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Tensor product of partial modules

HELEEN SAARSE-KULAOTS AND KRISTO VALJAKO

ABSTRACT. In this article partial modules over rings and tensor prod-
uct of partial modules and its properties are studied. Left and right
partial modules, partial bimodules and their homomorphisms are de-
fined. Next, partial quotient modules are defined and the fundamental
homomorphism theorem for partial modules is proven. Also, the tensor
product of partial modules and the tensor product of homomorphisms
of partial modules is defined. Some properties of the tensor product, the
existence of hom-functors and tensor functors are proven. Finally it is
shown that the hom-functor and the tensor functor are adjoint functors.

1. Introduction

In this article we study partial modules over associative rings. We do not
assume that the ring multiplication is commutative nor that there exists a
unit element.

Partial operations arise in several very natural situations. For example,
subtraction of natural numbers is a partial operation on natural numbers.
Even though partial structures have been widely studied, see e.g. surveys
[1, 3, 4], it seems that there are only a few specific works on partial modules.
These are [6, 8, 9, 10], which consider partial modules from a category theo-
retical viewpoint. In this article we define partial modules in a more general
way than in [10]. We note, that in this paper, if we want to emphasize that
some module is classical, i.e., its action is defined everywhere, we call them
global.

The aim of this paper is to write down the analougous definitions and
results for partial modules from a previous paper by the authors [7], which
considered partial acts over semigroups. Also, many results are generaliza-
tions of known results for global modules, but there are several nuances,
when proving them for partial modules, which are studied and emphasized.
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In this paper, we first define partial modules, homomorphisms of par-
tial modules and give some examples of partial modules. Then we define
a partial quotient module of a partial module and prove the fundamental
homomorphism theorem for partial modules. Next we define and construct
a tensor product of partial modules and a tensor product of homomorphisms
of partial modules. We prove some of their properties. We also show how
one can make a tensor product into a global module. Then we define tensor
functors of partial modules, see how these behave on short exact sequences
and finally we prove the adjunction of a tensor functor and a hom-functor.

2. Definition of a partial module
We start by defining partial modules and their homomorphisms.

Definition 2.1. Let R be a ring and M be a set. A triple (M;+,-), where
+: M x M — M is a mapping and - : M x R — M is a partial mapping, is
called a partial right R-module if the following conditions hold:

(M1) the pair (M;+) is an abelian group with zero element 0;

(M2) VreR: 30-rANO0-7=0;

(M3) Vme M: Im-0r A m-0r =0, where O is a zero element of the
ring R;

(M4) Vm,m' e MVr € R:  Im-r A3dm'-r A I(m+m')-r =
(m+m/)-r=m-r+m -r;

(M5) Vm e MVr,7’ € R: 3m-r Adm-r Adm-(r+1') =
m-(r+r)y=m-r+m-r';

(M6) Ym € MVr,r" €e R:  dAm-r AI(m-7r)-r' =
Im-(rr') A (m-r)-r" =m - (rr').

The partial mapping - is called a partial right R-action. We also denote
the partial right R-module (M;+,-) by Mp. We define partial left R-modules
and R-actions dually.

Note that any abelian group M can be considered as a partial (right)
R-module over any ring R, if we define the partial action to be defined only
if m=0orr=0 and in this case m - r =0 (here m € M and r € R). Such
an action will be called a zero action on M.

It is possible that a partial module My satisfies a stronger condition (M4’)
than (M4) or a stronger condition (M5’) than (M5):

(M4’) Ym,m' e MVre R:  Im-r A3Im'-r=
Jm+m)-r A(m+m)-r=m-r+m-r,

(M5') Vm e MVr,7" € R: 3m-r A Im -1 =
Am-(r+r) Am-(r+7)=m-r+m-r.

If conditions (M4’) and (M5) hold simultaneously for a partial module
Mp we say that this partial module is a laz partial module (this term was
introduced in [6]). Generally, we do not assume that both conditions (M4’)
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and (M5') hold, except for Section 4, which is about factorizing partial mod-
ules.

Definition 2.2. Let R and S be rings. A quadruple (M;+, %, -) is called
a partial (S, R)-bimodule if ¢M = (M;+, %) is a partial left S-module, Mr =
(M;+,-) is a partial right R-module and for all m € M, r € Rand s € S
we have

dsxm Adm-r=3(srxm)-r Adsx(m-r) A (sxm)-r=s*(m-r).

We denote a partial (S, R)-bimodule by ¢Mp. We will usually omit the
symbols of partial actions x and -, if there is no threat of confusion.

Definition 2.3. Let R be a ring and Mpr and Np be partial right R-
modules. A mapping f : M — N is called a homomorphism of partial
R-modules if for every m,m’ € M and for every r € R the equality

fm+m) = f(m) + f(m)
holds and also the condition
Imr =3 f(m)r A f(mr) = f(m)r,
holds.

We define homomorphisms of partial left modules dually.
Note that for every homomorphism f: Mg — Npg of partial (right) R-
modules, we may consider its kernel

ker f:={m e M | f(m) =0}

and its image

im f:={f(m) | me M}.

Proposition 2.4. Let M and Ng be partial right R-modules and let
f+ Mr — Npg be a homomorphism of partial right R-modules. Then the
kernel ker f and the image im f are also partial right R-modules.

Proof. 1t is easy to see that the kernel ker f is a partial right R-module
with respect to the action of the partial module Mg. For the image im f,
we note that for all m € M, r,r’ € R, if there exist products f(m)r € im f
and (f(m)r)r’ € im f, then there also exists the product f(m)(rr’) € Ng
and therefore f(m)(rr’) = (f(m)r)r’ € im f. O

Definition 2.5. Let R and S be rings and g¢Mp and gNg partial (S, R)-
bimodules. A mapping f : M — N is called a homomorphism of partial
(S, R)-bimodules if f : ¢gM — gN is a homomorphism of partial left S-
modules and f : Mp — Npg is a homomorphism of partial right R-modules.

Next we also introduce full homomorphisms and strong homomorphisms.
We need these stronger notions of homomorphisms for some upcoming re-
sults.
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Definition 2.6. Let My and Ny be partial right R-modules and a map-
ping f : Mrp — Npg be a homomorphism of partial right R-modules. The
mapping f is called a full homomorphism if for every m € M and r € R we
have

Jfm)r=3m e M : f(m)= f(m') A Im'r).

Definition 2.7. [5, page 81] Let Mz and Np be partial right R-modules
and a mapping f : Mr — Ngr be a homomorphism of partial right R-
modules. The homomorphism f is called strong if for all m € M and r € R
we have

3 f(m)r = Imr.

We note that every strong homomorphism is a full homomorphism and
every full homomorphism is a homomorphism.

We can form different categories with partial modules and their homo-
morphisms.

Proposition 2.8. Partial right (left) R-modules ((S, R)-bimodules) with
the respective (strong) homomorphisms of partial modules form a category.

