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Generalization of the Flajolet Salvy identities for
Euler sums

ANTHONY SOFO

ABSTRACT. The exploration of linear Euler harmonic sums had its be-
ginnings with the works of Euler in the 18" century. In 1998 Flajolet and
Salvy published a seminal paper in which they developed an approach to
the evaluation of linear Euler harmonic sums and gave explicit formulae
for several classes of Euler sums in terms of Riemann zeta and other spe-
cial function values. In this paper, results given by Flajolet and Salvy
are extended and generalized.

1. Introduction and notation

In a landmark paper [14] Flajolet and Salvy studied and provided explicit
expressions for the four distinct classes of linear harmonic and skew Euler
harmonic sums of the type

++ S Héﬁ) +— S 1H§ﬁ)
Siil@ =) =5 Siig)=) ()= (1)
n=1 n=1
. = AR _ > LAY
S,f@:= ~%,  S,i():=) (-)EE (2)
T=1 n=1

for the case ¢ = 1. The terms H,(lp ) and Héﬁ) are harmonic numbers of order

p described by and Aﬁ{’ ) by @) The aim of this paper is to express in
terms of special functions, such as the Riemann zeta function described by
(6)), for the case ¢ € R*\ {0}, thereby markedly extending the applicability
of . We emphasize that there are no closed form representations of in
the published literature for the general case ¢ € R1\ {0}. Similar analysis
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will be extended to the linear skew Euler harmonic sums (2)) in a forthcoming
paper. The linear Euler harmonic sums of the type

SHH(1) =S} (3)

pit
with the integer p+t designated as the weight, were studied in detail by Euler
and Goldbach, see Flajolet and Salvy [14]. For odd weight p + ¢, Borwein et
al. [6] gave the identity

Spi = HQ_I)I)C(p)C(t)Jr <1—(—1)P (pjt> <P+;—1 >> C(P;rt)
4

P (P T ) ceicm - )

ey (p+t_2j_1>C(2J')C(p+t—2j)-

Euler obtained this evaluation by computing many examples with weight
p+t < 13 and then extrapolating the general formula, without a technical
proof. Euler [13] stated the result

1t—2
S (1+;)c<t+1>—2;<<j+1><<t—j>

for integer ¢ > 2. For the alternating linear harmonic Euler sums

+— +— = +1H7§Lp)
Spe (1) =S5 = 30 ()™
n=1

Flajolet and Salvy [14] gave the expression, for odd weight p + ¢,
25,7 =1 - ()" Cp)n () +n(p+1) (5)

t+j5—-1 j+1 .
2 2 (TN ewtaeanen
j+2k=p
ey S (P o rimen
p—1 ’
i+2k=t

where 7 (+) is the Dirichlet eta function. For odd weight 1+ ¢, Sitaramachan-
drarao [21] published

t
1

257, =(t+D)nt+1) —Ct+1) =2 ¢(2)¢(t+1-2)),
j=1
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and recently Alzer and Choi [3] obtained the nice result, for p € N\ {1},
p
2,7 =pCp+1) =Y n(nlp+1-3).
j=1

Nielsen [I8] and many other researchers, see [3], [5], [6], [7], [10], [14], [22],
23], [24], [25], [26] and [32], have continued this work and it is now known
that S;’ I can be explicitly evaluated, in terms of special functions such as
the Riemann zeta function, in the cases when p =t € N, p+t of odd weight,
p—+t and of even weight in only the pair {(4,2),(2,4)} with p # t. A valuable
reciprocity (shuffle) relation

S S =Cm W) +Cp+)

exists to evaluate S;f in the case S;° ; is known (or visa-versa). In the case

S75 = 20 (6) ~ (3,

and it is speculated that S; 7, with even weight (p +¢) > 8 cannot be eval-
uated in terms of special functions.
Within this research paper the standard notation
N:={1,2,3,---}, No:={0,1,2,3,-- -} =NU {0},
7" ={-1,-2,-3,---} =72, \ {0},
is utilized where Z denotes the set of integers. R denotes the set of real
numbers, RT denotes the set of real positive numbers and C denotes the set

of complex numbers. An important and useful special function encountered
in this research is the prolific Riemann zeta function

