology class [ObH ] is trivial.

Conversely, suppose that the cohomology class [ObH ] is trivial. Then
there exists $,11 € €L (g, h), such that Obfl = -6 (§,,1).

Set f[t = H; + $H,41t"'. Then, for all 0 < s < n + 1, and for all
T,Y,2 € g,ﬁt satisfies

> (9slwvle = (=021l p(a) (9ey) = (=)D () (59,0)
i+j=s

(1)1 [6:7, 6], ) ) = 0

Z (S{)S[[x7y’ Z]]g

i+j+k=s
_ ((_1)Iﬁs|(\xl+\y|)p(x7y) (952) + (—1) sl H2DUIHD ) 2) (5,2)

(1) DOy, 2) (5359) 4+ (< 1) [, 5, 902l ) ) = O,

which implies that I:jt is an order n + 1 deformation of H. Hence it is an
extension of H;. O

Definition 18. Let H : ¢ — b be a crossed homomorphism from a
Lie—Yamaguti superalgebra (g, [olgs L] g) to another Lie —Yamaguti su-

peralgebra (f), [ -]gs [ - ]]h) with respect to an action (b;p,u), and Hy =

> $;t* be an order n deformation of H. Then the cohomology class
[ObH ] € ’H%I( g,h) defined in Theorem 6 is called the obstruction class of
H,; being extendable.

Corollary 1. Let H : ¢ — h be a crossed homomorphism from a Lie—
Yamaguti superalgebra (g, [-,]g, [, -, -]]g> to another Lie—Yamaguti superal-

gebra (f), [ Jgs s s Hh) with respect to an action (b; p,p). If H%( g,h) =0,
then every 1-cocycle in Z}{( g,h) is the infinitesimal of some formal defor-
mation of H.
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