We denote the category of partial right R-modules (where morphisms
are homomorphisms of partial modules) by PModpg, the category of partial
left R-modules by rPMod and the category of partial (S, R)-bimodules by
sPModgr. We also denote the category of partial right R-modules, where
morphisms are strong homomorphisms by PMod¥,. Similarly we have the
category gRPMod®. For the categories of partial modules satisfying condition
(M4’) we will use notations PMod, and gPMod’. Clearly, the category of
global R-modules Modp, is a full subcategory of PModg, PMod’; and PMods;.

Example 2.9. Consider the abelian groups My = M3 = Z3 and My = Zg
with respect to addition and the ring R = Z. Let M; be a partial R-module
with zero action. Let My and M3 be partial R-modules with zero action
and additionally 1-1 = 1. Now we have the following homomorphisms
fi: My — My and g: My — M3 shown in the following diagram (the nodes,
which can be expressed as m = mr are filled, all other nodes are empty):

°
)
°
4
°
3
°
2
hd
1
hd
0
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It is easy to see that f and g are both full homomorphisms. In M3 we
have

T=T-1=9(4)-1=9(f(2) - 1=(9°/)(2) 1.
Yet there exists no m € M; such that (g o f)(m) = 1 and also exists a

product m1l. Hence, g o f is not full. Therefore, partial modules with full
homomorphisms do not form a category.

Proposition 2.10. The category PModpg is a complete category.

Proof. The category PModg has products. Indeed, let (M});cr be a family
of partial right R-modules. The Cartesian product

HMIZ% = {(mi)ie] ’ m; € Ml}

i€l
is a partial R-module if we define the product (m;);es - r if and only if there
exists the product m;r for every i € I. In such case we take (m;)ier -7 =
(m;r);cr. The canonical projections

pj:HM;é—)Mj, (mi)iefr—>mj
i€l
are homomorphisms of partial modules. It is easy to see that the partial
module [[;.; My with the canonical projections p;, is the product (in the
category-theoretic sense) of the family (M%)ie;.

The category PModpg also has equalizers. Let Mp, Ni be partial right
R-modules and f,g : Mr — Ng homomorphisms of partial modules. The
set

E={meM| f(m)=g(m)}

is a partial right R-module with respect to the R-action of the partial module
Mpg. The mapping

e: EFr—> Mg, mr—m
is a homomorphism of partial modules. It is straightforward to check that the
partial module Fr with the mapping e is the equalizer of the homomorphisms

f and g.
In conclusion, since the category PModg has products and equalizers, it
is a complete category by Theorem 2.8.1 in [2]. O

It turns out that the category PMod’; has several nice properties.
Proposition 2.11. The category PMod’, is a complete category.

Proof. The same constructions for products and equalizers as in the cat-
egory PModp also work for the category PMod’. O

Corollary 2.12. The category PMod’, is an additive category.
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Proof. Let Mp and Ni be partial right R-modules satisfying condition
(M4') and f,g : Mr — Npg be their homomorphisms. Let us show that

f+g9:Mp— Ng, mw f(m)+g(m),

is also a homomorphism between partial modules. Take m € M andr € R so
that the product mr exists. Then there exist products f(m)r = f(mr) and
g(m)r = g(mr). The partial module Np satisfies condition (M4’), therefore
there exists the product (f(m) + g(m))r and we can write

(f +g)(mr) = f(mr) + g(mr) = f(m)r + g(m)r = (f(m) + g(m))r
= (f+g)(m)r.

Hence, f + g is also a homomorphism between Mp and Np. It is easy to see
that Hom(Mpg, Ng) is an abelian group. Therefore, the category PMod’, is
preadditive.

We note that the zero object of the category PMod, is Mz = {0} with
zero action.

In conclusion, the category PMod’; is an additive category. O

Finally we define polite partial bimodules.

Definition 2.13. Let S and R be rings. A partial (5, R)-bimodule
(M;+,x,-) is called left polite if for all m € M\{0}, r € R\{0} and s € S\{0}
we have

dm-r Adsx(m-r)=3Isxm A I(sxm)-r.

A partial bimodule g Mpg is called right polite if the converse of this implica-
tion holds. We say that ¢Mpg is polite if it is left polite and right polite.

3. Examples of partial modules

In this section we give some examples of partial modules over rings.

Example 3.1. The abelian group (Z;+) is a partial right module over
the ring (Q;+,-) if the action is the multiplication of integers. In other
words, we say that z - ¢, where z € Z and g € Q, is defined if and only if the
product zq is an integer and then we take z - ¢ = zq. For all ¢ € Q we have
O¢g = 0 € Z and for all z € Z we have 20 = 0 € Z. Therefore Zg satisfies
conditions (M2) and (M3) in the definition of a partial module. Thanks to
the field properties of Q, conditions (M4)-(M6) also hold for Zg.

Example 3.2. We can also consider a generalization of the previous ex-
ample. Let R be a ring and M be a subgroup of (R;+). Then Mg is a
partial right R-module if for all m € M and for all r € R the product m - r
is defined if and only if m - r € M. In this situation, we take m - r = mr.
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Example 3.3. Let S be a ring, R = Mat,,(S) and M be a subgroup of
the abelian group (Mat,, »(5);+). We obtain a partial right R-module Mp
if for all A € M and for all B € R the product A - B is defined if and only
if AB € M in the usual sense of matrix multiplication. Notice that the
dimensions of the matrices A and B are suitable for the multiplication. For
every B € R we have 0B =0 € M and if 0 € R we have A0 = 0 € M for
every A € M. Hence Mp, satisfies conditions (M2) and (M3) in the definition
of a partial module. Matrix multiplication is associative and distributive,
therefore conditions (M4)—(M6) are also satisfied.

We notice that there are many different suitable subgroups M. For exam-
ple, all same-dimensional matrices, where there are zeros at positions with
fixed indices and at all other positions there are arbitrary elements of S,
form an additive subgroup.

Example 3.4. Let V be a vector space over a field K and U be a subspace
of V. Consider the ring R = (End(V);+,0) with pointwise addition and
composition of mappings. We obtain a partial left R-module rU if for all
f € R and u € U the product f - u is defined if and only if f(u) € U. In
this case we take f-u = f(u). Denote the zero mapping 0: V — V, v — 0.
Since 0 € R, 0(u) =0€ U for allu € U and f(0) =0 € U for all f € R, the
partial module rU satisfies conditions (M2) and (M3) in the definition of a
partial module. Let us show that the other conditions also hold.

(M4) If u,u’ € U and f € R are such that f(u) € U and f(u') € U, then
flu+u') = flu)+ f(u') € U

(M5) If for f, f' € R and u € U we have f(u) € U and f'(u) € U, we also
have

(f+ f)(u) = f(u) + f'(u) € U.
(M6) If f(u) € U and g(f(u)) € U, then (go f)(u) = g(f(u)) € U.

Example 3.5. The previous example also works if K is a ring, V is a
(global) K-module and U is a submodule of the module V.

Notice that all these examples even satisfy conditions (M4') and (M5').

