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On JM-ideal statistical convergence in fuzzy cone
normed spaces

REENA ANTAL

ABSTRACT. In this paper, we have presented and explored the A-ideal
statistical convergence for sequences on fuzzy cone normed spaces. The
related topological and geometrical properties are demonstrated with
examples. Through analyzing the criteria based on A-ideal statistical
convergence on these spaces, we aim to establish a comprehensive set of
equivalent conditions for sequences that exhibit A-ideal statistical con-
vergence.

1. Introduction

Researchers are engaged in improving existing techniques and technology
and creating new ones. Convergence is a concept used to acquire informa-
tion from existing data. There are several procedures for convergence, both
analytical and non-analytical. Alternative procedures will be tried when
classical methods fail to provide solutions. Statistical convergence [10] is ap-
plied when the usual convergence concept is unable to give a solution. The
study of summability theory and sequence convergence has been one of the
most significant and active areas in mathematics for many decades. It serves
as a tool to solve numerous open problems in the wide area of sequence spaces
and summability theory, as well as in various other applications. General-
izations of statistical convergence are emerging in many articles provided by
various authors (see [11 2], [4, [15], (16, 18, 22} 25]).

In 1984, Katsaras introduced the concept of fuzzy norms, which has since
gained significant attention in mathematics and related fields [17]. Later, in
1992, Felbin further expanded on this concept by defining fuzzy norm in the
setup of a linear space along a related metric of Kaleva and Seikkala type [11].
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This work contributes to the understanding and application of fuzzy norms
in various mathematical contexts. Another approach used in defining a fuzzy
norm which is connected with a metric given by Kramosil and Michalek [21],
was introduced by Cheng and Moderson [6] in 1994. Following their defini-
tion, Bag and Samanta [3] proposed differently the concept of fuzzy norm.
Meanwhile, the concept of metric space has been widely generalized in sev-
eral forms, including the cone metric space which has been structured and
presented by Huang and Zhang [14] in 2007 as a metric space which is ana-
lyzed in an ordered Banach space. After conducting their research, several
scholars have provided various mathematical conceptual advancements in
cone metric spaces ([5} [7, 8, 9]). The fundamental prospective for fuzzy cone
metric space is comprehensively investigated and presented by Oner et al.
[24], which leads to a broad scope of more complex mathematical structures.
In 2017, Tamang and Bag [26] presented the fuzzy cone norm as an expansion
of the fuzzy norm, using a real Banach space instead of R to define a fuzzy
cone normed linear space. This expansion has significant implications for
both classical and fuzzy mathematics. As these fields continue to progress,
the examination of convergence results within the structure of fuzzy cone
normed linear spaces, well emphasized in [13] [19], is poised to play a crucial
role in furthering our understanding of these mathematical concepts.

Our paper aims to set up the generalized statistical ideal convergence on
a fuzzy cone normed linear space. We believe that the results of this paper
can be useful in further developments of fuzzy mathematics.

Throughout the paper, we take B for a real Banach space.

Definition 1 ([I4]). A set @, @ C B, is defined to be a cone if the
following axioms hold:

(i) @ is nonempty and closed,
(ii) if a, f € R, § > 0 and u,v € Q, then au+ fv € Q,
(iii) if uw € Q and —u € @, then u = 0.

Every cone ) in B induces a partial ordering < on B, defined by a < b
if and only if b —a € Q. We write a < bifa < band a #b. But a < b
will stand for b — a € int(Q). Throughout the article we assume all cones to
have nonempty interior.

Definition 2 ([26]). A fuzzy cone normed space (FCNS) is a 3-tuple
(S,R¢e, ®), where S is a vector space, @ is a cone in B, ® is a continuous
t-norm and N¢ is a fuzzy set on S x (0, 00) satisfying for every s,t € S and
u,v > 0:

(i) g >0,

(il) Re(s, )—1foru>01ff3—0
(iii) No(as,u) = Ne (s, Taf , for a # 0,
(iv) Reo(s,u) ® Ne(t,v) < Nc(s +t,u+v),
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(v) Ne(s,.) int(Q) — [0,1],
(vi) lim Ngo(s,u) =1.