Y1 3 = T s ﬁ; R(t) > 1
(1) := _ . (6)
1)1

#Z;’zl %a R(t)>0,t#1
The Dirichlet eta function, n(t), is defined by

(=t 1-t
n(t)=> ——=(1-2"")¢@t) (R(t)>0).

nt
n=1

The generalized harmonic numbers H,(Lp ) (v) of order p are defined by

n

1
HP (0) =) —— C C\Z¢_ N 7
n(U) ;(]+U)p (pe , U E \ <-1, N &€ )7 ()
where HT(LP ) = H,(Lp )(0) are the harmonic numbers of order p. We let &,

b, P, and P, be the subsets of the set & (R or Z) which are greater
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than, greater than or equal to, less than, and less than or equal to some
v € R, respectively. The harmonic numbers H,, := I—L(ll) are given by

1
Hn:Zf:’y—i—w(n—i—l) (n € Zso) and Hp:=0. (8)
i=1

The alternating or skew, harmonic numbers Asf ) of order t,in , are defined

by

no(—1)dH!
AWM ;:Z( )t (teC, neN) (9)

= 7
and A, = AS). The term ~ represents the familiar Euler-Mascheroni con-
stant (see, e.g., [30, Section 1.2]) and v (¢) denotes the digamma (or psi)

function defined by
_d _T(t)

where T'(t) is the familiar Gamma function (see, e.g., [30, Section 1.1]).
There are many identities involving the psi function (see, e.g., [30, Section
13)),

(t € C\Zco),

W(t +n) :¢(t)+zt+k1_1 (n €N).
j=1

The polygamma function ¥*)(t) is defined by

[e.9]

CT PR ATV SIS AT PVE « SIS S
)= e} = (1) k!; Lo

= (=DMRIC(k+1,t), (keN; z€C\ Z).

The generalized (or Hurwitz) zeta function ((t,m), occuring when taking

n

1
; (t) — -
nhr>n H\/(m) : jgl Grm)

is defined by

1

t,m) = — (RE)>1, meC\Z),

¢(t,m) Z(jer)f (R(2) m € C\ Z«)
j=0

and by its meromorphic continuation to the whole complex t plane except

for a simple pole at ¢t = 1, with residue 1 (see, e.g., [30, Section 1.3]), can be

written as

I D S e =

Jj=0



LINEAR EULER HARMONIC SUMS 103

= (=)™ ml¢(m+1,1).
Two useful identities for (¢, m) are

(1, 1) = C(t) and (1, 5) = 2'A(1).

The Dirichlet lambda function A(s) is defined as the term-wise arithmetic
mean of the Dirichlet eta function and the Riemann zeta function:

A(m) = w lim O = i (1 (R(m) > 1).

2 n—o0 ot 27 —1)m

The Dirichlet beta function ((z) is defined by

o0 (_1)k+1
B(z) =) 2k — 1) (R(z) > 0),
k=1

and (2) = G is the Catalan constant. Among various properties and for-
mulae for §(z) is

B = 47 {0z 1) - (= )
- %{Liz(—i) —Li.(i)}.

To bring clarity, i =v/—1 is used throughout this paper. The polylogarithm
function Liy(z) of order p, for each integer p > 1, is defined by (see, e.g., [30,
p. 198))

OOm

p Z <1 p€Zss) (10)

m:l

L1

and
Lij(z) =—log(1—2), (|]z|<1).
The polylogarithm
o0

Lis(—z) = /_lexp o (11)

0

in this context, is sometimes referred to as a Fermi-Dirac integral (see [1] or
[31]). Similarly, the polylogarithm

1 % s—1
Lis(2) = I'(s) / 271 e)t(p (t)—1 dt (12)
0

is sometimes referred to as a Bose-Finstein integral [31]. From Lewin ([16],
p. 299), see also [11], [12, pp. 30-31], [15], [30, pp. 197-198]), Jonquiére’s
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relation states

Lit(l) = (1) <Lit(z)+(2”i)t3<t,mz,>> (13)

z t! 27

C e 2 )

t! 27

() L) + (-1 O 5 (1) (“1) By, (€ Zoy),

t! = 27

where Li;(2) is a polylogarithm. For a negative argument, Jonquiére’s rela-
tion states

Inz)"~% ,

B2 @) ez | ()
— (1 — 2j)!