Example 3.6. Take R = Z and M = Zs. We can consider a partial
right R-module (M, *) with the following action. For all z € R the products
0%z =0and 1z =7z are defined. In the case of 2 € M we say, that 2 * z,
z € R, is defined if and only if 2 = 0 and take 2 x 0 = 0. Conditions (M1)-
(M5) hold due to the properties of integers. Let us check condition (MG6).
Let the products z * z; and (z * 21) % 22, where 21,20 € R and x € M, be
defined. There are two possibilities. If z; = 0, then z12z9 = 0 and therefore
x * (2122) is defined. If z; # 0, then z # 2 and thus x * (2129) is defined
again. Hence condition (M6) holds. Notice that condition (M4’) does not
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hold for this partial module. Clearly the product 1 * 4 = 1 exists, but
Tx4+T1%x4#1+1)x4=2%4
since the product 2 * 4 does not exist.

Example 3.7. Reverse the roles of M and R in the previous example
and take R = Z3 and M = Z. We can consider a partial right R-module
(M, %) with the following action. The product m * r, where m € M, r € R,
exists if m = 0 or 7 = 0 and in these cases we take m * r = 0. The product
m * 7 also exists if m = 1 and r = 1 and in this case we take m *r = 1. All
other options are undefined. Again, conditions (M1)—(M5) are satisfied due
to the properties of integers. For condition (M6) assume that the products
m*ry and (m*71) xr9, m € M, r1,79 € R, exist. If m =0 or r; =0 or
ro = 0, then clearly there exists m * (r173) = 0. The other option is m = 1
and r; = ro = 1. Then also m * (r173) = 1 exists. Hence condition (M6) is
satisfied. In this example we see that the partial module in question does
not satisfy condition (M5). Obviously the product 1 * 1 exists, but

IxT4+1x1#1x(1+1)=1%2,

since the product 1 * 2 is not defined.

4. Factorizing and the fundamental homomorphism theorem
for partial modules

In this section, we consider factorizing partial modules and then formulate
and prove the fundamental homomorphism theorem for partial modules. We
start with defining a partial quotient module of a partial module. Recall
that lax partial modules are partial modules that satisfy conditions (M4’)
and (M5’) simultaneously.

Definition 4.1 ([5], p. 82). Let R be a ring, Mg a lax partial right
R-module and N C M a subset that forms a global R-module under the
operations of Mgz. We call the partial module

M/N = {[m] | m € M},
where
[m]=m+N={m+n|ne N},
a partial quotient module of a partial module Mg by a global module N if
for all m,m’ e M
[m] + [m'] = [m + m/]
and for all m € M and r € R the product [m/|r is defined if and only if there

exists m’ € M such that [m] = [m/] and the product m/r is defined. In such
a case we define

[m]r = [m'r].



TENSOR PRODUCT OF PARTIAL MODULES 185

Notice that for every partial module there exists at least one global sub-
module and it is {0}. The following lemma, which is a direct generalization
of the well-known description of equality in the quotient module M /N, holds.

Lemma 4.2. Let My be a lax partial R-module, N C M a global R-
module under the operations of Mg and m,m’ € M. Then for [m],[m] €
M/N we have [m] = [m/] if and only if m —m’ € N.

We show that a partial quotient module M/N is indeed a partial R-
module.

Lemma 4.3. If Mp is a lax partial R-module and N C M is a global
R-module with respect to the operations of Mg, then M/N is a lax partial
right R-module.

Proof. First we show that the operations on a partial quotient module are
well-defined. The fact that addition is well defined follows from the fact that
the operation of quotient groups is well defined.

Let m,m/,1,I' € M be such that [m] = [m’] and [I] = [I']. Then, according
to Lemma 4.2, we have m —m/ € N and | — I’ € N. Also, let r € R. Then

Im]r & Fm” € M : [m/] = [m] = [m"] AIm"r) & Im/]r.

Hence the product [m]r exists if and only if the product [m/]r exists and in
that case [m]r = [m”r] = [m/r]. It means that the partial R-action on the
partial quotient module is also well defined.

It is easy to see that a partial quotient module M /N satisifies conditions
(M1)—(M3) in the definition of a partial module. Let us show that conditions
(M4'), (M5') and (M6) also hold. Let [m],[m'] € M/N and r € R be such
that the products [m]r and [m/]r exist. Thus there exist [,I’ € M such that
the products Ir, I'r are defined and [I] = [m], [I'] = [m/]. Since the condition
(M4’) holds for the partial module My, the product (I + I')r = Ir + I'r also
exists. Therefore the product [[+']r = ([I] + [I'])r = ([m] + [m/])r is defined
and the equalities

[m]r + [m/]r = [Ir] + [I'r] = [Ir + U] = [(L 4+ )r) = [L+ V] = ([ + [1)r
= ([m] + [mN)r
hold. Hence condition (M4') holds.

Now let [m] € M/N and r,7’" € R be such that the products [m]r and
[m]r’ are defined. Then there exist [,I" € M such that the products ir, I’
exist and [I] = [m] = [I']. By Lemma 4.2, we have n:=1[1—1" € N. Since N
is a global module, the product nr’ exists. Also the product (n+1)r’ exists
because Mp satisfies condition (M4’). Therefore

nr' +Ur =+ =11+ =1,
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and hence the product Ir’ is defined. Since condition (M5’) holds for Mg,
the product I(r+7r') = Ir + I’ exists. So the product [I[|(r+r) = [m](r+17)
also exists and the equalities

[m])(r +7") =[1|(r +7") = [I(r +7)] = [lr + 7] = [Ir] + [I0] = [I]r + [1]7'
= [m]r + [m]r’

hold. Therefore M /N satisfies condition (M5').

Finally, let [m] € M and r,7’ € R be such that the products [m]r, ([m]r)r’
exist. Then there exist [,I’ € M such that the products Ir, I'r’ exist and
(] = [m], [I']| = [m]r = [lIr] = [l]r. By Lemma 4.2, we have n :== 1" —Ir € N.
Since N is a global module, the products nr’ and (—n)r’ exist and (—n)r’ =
—nr’ € N. Also the product (I’ —n)r’ exists because Mp, satisfies condition

(M4'). Now
'r'"+(=n)r' = (' =n)r' = ' =V +1r)r" = (Ir)r’

and hence the product (Ir)r’ is defined. Therefore the product I(rr’) exists
by condition (M6). Hence the product [I](rr") = [m](rr') is defined and

([m]r)r" = [ir}r’ = [(r)r'] = [l(re")] = [1](rr’) = [m](r1").
It means that the partial quotient module M /N satisfies condition (M6). So
M/N is indeed a partial right R-module, which satisfies conditions (M4’)
and (M5). O
It is easy to see that the following two lemmas hold.

Lemma 4.4. Let R be a ring, Mpr and Ng be partial right R-modules and
f: Mr — Ng a strong homomorphism of partial modules. Then ker f is a
global R-module with respect to the operations of Mp.