[[ul| =00

Then, N¢ is known as a fuzzy cone norm.

Example 1. Consider B = R and @ = [0,00) as a normal cone. Let
a1 ® ag = ajae for all ag, s € [0,1]. For every u € int(Q) and s € S,

[s|
where S = R, take X¢o(s,u) = e v@ . Then, the 3-tuple (S, R, ®) becomes

a FCNS.

Example 2. Let (S,||.]|) be a normed space, let @ C B and let a1 ®
ag = ajag for all ag,ay € [0,1]. For every u € int(Q) and s € S, take

No(s,u) = ﬁ”s” Then the 3-tuple (S, R¢, ®) becomes a FCNS.

Definition 3 ([26]). Let (S,X¢c, ®) be a FCNS with a fuzzy cone norm
No. A sequence {si} in S is called convergent to sy € S with respect to the
fuzzy cone norm N if, for every ¢ € (0,1) and u € int(Q), we can find a
positive integer kg such that

Ne(skp — so,u) <1 —¢ for all k > k.
. . . N
In this case we write Rg- lim s, = Sg or S, — Sp.
k—o0

A sequence {si} is statistically convergent to sg, provided the set A(e) =
{k € N : |sy, — so| > ¢} has zero natural density [12]. The natural density of

1
any set M C N, is given by d(M) = lim — |[{m <n:me M} |
n—oo N

Definition 4 ([I3]). Let (S,R¢, ®) be a FCNS with a fuzzy cone norm
Ne. A sequence {sx} in S is called statistically convergent to sy € S with
respect to the fuzzy cone norm X if, for every € € (0,1) and u € int(Q), we
have

d({k € N: R¢e(sg — so,u) <1—¢})=0.

. . . Sty
In this case we write Sty - khm Sk = S0 O S, ——= s .
—00

Kostryko et al. [20] have introduced and investigated ideal convergence (Z-
convergence) of sequences as an extension of statistical convergence proposed
by Fast [10].

Definition 5 ([20]). A family Z which is subset of P(S), where S # () and
P(S) is the power set of the set S, is called an ideal on S provided that (a)
DeZ (b)UVeI=UUVEL (c)forUecZVCcU=Vel.

Moreover, any non-trivial ideal Z (Z # 0,S ¢ 7) becomes admissible ideal
on S, if all possible singleton sets of S are collected in Z i.e. T D {{s} : s € S}.

Example 3. The collection Z of finite subsets of N is an admissible ideal.
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Definition 6 ([20]). A non-empty collection F C P(S), where S # 0, is
called a filter on S provided (a) @ ¢ F, (b) U,V € F=UNV €F, (c) for
UeF,UCV=VEeF.

Each ideal Z is connected to a filter F(Z), the relation is expressed by
F(Z)={K CS:K°eI}.
7 will denote an admissible ideal throughout the article.

Definition 7 ([20]). A sequence {si} in S is called ideal convergent (Z-
convergent) to sg € S if, for every € > 0, one has {k € N : [s, — 59| > ¢} € Z.
Here sg is called an Z-limit of the sequence {sy}.

Definition 8 ([20]). A sequence {si} in S is called ideal statistically con-
vergent (Z-St-convergent) to so € S if, for every e > 0 and 6 > 0, one
has

1
{nGN:n\{nGN:|sk—so|25}\25} eT.
Here, sq is called Z-St-limit of the sequence {sy}.

Giiler[I3] introduced the structure of ideal convergence within the frame-
work of fuzzy cone normed spaces.