7=0

The relations and provide the analytic continuation of Lis(2) in
outside its circle of convergence |z| = 1. The Bernoulli polynomials
Bj(t), are defined by the generating function

Lie(—) = (1) | Lie(—2) +

= Z J,t), where |z| < 2m,

]>0

and have the representation (see, e.g., [29, Section 1.7])

J . J .
BG0=32 (1 )met =30 (1) ot
k=0 k=0

where By, = B (k,0) are the Bernoulli numbers represented as

Z_ 1= Z i B], where |z| < 2,
3>0
so that )
Bozl,Blz—§,Bgn+1:0,n€N. (15)

The extended harmonic numbers of order m € N with index o € C\ Z¢_
are defined by (see [29])

{7+w(a+ 1) (m=1),

H"™ .= o )+( nm™ Qp(m 1) (a+1) (m € Z>2).

«

The case m = 1 from the above definition is given in . It follows from

that

w1
H™ =H") + —
«

e} o

(mGN,OJGC\Zgg).
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The multiplication formula for polygamma functions (see, e.g., [I7, p. 14])
is
1 ;
™ (mz) = 8, 0logm + T Z ™ (z + %) (meN, neZs),
j=1
where 0, ; is the Kronecker delta.

The interested reader may also consult the valuable works of [2], [8], [9],
[20], [27] and [28].

2. The main results

The following theorems are the main results expressing the linear Euler

harmonic sums S;jl .(q) and S;J:Lt(q) in terms of special functions.

Theorem 1. Ifpe N, t e N>2 and g € R > 0, for odd weight p+1+1,
then it follows that

2(-1)Pp'S[H(q) = (:},ﬁp!+qt(t+1)p>4(p+t+1) (16)

+2(=1)Ppl¢(p+1)¢ (1)

22]: t+1—25),¢"7¢2))¢ (p+t+1—2j)—R (/
J=1 0

ol

> In (y) Liz(y9)
yi-y) ° ) /
S-H—

where S;\ ,(q) is the linear Euler harmonic sum , Li,(-) is the poly-
logarithmic function described by , ¢ (t) is the classical Riemann zeta
function and (-),, is the Pochhammer symbol. The symbol, [z] indicates the
greatest integer less than or equal to x € R and R (2) indicates the real part

of z.
Proof. First, the integral X (p, q,t, 0, p) is defined, for § = +1 and p = £1,

as
> In (y) Li¢(py?)

X p7Q7t757p ::/ _— 17
( ) o y(l+dy) (17)
and the case of § = —1 and p = 1 is considered on the real half line x > 0 as

1 1 p Li q 0 ] P Li q

X (st -1 = [ RO g [FRCOED
o y(l-v) v oy(—y)

Using the transformation xy = 1 in the last integral and recovering the
variable y instead of z in the resultant integral, yields the following:

1 1
In? (y th yq In? (y th
X (p7 Q7 7_ ) / p/ y dy
0 0



106 ANTHONY SOFO

Recalling the Jonquiére formula , the last integral can be transformed
as follows:

1

; n? i (y9 ¢ In? Li; (5
X (p,q,t,—1,1) = /l(y)Lt(y)dy_(_l)P/(y)(y)dy
0

y(1-y) (1-y)
1 . 1
_ /lnp (y) Liz(y9) dy + ( p+t /lnp th dy
y
0 0
el t\ : llnp“*j (v)
+ (=Pt = . —JB<2iJ/d.
(1) ﬂj0<j>q sy [

Standard integration procedure yields

1
In? Li; (y? 1ol (p+1 —1)Pp!
! ! @)dy:g;<7iamgd IS
Similarly,
1
In” (y) Liz(y?) -~ v
0/ W = O (e - e )
= 0 (8@ - ¢t ¢ +).
Hence,

X (g, =1,1) = (14 (1) (=17 L (S5 () = COC (p+ 1)

t

+(—qi)+plp' p+t+1)+ lz < > IR (2ni) (p+t—7)IC (p+t+1—7).
=0

+

To include the S*F

»+1.4(q) term, the weight p +¢ + 1 is chosen to be odd, so
that

C e ) + 2107 9! (S50400) ~ €0 o+ 1)

tlz ( > I B, (2mi) (pt—)IC (pt+1—5).