Lemma 4.5. Let R be a ring, Mg be a lax partial right R-module and
N C M a global R-module under the operations of Mgr. Then the mapping
wn:M — M/N, m— [m)],
which is called a natural projection, is a surjective full homomorphism of

partial modules.

Now we are ready to formulate and prove the fundamental homomorphism
theorem for partial modules.

Theorem 4.6. Let R be a ring, Mr, Ngr be partial right R-modules and
f: Mr — Ngr a strong homomorphism of partial R-modules. Assume that
Mpg is a lax partial module. Let U C M be such that U C ker f and U is a
global R-module with respect to the operations of M. Then there exists a
unique strong homomorphism of partial modules ¢ : M/U — N such that

f=pom.
Also the equalities im ¢ = im f and ker ¢ = (ker f)/U hold.
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This theorem can be illustrated by the following commutative diagram:

Proof. Let R be a ring, Mp, Ng partial right R-modules and f : Mp —
Np a strong homomorphism of partial R-modules. Assume that Mp satisfies
conditions (M4') and (M5). Let U C M be such that U C ker f and U is a
global R-module with respect to the operations of Mg. Define a mapping

0: M/U— N, [m]— f(m).
It is easy to see that ¢ is a well-defined homomorphism of abelian groups. Let
[m] € M/N. If r € R is such that the product [m]r exists, then there exists

m” € M so that the product m”r is defined and the equalities [m] = [m”]
[m] = [m”r] hold. Therefore the product f(m”)r also exists and

e([m]r) = ([m"r]) = f(m"r) = f(m")r = o([m"])r = (Im])r.
Even more, if [m] € M/N and r € R are such that the product ¢([m])r =
f(m)r exists, then there also exists the product mr because f is a strong ho-
momorphism. Therefore ¢ is a strong homomorphism of partial R-modules.
Clearly f = ¢ o my holds. The uniqueness of the homomorphism ¢ follows
from the fundamental homomorphism theorem for abelian groups.
Clearly the equalities

im @ = {p([m]) = f(m) [ m € M} = im f

)

and
kero = {[m] | me M,p([m]) =0} ={m+U |me M, f(m) =0}
={m+U|m¢€kerf}=(ker f)/U
hold. This completes the proof. ([l

Finally, we note that using the construction of quotient abelian groups
does not seem to work for partial submodules and therefore a global sub-
module is used for the factorization. However, the authors believe that the
construction for partial quotient modules with fewer assumptions exists, but
it likely differs from the construction of quotient abelian groups.

5. Tensor product of partial modules

In this section we consider a tensor product of partial modules and its
properties. Note that in this section we do not assume any stronger condi-
tions than in Definition 2.1, if not necessary. We start by defining a tensorial
mapping and a tensor product.
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Definition 5.1. Let R be a ring, pN a partial left and Mg a partial right
R-module. Let A be an abelian group. A mapping 8 : M x N — A is called
R-tensorial if the following conditions hold:

(1) Vmy,me € MVn € N:  B(my + ma,n) = B(mi,n) + B(ma,n);
(2) Vm € MVni,ng € N:  B(m,n; +ng) = B(m,n1) + B(m, na);
(3) Vme MVne NVre R:  Imr A Irn= p(mr,n) = B(m,rn).

Definition 5.2. Let R be a ring, pN a partial left and Mg a partial right
R-module. An abelian group 7" with R-tensorial mapping 7: M x N — T is
called a tensor product of partial modules Mg and rN if for every abelian
group A and for every R-tensorial mapping 8 : M x N — A there exists
a unique group homomorphism f : T' — A such that § = f o, i.e. the
diagram

comiutes.

It is easy to see that a tensor product of partial modules is unique up to
an isomorphism.

Proposition 5.3. If (T, 1) and (T',7') are two tensor products of partial
modules Mg and rN then there exists a group isomorphism f : T — T' such
that 7/ = for.

Therefore we can use the following notions for the tensor product (7', 7)
of partial modules Mg and pN:

M@rN =T, ®:=71, m®n:=71(m,n).

We call the expressions m @ n, m € M, n € N, elementary tensors.

Next we construct the tensor product of two partial modules. Let R be a
ring, pN a partial left and Mg a partial right R-module. We may consider
the tensor product of abelian groups M ®z N (see [11])!. Also, consider the
subgroup H C M ®z N, which is the smallest subgroup generated by the set

{mr®@zn—m®gzrn|me M,ne N,r € R,Imr,Irn}.
Now denote the quotient group by
T:=(Mw®zN)/H
and define a mapping
T:MxN—T, (m,n) — [m ®z n).

IWe will use the subscript Z to emphasize considering tensors in the tensor product of
abelian groups, e.g. m®Rzn € M ®z N.
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Proposition 5.4. The pair (T, 7) is a tensor product of partial modules
Mpg and rN.

Proof. Let us consider the pair ((M ®z N)/H, 7). Then for all m € M,
n € N and r € R if the products mr and rn exist, we have

T(mr,n) = [mr @z n] = [m &z rn] = 7(m,rn).
Since ®z is additive in both arguments, the mapping 7 is R-tensorial.

Let now A be an abelian group and 8 : M x N — A an R-tensorial
mapping. Consider the well-defined homomorphism of abelian groups

o: M®z N — A, m®zn — B(m,n).
Let me€ M, n € N, r € R be such that mr and rn exist. Then

@(mr ®zn —m @z rn) = ¢(mr @z n) — @¢(m @z rn) = B(mr,n) — B(m,rn)
= ﬁ(m,rn) — B(m,rn) =0.

Hence H C kerp, and, by the fundamental homomorphism theorem of
groups, there exists a unique homomorphism of groups ¢: T' — A such
that B =por. g

Since the tensor product is unique up to an isomorphism, we can use the
previous construction of the tensor product from now on. Next we give a
description for the elements of the tensor product.

Proposition 5.5. Let R be a ring, M a partial right and rpN a partial left
R-module. Every element v of the tensor product M ®@r N can be expressed

as
k*
v = § my & ng,
k=1

where k* € N and myp, € M, np € N for all k = 1,...,k*. The following
properties hold:

(1) Vmi,me e MVn € N: (mi+m2)®@n=m; @n+ma Q@ n;

(2) Vme MVYni,ng e N: m® (n;+n2) =men; +m ng;

(3) Vme MVne NVre R: 3mr A3Irm=mr®n=mern;

(4) 0® 0 is the zero element of the abelian group M ®r N and 0 ® 0 =

m®0=0®n for allm e M andn € N;
(5) Vme MVne N: —(m®n)=(—-m)@n=m® (—n).

Proof. Let us consider the tensor product M ®pr N of partial R-modules
Mp and gN and its element v. Since v € (M ®z N)/H, where H is the
group used in Proposition 5.4, we can express v as

k* k* k*
V= ka@)znk :Z[mk@)znk]:ka@nk.
k=1 k=1 k=1
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Next we show that the properties hold. Properties (1), (2) and (3) hold
because the mapping 7 : M X N — M ®r N, (m,n) — m ®n, is an R-
tensorial mapping.