Definition 9 ([I3]). Let (S,R¢, ®) be a FCNS with a fuzzy cone norm
Ne. A sequence {si} in S is called ideal convergent to sy € S with respect to
the fuzzy cone norm N¢ if, for every € € (0,1) and u € int(Q)), we have

{k e N:Ro(sp —so,u) <1—¢c} €.
. . . Ing
In this case we write Iy, - khm S = Sp Or S — S.
— 00

The aim of the paper is associating the theory of fuzzy cone normed spaces
with A-ideal statistical convergence highlighting more advanced theoretical
concepts. The A-statistical convergence is a generalized form of sequence
convergence which was incorporated by Mursaleen [23] with the help of a
non-decreasing sequence A\ = {\, }, which tends to oo such that A\,11 < 14+,
and A\; = 1. Additionally, the generalized de la Vallée-Poussin mean is given
by

1
tn(s) = o Z sj, where I, = [1 +n — A\p,nl.

n .
j€ln
Throughout the paper, we use I, for [1 +n — Ay, n].

2. Main results

We define and investigate A\-ideal statistical convergence of sequences in
the setup of fuzzy cone normed spaces (FCNS) to establish the interesting
findings.
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Definition 10. Let (S, R, ®) be a FCNS with a fuzzy cone norm Re. A
sequence {s} in S is called Z-statistically convergent to sg € S with respect
to the fuzzy cone norm V¢ if, for every € € (0,1), 6 > 0 and u € int(Q), one
has

1
{kEN:n|{k§n:NC(sk—so,u)§1—8H25}EI.

. . . St-Tn
In this case we write St-ZIy,, - khm Sk = S OF S, ———= 5.
—00

Definition 11. Let (S, R, ®) be a FCNS with a fuzzy cone norm Re. A
sequence {si} in S is called A-statistically convergent to so € S with respect
to the fuzzy cone norm R if, for every € € (0,1) and u € int(Q), one has

1
lim )\—]{k €I, : No(sp —so,u) <1—¢e}|=0.

n—o0 n

. . . A-St
In this case we write )\—St—khm SE = Sp Or S} — Sp.
— 00

Definition 12. Let (S, R¢o, ®) be a FCNS with a fuzzy cone norm Xgo. A
sequence {si} in S is called Z-\-statistically convergent to so € S with respect
to the fuzzy cone norm V¢ if, for every e € (0,1), § > 0 and u € int(Q), one
has

1
{nGN:)\|{k€]n:Nc(sk—so,u)§1—a}2(5}61.

. . . Sty -1In
In this case we write Sty -1y, —khm Sk = S0 O S ————<% S0.
— 00

Theorem 1. Let {s;} be a sequence from a FCNS (S,N¢,®) which is
I-X-statistically convergent with respect to the fuzzy cone norm Ro. Then
the limit is unique.

Proof. Let Sty -1y, —klim sp = a and Sty-TIn, —klim s = b.
—00 —0

We select v € (0,1) for € € (0,1) with (1 —v) ® (1 —v) > 1 —e. Then, for
9 >0 and u € int(Q), define

{herne(s-ay)s1-v}| 20 ez

1
Alz{nENi 5

An

1
AQZ{TLGN)\n

{renine(s-ny)<1-vf[zs}er
We have
)\171|{k€In:k€A1}\+)\1n|{l<:eln:k€A2}]2i\{ke[n:AluAg}.
For § > 0,

1
{neN:/\|{keN:keA1UA2}\25}eI.
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Assume 0 < 1 <1 with 0 <1 — 61 < 6.
ConsiderA:{nEN:/\%\{kGIn:kzeAluAQH251}61. For n € A,

1
)\—|{keIn:keA1UA2}|<1—51,

1
THICEIn : k‘§éA1UA2}| > 0.

Therefore,
{kel,: k¢ A UA} #£0.
For k ¢ A; U Ag, we have
Nc(a—b,u)ZNC< — 2)®NC< b%)
>1-v)®(1l—v)
>1—e.