X (p7Q7t7 _17 1) =
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Furthermore, the properties of the Bernoulli numbers, see and the clas-
sical Euler, Bernoulli relation (see [30], p.166),

(_1)]€+1 BQk22k_17T2k
2h)! !

C(2k) =

permit the following;:
X (p) q, ta _1’ 1)
—1)Pp!
- qp)ﬂp Cp+t+1)+2(-1)F " pl (S;il,xo,o; 9)— )¢ (p+ 1))
(5]
+ 23 (t4+1-2)), ¢ ¢ (p+t+1—2)) — ¢ (1), 7C (p+ 1)
j=0

Rearranging yields
2(=1)Pp!S;H (a)
8 |
— g (), T (p+ )i -2 (t+1—27), ¢ TC2)C (p+t+1—2)
§=0
(=1)"p!

oolnp th q
+2(=1)PplC(t)C(p+1) + pras] C(P+t+1)_/0 y%)_y()y)

Since the sum S;z’ (¢) is a real number, we have

G [CWWLY N
J(/O Lol dy)—q (1), 7C(p+1).

from which it follows that

2170 = SRR+ £+ 1) +2 (1P 1C ()

(5]

B oy =210 o > In” (y) Li(y9)
2]2::0(t+1 2j)pd7C(25)¢ (p+1+ 1 —2j) ?R</O =y dy)~

Taking out the first term in the finite sum and noting that ¢(0) = —% yields
, and thus the proof of the Theorem is complete. O

The next theorem establishes a recurrence relation involving the linear

Euler harmonic sum S;flvt(q) and S;J;Fl’t(%) .

Theorem 2. Ifpe N, t e N>2 and g € R > 0, for odd weight p+ 1+,
then it follows that

—1)? p!
217 (S0 - 2785 (D) = e )
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(]
+2) (t+1-24),¢" (2 (p+t+1—2))

=0

> In” (y) L (y)
—2(=1)Ppln(p+1)C(t —3‘%(/ —="dy ),
1+ D¢ - ( [
where SJTI ((q) is the linear Euler harmomc sum , Li¢(+) is the polyloga-
rithmic function described by (10| . ), C(t) is the classical Riemann zeta func-
tion, 1 (t) is the classical Riemann eta function and (-),, is the Pochhammer
symbol.

N+

Proof. Following the same pattern as in Theorem from putting
6 = p=1yields
oo 1 P L q
X (p,q,t,1,1) :/ n? (y) Liz (y?)
0 y(1+y)

1 : 1 : 1 looP (L

loo® (1) Li, (19 loo® (1) Li, (19 log? (y) Liz(-5)

_ / og” (y) Lin(y") / o8 W) Liny") 4 1y / VL) o,
0 Yy 0 I+y 0 I+y

Using the Jonquiére relation (13)) allows the representation

11 P Li q
X (pg.t,1,1) = / Og(y)ylt(y)dy
0

1 (0) P it q
_ (1_|_(_1)p+t)/0 log (f/lLy (y )dy

N ; —j
—(~1 p+t Z( > g /1 logMt'=7 (y) dy
T(2rmi) ™ Jo 1+y ’

1

j=
which transforms to

B log? (y) Lis(y9)
X(p7Q)t7171) - /0 y dy
oty [ log? (y) Lie(y9)
— 1+ (-1 +)/O Ly
—Z L(2mi) (t+1—3), ¢ Inp+t+1-7). (19)
7=0

The above 1ntegrals can be expressed as

Ulog? (y) Lis(y? —1)Pp!

and

1 P i (14 —1)Pp!
/ log” Ly 3, _ VP g~ L <Hg€+})_Hg€+l))
0 n

+1
14y 2p et 2
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—1)Pp! 1 1

_ ( 2p3-1 Z ~ (2p+1H(§;Z+1) _ 2H5§+ ) _ 2p+177 (p + 1)) )
n>1

For the case of odd weight (p + 1 + 1),

- q
2 (=17 p (S5h(0) — 27785 (D))

_(=1)"p!
o qp-‘rl
(3]

+2Z(t+1—2j)pqt2j§(2j)"7(p+t+1_2j)_/omw

Clp+t+1)=2(=1FplcH)n(p+1)—¢" " (), ™m(@+1)i

=0
Since both terms S;;frl,t(q) and S;jl,t(%) are real numbers, the difference of

the sums S;ju(q) - 2*pS;j17t(%) is also a real number and therefore the

imaginary part of the integral can be expressed as

3 (/Ooow(y)wdy) =—¢" (), mp+1),

y(1+y)
which completes the proof of Theorem |2 The identity may be used in
the recurrence . g