Now for all m € M and n € N we have

mAan+00=mn+0® (0n)=men+(0-0)®@n
=men+0@n=(m+0)®@n=maen.

Therefore 0® 0 is the zero element of the abelian group M ®gr N and 0®0 =
0®n for all n € N and similarly 0 ® 0 = m ® 0 for all m € M. Hence
property (4) holds.

Finally, for all m € M and n € N we have

men+(—m)@n=m+(-m))@n=0n=0x0.

Thus —(m®n) = (—m) ® n and similarly —(m ®n) = m ® (—n). Therefore
property (5) also holds. O

We now know that we can represent every element of a tensor product as
a sum of elementary tensors (note that this representation is not unique)ﬁ.

Next, it is easy to see how to represent the unique group homomorphism g3
used in the construction of a tensor product.

Lemma 5.6. Let R be a ring, Mr and rN partial R-modules, A an
abelian group and 8 : M x N — A an R-tensorial mapping. Then

k* k*
B:M®rN — A, ka@@nk — Zﬁ(mkynk)a
k=1 k=1

s a group homomorphism.

The previous lemma is useful in situations where we need to define a
mapping B from the tensor product to some abelian group: it suffices to
define an R-tensorial mapping 5 on a set M x N.

Next we show that under certain assumptions we can view the tensor
product as a global module.

Proposition 5.7. Let R, S be rings, rMg a partial left polite (R, S)-bi-
module, RM a global left R-module and sN a partial left S-module. Then
r(M ®g N) is a global left R-module with respect to the action

E* Ek*
r ka@)nk ::Zrmk@)nk,
k=1 k=1

where Zi;l mp @n € M ®g N.
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Proof. Let R, S be rings, pMg a partial left polite (R, S)-bimodule, pM
a global left R-module and gV a partial left S-module. Let us consider the
abelian group (M ®g N;+). For every r € R define a mapping

Br:MxN—M®gN, pr(mn)=rmaen.

Notice that we can define such a mapping for every r € R because pM is
a global module. Fix r € R. It is easy to see that 3, is additive in both
arguments. If m € M, n € N and s € S are such that the products ms and
sn exist, then there exists r(ms) thanks to globality of pM and there exists
(rm)s and (rm)s = r(ms) thanks to left politeness of rMg. Therefore

Br(ms,n) =r(ms) @n = (rm)s @ n =rm ® sn = B,(m, sn),

which means that 5, is an S-tensorial mapping. By Lemma 5.6, there exists
a well-defined group homomorphism

k* k*
E:M@SN%M(@SN, ka®nk»—>2rmk®nk.
k=1 k=1

Define a mapping

k* k*
R x (M®SN)—>M®SN, (r,ka®nk> H&(kaéénk)

k=1 k=1

k*
= Z rmy Q ng.
k=1

This mapping is well defined and exactly coincides with the R-action in the
formulation of this proposition.

It is straightforward to show that M ®g IV satisfies all the conditions of a
global module under the given R-action. O

Similarly, the following proposition holds.

Proposition 5.8. Let R, S be rings, sNgr a partial right polite (S, R)-
bimodule, Nr a global right R-module and Mg a partial right S-module.
Then (M ®g N)g is a global right R-module with respect to the action

Ek* E*
ka@)nk r::kaéi)nkr,
k=1 k=1

where 22;1 mp@n € M ®g N.

We note that some of the actions used in the previous two results need to
be global since, as we saw in the proof of Proposition 5.7, we want to define
the mapping S, for all » € R and this could not be done if the actions were
not global.
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The following theorem claims that under certain assumptions the tensor
product of partial modules is associative up to an isomorphism.

Theorem 5.9. Let R and S be rings, Mgr a partial right R-module, rNg
a global (R, S)-bimodule and sP a partial left S-module. Then there exists
a group isomorphism

a:(MerN)®sP = Mer(N®sP), (m@n)®@p—me(nep).

Proof. Let R and S be rings, Mg a partial right R-module, g Ng a global
(R, S)-bimodule and gP a partial left S-module. We know that the tensor
product M ®g (N ®g P) is an abelian group. Fix p € P and define a mapping

YW:MxN—=M®gr(N®gP), (mmn)—me(nep).

It is easy to see that v, is additive in both arguments. If m €¢ M, n € N
and r € R are such that the product mr is defined, then

Ypmr,n) =mr@ne@p) =mer(n®p) =me (rn & p) = y,(m,rn).

Notice that the products rn and r(n ® p) exist because gN and r(N ®g P)
are global modules. Therefore 7, is an R-tensorial mapping. Thanks to
Lemma 5.6, the mapping

:M®&r N — M ®g (N ®s P), ka®nkv—>2'ypmk,nk

k*

= mi® (nj @ p)
k=1

is a group homomorphism. Next define a mapping

0:(M®@rN)x P— M®gr (N ®sP),

k* k* k*
(ka ®nk,p> = Y (ka ®nk> = ka ® (ng ® p).
k=1 k=1 k=1

This mapping is additive in the first argument since 7, is a group homomor-
phism. If p,p’ € P and ZZ; mr @ng € M @ N, then

d (ka®nk,p+p'> = Yp+p' (ka®nk> :ka®(’nk®(p+p/))

=1 k=1 k=1
K e

=Y mp @ (g @ptnp @p) =Y (Mg @ (ng @ p)+my @ (g, @ p'))
k=1 k=1
K K

= ka ® (nE @ p) + ka ® (ng ®p')
k=1 k=1
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k* k*
=0 (ka ®nk,p> +0 (ka ®nk,p’> .
k=1

k=1
Also, if s € S is such that the product sp exists, then by Proposition 5.8

((mere)or) = {(Gon)e) 5 meene)

k* k*
=Y m @ (s ®@p) = > mp ® (ng @ sp)
k=1 k=1
k* E*
= Yop <ka ®nk> =4 <ka ®nk,sp> .
k=1 k=1

Therefore § is S-tensorial. Now, by Lemma 5.6, the mapping
a=06:(M®rN)®s P — Mg (N 5 P),

h* h*
Z(mh X Tlh) X pp — th (= (nh ®ph)
h=1 h=1

is a group homomorphism. Analogously there also exists a group homomor-
phism

B:M®g(N®sP)— (M®grN)®g P,

h* h*
th ® (nn @ pp) = Z(mh ® np) & Ph-
h=1 h=1

Notice that

w n w
(aop) (Z mp @ (np ®ph)> =« (Z(mh ® np) ®ph> = m® (ny @ pa),

h=1 h=1 h=1
h* B "

(Boa) (Z(mh ® np) ®ph> =8 <Z mp @ (np ®ph)> = Z(mh ® np) @ ph.
h=1 h=1 h=1

Therefore o 8 = idyrg,(Nogp) and B o a = id(yg,N)esp- In conclusion,
M ®p (N ®g P) and (M ®g N) ®g P are isomorphic abelian groups. O