Clearly, A° C {k € I, : Xg(a —b,u) > 1—¢e} = B. If n ¢ A, then

A1°NAx€ B¢
51<7‘102|<—‘ ‘.Nowweget
n n ’

1
)\—|{keIn:keP}\<1—61<5.
Thus,
1
ACC{nEN:)\|{k€In:k€P}|26}.
AsAGI,wehave{nGN:i[{ke]n:kGPH25}6[ Hencea =b. O

Theorem 2. Let {ry} and {si} be two sequences from a FCNS (S,R¢c, ®).
Then
(2) if Sty -In, - lim rp =19 and Sty —INC—klim Sk = 8o, then
—00

Sty -Iy,, - hm (rk + s;) =10 + So,

(i) if St,\—INC - hm sk = so, then Sty -Iy, - hm as, = asg where o € R.

Proof. (i) Let Sty-TIx, —kli)nolo r = ro and St}‘_INC_klggo Sk = S0.

We select v € (0,1) for e € (0,1) with (1 —v) ® (1 —v) > 1 —¢e. Then, for
d >0 and u € int(Q), define

{renive (n-roy) s1-v}|zs}ez,

kel,:No sk—so,E <l-v¢|>6d;, el
2

1
Al—{neN)\n

1
AQZ{TLGN )\7
We have
1 1 1
T’{kEIn:A1UA2}|ST’{kGInZkGAl}‘+7|{kEIn:kEAQ}‘.
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For 6 > 0, we get
1
{neN:AerN:keAluAg}\zd} €T
n

Take 0 < §; <1 with 0 < 1— 67 <.
ConsiderA:{nGN:i|{k€[n:k€A1UA2}|251}61. For n € A,

1
)\f|{kEIn:kEA1UA2}|<1—51,

1
)\7|{k el,: k g Aq UA2}| > 01.
Therefore,
{kel,: k¢ A UAy} #0.
For k ¢ A; U As, we have

u u
Re (e + 5i) = (ro+ s0).w) = Ne (=70, 5 ) © Re (s = 50,5
>(1-v)®(1-v)
>1-—e.
Clearly, A° C {k € I, : Re((rg + sx) — (ro + s0),u) >1 —c}=P. Ifn ¢ A,
then §; < MLTLAQC‘ < “jL—C'. Now we get

1
—Hkel,: ke P} <1-4 <9,
An

and thus

Acc{neN:)\l]{ke]n:kePHzé}.

As A € Z, we have {nEN:ﬁHkGIn:kGPHZé}EI
Hence Sty-Iy. - lim (ry + sg) = 70 + so.
k—o0

(73) (a) If a = 0, then the result is obvious.
(b) If || > 1. For u € int(Q), v € (0,1) and 6 > 0. Put

1

n

kel,:Ngo sk—so,g <l-vy|>06; €T,
2

1
AQZ{TLEN)\

n

{kEIRZNC<OéSk—C¥SO,g)SI—V}‘Z(S}EZ.

As N¢ is fuzzy cone norm, we have Ng (ask — a8, %) = N¢ (sk — S0, ﬁ)

Since R¢ is a non-decreasing function and % < w for |a| > 1, the equality

laf
A1 = AQ must hold.
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As St )\—INC—klim sk = so which gives A; € Z and hence Ay € Z. Therefore,
—00
Sty-In,- lim asy = asp.
k—o0
(c) If |a| < 1, then for u € int(Q), v € (0,1) and § > 0, define A; and A,
as in part (b). Since N¢ is a non-decreasing function and ﬁ >y for |a| > 1,

u u
R¢o <3k — 80,M> > Ne (s — S0, u) ® R (O’M —U>

= R¢ (s — so, )
>1—v.

Then Ay C A;, which implies Ay € 7. O

Theorem 3. If N¢ - lim s = 50, then Sty -Ix, - lim Sk = So.