The next lemma indicates a procedure for the evaluation of the integrals
required in Theorems [1] and

Lemmal. IfpeN, teN>2,gecR", -1 <a< 1,6 ==%1 and p = £1,
then

P
X t,o = 1 —7 t,0 2
(p,q,t,9, p) Jim, (aap (a,q.t, ,p)> (20)

o0 P : q

o y(l+dy)

where (oy)
> y® Liy(py?

Z a, 7t767 :/ T o N

(@:4,%,0,p) o y(1+dy)

Proof. Consider the integral,
> y® Lit(y9)
Z (a,q,t,0,1 :/ 2 2 dy.
( ) o y(1+dy)

Application of the Bose—Einstein relation to the polylogarithm yields

a

Zward ) =g [ ([ st ) o
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The consecutive partial derivative of Z (a,q,t,9,1) delivers the result .

In the case when p = —1, application of the Fermi—Dirac relation ([11)) to
the polylogarithm yields

Z{eh8-1)= _Ftt) /0°° o (/ooo y (1+dy) (yyaq exp (z) + 1) dy) -

The consecutive partial derivative of Z (a, q,t,, —1) delivers the result .

The following will be useful, subsequently, in the evaluation of S;Tu(q)

and S;Jr_lyt(q) including their half argument recurrence.
If g=3,6§ = —1 and p = 2, CAS Mathematica yields

a

oy [T (T ) ,
2t 1) =55 [ ([ G sewm %)
3exp (iam/3) csc (am) ¢ (t) — exp (iaz) csc (4F) ¢ (¢, 152)

- M +exp (i (ax + 27/3)) csc (”%)((t,l_?“) ;

+exp (i (az + 7/3)) sec (297 ( (¢, 252) .
the second derivative of which is,

82
X (2,3,t,—1,1) = Jim, (aazZ(a,?),t, —1, 1))

7.[.3
N 8\2/53 (C <t’ ;1),> _C<tv§>> +37 (1), C(t+2)1,
+%(4X3t_1)C(2)C(75+1)+8i1(t)3 C(t+3)

+\{§W(t)2 (g <t+2,;> —(<t+2,§>>.

If g = %, 0 =1 and p = 2, then Mathematica yields
1 1 o [e.e] a

Z <a, —,t, 1, 1) = / i1 / yl dy | dx
3 I'(t) Jo 0 y(l1+vy) (y‘E exp (z) — 1)

=6 tn (—Qt csc (am) n (t)+sec <7r—66a7r> ¢ (t, é) +sec <7r+66a7r> (t, ;))
+67 (— sec <7T —66a7r> ¢ <t, §> — sec <7r +66a7r> ¢ <t,

5
)
+6~ "7 exp (—3ian) 3 csc (3ar) <C (t, 1 ; a) —¢ (t, 2 ; a>> )
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the second derivative of which is,

1 1
X(2,-,t,1,1) =1 —,t1,1
< 9 37t7 J ) airilo (80,2 a’7 37t7 9 >>

= 371N (1), n(t+3) 4372 (t+ 1) — w3 (1), n(t+2)i

+ 4037367271 (c <t, é) +¢ (t, ;) —¢ <t, §> —¢ (t, Z)) .

If ¢ = %, 0 =-1, p=1and p =1, Mathematica yields the simplification,

1 0 1
X(1,-,¢t,-1,-1) =1 —Z -t —-1,-1
< 757 9y ) ) alrilo (aa <a/’ 5’t7 Y >)

T+ Lyt

e )< (19)<(2) ()
a2 <)< )< ().

where ¢ and ¢* are the two zeros of the Fibonacci recurrence,

1+\f 1-V5
7¢ T'

o=

Two examples are offered.

Example 1. Consider the following.

1) If p=2,g=3and even t € N > 2, then from Theorem [l| and Lemma
it follows that

a® 9 at
4STF(3) =4 ZH = SC(H+3)+HC ()¢ (-5 (4% 3 = 1) C () (t+1)
n=1

5]

233 (41— 24, C2)C (443 2)) — o (B C(143)
=0

i (c(t,i)%(t’i)) 0 (c(rrag) —c(r+23)).