6. Tensor product of homomorphisms of partial modules

Now let us define a tensor product of homomorphisms of partial modules.
Let R be a ring, Mg, M}, partial right and g N, g N’ partial left R-modules
and f: M — M', g: N — N’ homomorphisms of partial R-modules. Define
a mapping

(f;9): M xN— M @rN', (m,n)— f(m)®g(n).
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The mapping (f;g) is additive in both arguments. If m € M, n € N and
r € R are such that the products mr and rn exist, then there exist products
f(m)r, rg(n) and
(f:9)(mr,n) = f(mr) ® g(n) = f(m)r @ g(n) = f(m) @ rg(n)
= f(m) @ g(rn) = (f;9)(m, n).
Thus (f;g) is R-tensorial. By Lemma 5.6, there exists a group homomor-
phism (f;g9): M g N — M’ ®r N’ such that (f;g) o® = (f;9), i.e.,

(fi9)(m@n) = ((f;g) o ®@)(m,n) = (f;g)(m,n) = f(m) @ g(n),

which means that the diagram

M x N (f?g) M/ ®R N/
& /(f;g)'
M®RN

commutes.

Definition 6.1. The mapping (f;g) is called a tensor product of the
homomorphisms f and g. Denote f ® g == (f;g).

It is straightforward to check that a tensor product of homomorphisms
has the following properties.

Proposition 6.2. Let R be a ring, Mg, My, M}, partial right and pN,
rN', RN" partial left R-modules and f, f* : Mr — Mp, ' : My — Mj},
9,9" : RN — grN', ¢ : RN’ — grN" homomorphisms of partial R-modules.
Then

idy ®idy =idygpns

(f+[eg=fog+ [ ®y;

felg+g)=f®0g+f@g%

fe0=0®g=0;

if f and g are surjective, then f ® g is also surjective;
(f'®@g)o(feg)=(fof)®(dog);

if f and g are retractions, coretractions or isomorphisms, then so is
f ®g. In the third case one has (f ® g) ' = flog L

(1)
(2)
(3)
(4)
()
(6)
(7)

7. Exactness of a tensor functor

In this section we show that a tensor functor of partial modules is right
exact under certain assumptions. For that, we first define short exact se-
quences.
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Definition 7.1. Let R be a ring. Let M}, be a partial right R-module
for every v € {1,...,n} and f, : M}, — M?;“l (v # n) a homomorphism of
partial right R-modules. Then the sequence

[V SELKARNY Vo K ARING Vs JEANG VoSS JEAL N LENY V4

is called exact (in PModg) if for all v € {1,...,n — 1} we have im f, =
ker fy41 (as sets).

Definition 7.2. Let R be a ring, Lr, Mg, Ng partial right R-modules
and f: Lr — Mg, g : Mr — Ng homomorphisms of partial modules. An
exact sequence

0% Lpds Mg % Ng S (0}

is called a short exact sequence.
It is easy to see that for every short exact sequence as above, the homo-

morphism f is injective and the homomorphism g is surjective. Next we
define tensor functors for partial modules.

Proposition 7.3. Let Mg be a partial right R-module. Then there exists
a functor M @ : RPMod — Ab, which maps every partial left R-module
rN to the abelian group M @r N and every homomorphism g : RN — rN’
of partial left R-modules to the homomorphism idy; ®q of abelian groups.
We call this functor a tensor functor.

Similarly we also get a tensor functor _ ®r N : PModr — Ab. The
following theorem shows how a tensor functor behaves on a short exact
sequence.

Theorem 7.4. Let R be a ring and rIN a partial left R-module. If the
sequence

0% Mp L Kr % Lr S {0},

where g is a full homomorphism, is exact in PModg, then the sequenece

Mer N2 g op N 2 1 on NS (0}

s exact in Ab.
Proof. Let us consider a short exact sequence
0% ML KRS Lr S {0, (1)
where g is a full homomorphism, in PModg and a sequence

Mor N I8 ko N 229 1 or N Y {0} 2)
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in Ab. Since the sequence (1) is exact, the mapping g is surjective. By
Proposition 6.2, the mapping g ® idy is also surjective. We have go f =0
because im f = ker g. Therefore, by Proposition 6.2,

(9®idy)o (f®idy) = (go f) ® (idyoidy) =0®idy = 0.

Hence im(f ® idy) C ker(g ® idy). Next we will show the reverse inclusion.
There exists a surjective group homomorphism ¢ such that the diagram

gRidn

(K ®@r N)/(im(f ®idn))

K@RN >L®RN
24

commutes. Therefore

h* h* h*
¢ (Z[kh ® nh]) = (Z m(kn @ nh)) =Y (9@idn)(kn @ np)

h=1 h=1 h=1
h*

= Zg(k}h) X np.

h=1
Define a mapping
B:Lx N (K@rN)/(m(foidy)), (,n)~ [kon],

where k is such that g(k) = [. Notice that such k exists because g is
surjective. We show that 3 is well-defined. Let k, k' € K be such that
g(k) = g(k') =1 for some | € L. Then k' — k € kerg = im f and therefore
(k' —k)®neim(f ®idy) and [(K' — k) ® n] = [0 ® 0]. Now
kon|=kon+ 000 =kon]+[(K —k)on]=[k+k —k)®n]
= [K'®@n].

Hence the mapping 3 is well defined. Next we show that § is R-tensorial.
Let I,I' € L and k, k" € K be such that g(k) =1 and g(k’) =1’. Then

gk + k) =g(k)+g(K) =1+7
and thus for every n,n’ € N we have
Bl+Un)=[k+k)on]=kon]+[K @n]=8(1n)+ B, n),
Bllin+n)=k®n+n)]=kon]+[kon]=06(1n)+B(n).

If r € R is such that the product ir = g(k)r exists, then, since g is a full
homomorphism, there exists k” € K such that the product k”r exists and
g(k") = g(k) = l. Therefore the product g(k”)r is defined and

Ir = g(k)r = g(K')r = g(K'r).
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If also the product rn exists, then
B(lr,n) = [K"r @n] = [k’ @ rn] = B(I,mn).