Proof. If a sequence {s;} from S is R¢ - hm Sk = Sg, then, for every ¢ €

(0,1) and u € int(Q), we can find a pos1t1ve mteger ko with Re (s, — so,u) <
1 — ¢ for all k£ > kg. Then

1
{nEN:)\|{k€[n:Nc(sk—so,u)§1—€}25}61

O

The example below demonstrates that the converse of the above theorem
is not true.

Example 4. Let B = R? and Q = {a = (a1,a2) : a1,az > 0} C B is
a normal cone. Consider S = R, a1 ® as = ajag for all aj,ae € [0,1].

—lsl
For every u € int(Q) and s € S, take R¢(s,u) = elvl. Then the 3-tuple
(S,RX¢,®) is a FCNS. Let Z = {K C N: d(K) = 0}. Take a sequence {sj}
in the FONS (S, R¢, ®) as

o4k n—[vA\]+1<k<n, where n €N,
7 0 otherwise.

Consider J = {k € I, : X¢(sg,u) <1 — ¢} for every € € (0,1). Then we get

— skl

J=A{kel,: el <1—¢}
={kel,:|sk >0}
—{kel,:sp=k).

Thus,
1

Hence Sty - Iy, —klim s = 0.
— 00
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Theorem 4. Let {s;} be any sequence from a FCNS (S,R¢, ®). If each
sub-sequence {sy, } is Sty - Iy -convergent to so, then {s} is also Sty -ZIy,.-
convergent to Sg.

Proof. Suppose {sj} is also Sty -Zy,-convergent to so. For v € (0,1),
9 >0 and u € int(Q), we have

An

Now A must be an infinite set since Z is an admissible ideal.

Consider A = {k1 <ky<kz<---<ki<...} C1I,. Lety =z forie
N, which is not St -Zy,-convergent to sp, this leads to a contradiction.
However, the example below clears that the converse of the above mentioned
result is not true. O

A:{nENzl {kEIn:NC(Sk—so,g)§1—V}‘Z(5}€I.

Example 5. Let B = R? then Q = {a = (a1,0a2) : aj,a2 > 0} C Bis a
normal cone. Consider S =R, a1 ® ag = ajag and Ne @ X x int(Q) — [0, 1]

—ls
which is given by Re(s,u) = el for all s € S and u € int(Q). Take
Z={M CN:d(M)=0}. Take a sequence {s;} in S as

o — 2 n—[yVA]+1<k<n, where n € N,
71 0 otherwise.

Then {s;} is also Sty - Iy, -convergent to 0 but the sub-sequence {sy, } = {2}
of {sy} is not Sty -Zy-convergent to 0.

Theorem 5. Let {sy} be any sequence in a FCNS (S,N¢c,®). The se-
quence {s} is Sty -Iy.-convergent on S iff there exists Xo-convergent se-
quence {ry} satisfying

1
{nGN:)\{kEIn:sk#rkHz&}EI

Proof. Let St,\—INC—klim s = so. For each u € int(Q), € € (0,1) and
—00
0 > 0, consider

F; = {nEN:)\1 {ke[n:Nc(sk—so,u) > 1,}’};3'61\1.
n J
Then F; € F(I), where Z is an admissible ideal. There is A C N such
that A C F(Z) and A — Fj is finite for every j € N. Thus, s, — sq i.e.
for every € € (0,1), u € int(Q), we can find an integer ky > 0 such that
Nc(sk — So,t) >1—cforall k> kyand k € A.
Define a sequence {r;} in S as

rk—{sk ked where n € N.

sg otherwise
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The sequence {ry} is Rg-convergent to sg.
Then we have {nEN:ineIn:sk;ﬁrkH 2(5} S
Conversely,
let {n eN: ﬁ H{k €L, :sp £}t > (5} € Z. Take StA—INC—kILn;O s, =20
and Nc—klijfolo s = so. Then, for every € € (0,1), u € int(Q), we get {k €