Hence the mapping  is R-tensorial. The mapping
B:Logr N — (K®gN)/im(f ®@idy), Zlh®nh'—>zkh®nh

where, for every h, we have I, = g(kp), is a group homomorphism by
Lemma 5.6. Now

- . .
(Boy) (Z[kh@@nh]) =B ((@077) (Z kh®nh>> =3 ((g@idzv) (Z kn ®nh>>

h=1 h=1 h=1

h* h*
= B (Z g(kp) ® nh) = Z[kh ® np),
h=1

where ZZ;l[kh@mh] € (K®gN)/im(f®idy). So oy = id (k@R NY/im(f@idy)-
On the other hand,

(poB) (Zlh@@nh)—@(Z[kh@nh)—sO( (Zkh@)nh))
= (9 ®idn) <Zk‘h®nh> Zzg(k’h)®nh :Zlh®nh
h=1 h=1

for every Zh 1lh®ny € L&g N. Therefore pofl= idrg N also. So ¢ is a
group isomorphism and ker ¢ = {0}. We have

{0} =kerp = ker(¢g ®@idy)/im(f ® idy).
We get ker(g ® idy) = im(f ® idy). Thus the sequence (2) is exact. O

Example 7.5. Let Mg be a partial right R-module, which satisfies con-
ditions (M4’), (M5’) and N C M a subset such that Ng is a global module
under the operations of the partial module Mz. Then © : M — M/N,
m +— [m] is a full homomorphism. A mapping ¢ : Ng — Mg, n — n is
a homomorphism of partial modules and im¢ = N = kernw. Therefore the
sequence

N @p K 255 M op K 7255 (M/N) o K % {0},
where rK is a partial R-module, is exact.

Finally, we define exact functors and notice a useful corollary of Theo-
rem 7.4.
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Definition 7.6. Let R be a ring and A C PModg a subcategory. A
functor F': A — Ab is called right exact if for every short exact sequence

oy % Lo %o S (o)

the sequence
F(n) “2 F(M) 2% F(0) & (0}
is exact. Dually we can define left exact functors.

Corollary 7.7. Let R be a ring and rIN a partial left R-module. Then
__ ®r N : PMod% — Ab is a right exact tensor functor.

8. Hom-tensor adjunction

In this section we prove the main theorem of this paper, i.e., we show
that under certain assumptions a tensor functor of partial modules is a left
adjoint functor of a hom-functor of partial modules. First we introduce
tensor functors, whose target category is a category of modules.

Proposition 8.1. Let sMp be a left polite partial (S, R)-bimodule such
that sM is a global left S-module. Then there exists a covariant tensor
functor M ®r _ : RPMod — ¢Mod.

Proof. By Proposition 7.3, we have a tensor functor M ®p _ : RPMod —
Ab. The tensor product (M ®pr N) is a global left S-module by Proposition
5.7 and therefore M ®p _ : Ob(gPMod) — Ob(gMod) is a mapping. For
every g € Hom pmod (N, N') the mapping

(M ®r_)(g9)=idy®g: M@r N = M ®r N’

is a morphism in the category ¢Mod. Hence, we may consider a tensor
functor M ®r __ : RPMod — sMod. ]

Similarly we can consider a tensor functor  ®g M : PModg — Modg,
where My is a global module and a partial module gMpg is right polite.

Recall that gPMod’ is the category of partial left S-modules, which sat-
isfy condition (M4'). Also recall from the proof of Corollary 2.12 that if
sM € Ob(sPMod) and s N € Ob(gPMod’), then we can consider the abelian
group Hom(gM, sN). So for a partial bimodule g Mg we have a hom-functor
Hom(sMpg, ) : sPMod" — Ab. Next we see that under certain extra as-
sumptions we can treat the abelian group Hom(sMpg, sN) as a partial left
R-module.

Proposition 8.2. Let R and S be rings and sMp a partial right polite
(S, R)-bimodule. Then there exists a covariant hom-functor Hom(sMpg, ) :
sPMod’ — rPMod'.
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Proof. Let sMp € Ob(sPModg) be a partial right polite bimodule and
sN € Ob(sPMod’). Our goal is to turn the abelian group Hom(sMpg, sN)
into a partial left R-module. Let f € Hom(¢Mpg, sN) and r € R. Define the
product rf if and only if the product mr exists for all m € M or if f = 0.
In the first case define

(rf)(m) = f(mr)
for every m € M and it the second case define r0 = 0, i.e., (r0)(m) = 0 for
every m € M. Clearly 70 = 0 € Hom(gsMp, gsN). Assume now that r € R
is such that the product mr exists for every m € M. Then there exist the
products myr, mor and (my + mgo)r, where mi, mg € M, and
(rf)(my+m2) = f((m1+m2)r) = f(mar + mor) = f(mar) + f(mar)
= (rf)(m1) + (rf)(ma).
If s € S is such that the product sm, m € M, exists, then there also exists

the product (sm)r thanks to the previous assumption about r. Since gMp
is right polite, the product s(mr) also exists and

(rf)(sm) = f((sm)r) = f(s(mr)) = sf(mr) = s(rf)(m).
Therefore rf € Hom(sMpg, sN).

Finally we need to check if the conditions of a partial module hold for the
R-action defined above. Notice that condition (M2) holds. For an arbitrary
f € Hom(sMpg, sN) the product 0f is defined, because for every m € M the
product m0 exists and therefore

(0f)(m) = f(m0) = f(0) = 0.

Hence condition (M3) holds. Now let r,7’ € R, f,g € Hom(sMpg,sN). If
the products rf, rg and r(f + g) exist, then mr exists for every m € M and
(r(f +9))(m) = (f + g)(mr) = f(mr) 4+ g(mr) = (rf)(m) + (rg)(m)

= (rf+rg)(m).
Thus condition (M4) holds. If the products rf, ' f and (r + ') f exist, then
the products mr, mr’ and m(r + ') exist for every m € M and
((r+7)f)(m) = f(m(r + 1)) = f(mr +mr') = f(mr) + f(mr')
= (rf)(m) + (r'f)(m) = (rf + 7' f)(m).
Therefore condition (M5) holds. If the products 7' f, r(r' f) exist, then also
the products mr’ and mr exist for every m € M. Fix m € M. Then the

product (mr)r’ is defined. Hence the product m(rr’) exists and the product
(r'r) f is defined. Now

((rr")f)(m) = f(m(rr")) = f((mr)r') = (') (mr) = (r(r'f))(m).
Therefore condition (M6) holds. We have shown that we can treat the set
Hom(sMp, sN) as a partial left R-module.
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Next, let g : §N — N’ be a homomorphism of partial left S-modules
satisfying condition (M4’). We show that
go_: Hom(sMg, sN) — Hom(sMg, sN')

is a homomorphism of partial left R-modules. Take f, f' € Hom(sMg, sN)
and m € M. Then

(go )(f + £)(m) = (go (f+ f)(m) = g((f + £)(m)) = g(f(m) + f'(m))
= g(f(m)) + g(f'(m)) = (g0 f)(m) + (g o f')(m)
= (g0 )(H)m) + (g0 _)(f)(m)

((go )(f) + (g0 )(f))(m),

thus go__ is additive. Let now r € R and f € Hom(sMpg, sN) be such that
the product r f exists. If f =0, then

Go_Xrf)=go(r0) =go0=0=710=1r(9g00)=7r(go f) =0(go_))\f).
Otherwise there exists the product mr for every m € M and
(go _)(rf)(m) = (go (rf))(m)=g((rf)(m)) = g(f(mr)) = (go f)(mr)
= (r(go f))(m) = (r(ge _))(f)(m).

Hence go__ is a homomorphism of partial left R-modules. In conclusion we
may consider the hom-functor Hom(sMg, ) : sPMod’ — rPMod'. O

Next we construct a mapping needed for the proof of the main theorem.