I, No(skp — so,u) <1—e} C{k eI, : Ne(rg —so,u) <1—cU{k €
I, : x, # yi}. Since Nc—klim Sk = So, the set {k € I, : Re(sg — so,u) <
—00

1—e} C{k € I, : Re(rg—so,u) < 1—¢} involves almost finitely many terms.
Also, by supposition, {n eN: /\%L Hkely:sp#ri} > (5} € Z. Hence we
have {n eN: ﬁ H{k €I, : Re(ry — so,u) <1—c}| > (5} € Z. Therefore,

Sty-In, —kli_g)lo Sk = S0. ]

Consider S(Zy,,) and S\(Zx.) as the collections of ideal statistically and
M-ideal statistically convergent sequences with respect to R, respectively.

An
Theorem 6. (i) If ILm mf? > 0, then S(In,) C Sx(Ixn,)-
An _

(i) IfnlLIEO inf = 0 and Z-strongly admissible ideal, then S(In.) G Sx(Ix.)-

Proof. (i) For € € (0,1),

{k <n:Neo(sp—s0,t) <1—c} C{k € I : Ra(sk — so,t) <1—e}.

Also,
1 1
E‘{k <n:Ne(sg— s, t) <1—c}| > E’{k € I : No(skp — so,t) <1—¢}

An 1
> ?)\—Hk € I,: Neo(sp—s0,t) < 1—c}.

A
If lim inf~— = a, where a > 0. As {s;} € S(Zx.), then for § > 0, we have

n—oo n
{nEN:;|{k€N:NC(sk—so,t)§1—e}| 25} S
Therefore,
{neN:)\1n|{k€In:Nc(sk—so,t)gl—a}]25} €7,
i.e., {sk} € Sa(In,)-

(i) Define a sequence s = {sy} as

Sk:{ u kel i=1,23,...

X where n € N
0 otherwise, ’
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where u € X, |lu]| = 1. Then {s;} is statistically convergent and {si} €
S(INC)' But {Sk} ¢ S)\(INC> ]

An
Theorem 7. If ILm mf? =1, then Sx(Ix.) C S(Ix.)-

A
Proof. As lim inf = =1, we select ng € N so that it satisfies ‘/\7" — 1} <
n—oo n
¢ for all n > ng, where § > 0. For ¢ € (0,1),
1
—|{k <n:Ro(sp —so,u) < 1— ¢}
n

1
= ﬁ|{k¢ <n— A Ro(sg —sp,u) <1 —e}

1
+ E’{k € I,: Re(sg — so,u) <1 —e}
n—>A, Ap 1

< - —}—;)\—nHkEIn:NC(sk—so,u)§1—5}]
) 1
§17(1—§)+>\f|{k‘EIn:Nc(skfso,u)Slfs}\
b 1
=3 + )\f|{k‘ €I : Ne(skp — so,u) <1—¢e}|, Vn > ng.
Consequently,

fnEN: |{k < n:No(si —so,u) < 1-<}| > 6)

1 0
Cc{neN: )\—]{kEIn :No(sp —so,u) <1—e}| > §}U{1,2,3,...,n0}.
If A-St- klim Sk = So, then the set on the R.H.S. belongs to Z. Hence
—00

{neN:LI[{k<n:RNo(sp—so,u) <1—c}| >0} €Z. Therefore, {si} is
St-TIy,-convergent to sg. O

3. Conclusion

In the paper, we have introduced a convergence structure called A-ideal
statistical convergence on cone metric spaces. The computational techniques
with a single structure may not always be sufficient to produce better results
alone although merging of two or more are able to provide much improved
results. Thus, the significance of introducing ideal convergence in this struc-
ture is that resultant computational techniques will give a novel mathemati-
cal tool to deal with the convergence problems that have been motivated on
the basis of practical approach by factual incompleteness, indeterminacy and
inconsistency of the data. Moreover, A-ideal statistical convergence on cone
metric spaces can be explored for the different setups like double sequences,
triple sequences, ideals, difference sequences and many more.
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