Proposition 8.3. Let R and S be rings. For every sMp € Ob(sModg),
rN € Ob(grPMod) and P € Ob(sPMod’) the mapping

X : Hom(g N, p(Hom(s Mg, sP))) = Hom(s(M ®g N), sP),

k* k*
) (Z my ® nk) = fln) (ma),
k=1 k=1
1s bijective.
Proof. Let sMpg € Ob(sModg), gN € Ob(grPMod) and s P € Ob(sPMod’).

First, we show that x(f) is well defined for every homomorphism f €
Hom(grN, g(Hom(sMpg,sP))). Let a mapping 8 : M x N — P be such

that

B(m,n) = f(n)(m),
where m € M and n € N. It is straightforward to check that 3 is additive in
both arguments. Let »r € R, m € M and n € N be such that the product rn
exists. Notice that the product mr also exists, since Mg is a global module.
Then there also exists r f(n), furthermore, rf(n) = f(rn), and

pmr,n) = f(n)(mr) = (rf(n))(m) = f(rn)(m) = B(m,rn).
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Hence f3 is R-tensorial. By Lemma 5.6, the mapping 8 : M @ N — P,
defined by the equality

K K
B (Z my ® nk) = fl) (),
k=1 h=1

is a group homomorphism. Notice that x(f) = 3, so x(f) is well-defined.
Next we show that x is well defined. For that we need to show that x(f)

preserves the partial left S-action. Take s € S ja v = Zﬁ;l my ® ng €
M ®pr N. Then

k* k*
() (s) = x(f) ( S g nk) = x(f) <Z<smk> ® nk>
k=1

k=1
K K

= fl)(smi) = s(f(nx) (ma))
k=1 k=1

¢ - S

= st(nk)(mk) = sx(f) (Z my & nk>

k=1 k=1
= sx(f) ().

Here the equality (e) holds, because the partial left S-module satisfies con-
dition (M4’) and thus the product 82:;1 f(ng)(my) exists. Therefore x is
well defined.

Next we show that x is bijective. Let fi, fo € Hom(r N, r(Hom(s Mg, sP)))
be such that x(f1) = x(f2). Then, among other things, for every m € M
and n € N we have

fi(n)(m) = x(f1)(m @ n) = x(f2)(m @n) = fa(n)(m).

Since fi(n)(m) = fa(n)(m) for every m € M, we have fi(n) = fa(n) and
since the latter equality holds for every n € N, fi = fo. Therefore y is
injective.

Finally, let us show that y is surjective. Let g € Hom(s(M ®gr N), sP)
and take f: RN — r(Hom(sMpg, sP)) such that

f(n)(m) = g(m @ n)

for every m € M, n € N. The mapping g is a homomorphism of partial
S-modules, hence, for every n € N, m,m’ € M and s € S,

f(n)(m +m') = g((m+m')@n) =g(m@n)+g(m @n)
f(n)(m) + f(n)(m'),
f(n)(sm) = g((sm) @ n) = g(s(m @mn)).
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Notice that the product sg(m ® n) exists, because s(m ® n) exists, and
g(s(m @ n)) = sg(m @ n) = sf(n)(m).

Thus f(n) : sMgr — sP is a homomorphism of partial left S-modules. Now,
if n,n” € N and m € M, then

fntn')(m) = g(m@(n+n')) = g(m@n) +g(men’) = f(n)(m)+ f(n')(m).
Assume r € R is such that the product rn exists. Then
frn)(m) = g(m @ rn) = g(mr @ n) = f(n)(mr) = (rf(n))(m).

Notice that the mapping r f(n) is defined, because My, is a global module and
therefore mr exists for every m € M. Hence f € Hom(rN,r(Hom(sMp,sP))).
We also notice that for all Z],z*:l mr ®ng € M Qr N we have

x(f) <<ka ® nk) =D flu)(me) =D glmg @ ny) = 9(;: mi ® nk) :
=1 k=1 k=1 =1

This means that x(f) = g and therefore y is surjective. O

We are now ready to prove the main theorem of this paper.

Theorem 8.4. Let R and S be rings and sMp a global (S, R)-bimodule.
The tensor functor M @r _ : gRPMod — gPMod’ is a left adjoint functor of
the hom-functor Hom(sMpg, ) : sPMod’ — rPMod.

Proof. Let s Mg be a global bimodule. Due to Proposition 5.7, (M ®gN)
is a global left S-module for every gpN € Ob(rPMod) and therefore it satisfies
condition (M4'). This allows us to consider the functor M ® g __: RpPMod —
sPMod’. We denote a family of homomorphisms

§=(&N,P)NeOb(zPMod): Hom(g__, r(Hom(s Mg, _)))=Hom(s(M ®r _),s_),
PcOb(sPMod’)

where for every gpN € Ob(gPMod) and sP € Ob(sPMod’) we have (i p = x
defined in Proposition 8.3. We know that every component of ¢ is a bijection.
We fix gV, RN’ € Ob(gPMod), sP € Ob(sPMod’), f € Hom(gN, gN’) and
show that the diagram

N Hom(gh, rHom(sMg, sP)) — > Hom(s(M @ N) sP)

f _of _o(idy ®f)

AN Hom(aN', p(Hom(s Mg, sP) — " SHom(s(M @5 N') ¢P)
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commutes. Let ¢ € Hom(gN’, g(Hom(sMg, sP))) and Zﬁ;l my @ ng €
M ®r N. Now

(€n,po(_ (Z my; ® nk) (En,p((— (Z my ® nk)
= (n,p(pof (ka®nk> = (x(¢of)) (ka(@nk)
k=1

and

L
((o(idm ®f)) o Enr p)(p) <Z my @ nk>
= (_o(idy ®f))(Enp (Z my & nk)
= ({nr,p(p) o (idy ®f)) (Z my @ nk)

S )

-
= X'(p) (Z idar (mg) @ f(m))

k=1

o o
() (Z my ® f("k)) = o(f(nx))(m)
k=1 k=1

where ' is the bijection from Proposition 8.3 for the partial modules g N’, g P
and the global module gMp. Therefore, £ is natural in the first variable.
Similarly, £ is also natural in the second variable. In conclusion, £ is a

natural isomorphism, which proves the adjunction M ®z__ -+ Hom(sMpg, ).
]

Every ring can be viewed as a (bi)module over itself. Therefore, we can
make the following corollary.

Corollary 8.5. Let R be a ring. The tensor functor RR®pr_ : RPMod —
rPMod’ is a left adjoint functor of the hom-functor Hom(gRpg,_):gPMod’ —
rPMod.
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Every (partial) module can be viewed as an abelian group. Therefore, we
can also make the following corollary.

Corollary 8.6. Let R be a ring and Mg a global right R-module. The
tensor functor M ®r _ : RPMod — Ab is a left adjoint functor of the hom-
functor M ®gp __ : RPMod — Ab.
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