2) Ifp=2q==z and even t € N > 2 from Theorem I and Lemma |[1] it
follows that

1 <s;;j<;) - iSﬁ(é)) — 2% 33 (t4+3) — 371 (1), 0 (t+3)
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2 t—2j
- 22% <;> Tt 120, C20n (43— 2)) + B @)+ 1)
iz

e () (-3 <(2)<:2)-

Next the alternating linear harmonic Euler sums S;J:Lt(q) are investigated
in terms of special functions.

Theorem 3. Ifp e N, t € N>1 and ¢ € R > 0, then, for odd weight
p+ 1+t it follows that

2 (~1)P pIS?E ,(0) = <_qzl,2ip!77(p+t+ D2l (1) (22)

3 o
“2) (¢4 1-20), 0 G+ e+ 1 -2+ [ ) L <)
i=0

0 y(
where S;Z:Lt(q) is the linear Euler harmonic sum , Li,(-) is the poly-
logarithmic function described by , ¢ (t) is the classical Riemann zeta
function and (-),, is the Pochhammer symbol.

v dy,

Proof. Using a similar approach to that in Theorem [1} the following inte-
gral is investigated on the real half line z > 0:

U nP i (—y? 0 1P (g

Using the transformation zy = 1 in the last integral and recovering the
variable y instead of x in the resultant integral, yields the following:

L 1
In? (y) L In? (y) Li;(— L
X(p,q,t,—l,—1):/ 0 (y) Li;(—y )dy_(_l)p/ (y) Lis( yq)dy‘
0 Yy (1 y) (1 — y)
Recalling the Jonquiére formula ((14]), the last integral is expressed as
L 1
In” (y) Li In? (y) Lig(
X(p7Q7 7_ 3 / n y lt p/ t )dy
0 0

In? (y th y9) d
Y

1
In? () Li
/“ (= )d+1+ P
0

O\H
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The following integrals can be obtained routinely,

1
/lnp th )dy _ (—1)pp‘

qp+1

np+t+1),
0

InPHt—2i . .
/l—y(y)dy: (=) (p+t—2)C (p+t+1—2j)
0

and

1
/m th v g, (1)pplz(‘§3 C(p+1,nq)
0

Hence, it follows that

X (p,at,—~1,-1) = (L+ (=17 (=1 p! (S5, (@) —n () C (0 + 1))

(3]
—1)"p! q
! qp)ﬂ np+t+1)+2)  ——
=0

.!n(2j)(p+t—2j)!C(p+t+1—2j)-

To include the Serl ,(q) term, the weight p 4+t + 1 is chosen to be odd, so
that

X (poat,—~1,-1) = 2=l (S}, (@) —n () C(p+1))

]
_1\P .
(q,ljilp!n(p+t+1)+ 23 (t+1-2§),¢" 02 Cp+t+1-2j).

j=0

N+

Rearranging yields
—1)P p!
2 (PS5 l0) = CORP (4 £ 1)+ 217 pae)G (4 1)
[5] :
B ) ¢ Y * In” (y) Lis (—y?)
2Z(t+1 25), 4" n(2j)¢ (p+t+1 2g)+/0 v —v)

This completes the proof of and the identity is achieved. O

As shown in Theorem the next theorem establishes a recurrence relation
involving the linear Euler harmonic sum S;:Lt(q) and S;_;Lt(%).
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Theorem 4. Ifp e N, t € N>1 and ¢ € R > 0, then the following
identity is valid for odd weight p+ 1+t :

1\l
2 (-1 8 (80 - 27850 u(D) = C X Bt (23

[]
=23 (t+1-2§),¢" ¥ n2jnp+1t+1-2j)
=0
> In” (y) Lis(—y?)
P21 B o+ D) - [

0 y(1+y)
where Sp+1 +(q) is the linear Euler harmonic sum , Lit(+) is the polyloga-
rithmic function described by , ¢ (t) is the classical Riemann zeta func-
tion, n (t) is the classical Riemann eta function and (-), is the Pochhammer
symbol.

)

Proof. Following the same pattern as in Theorem and from , putting
0 =1 and p = —1, it follows that

oohlp Lis(—y4 1 lop Li, (—24
Xpgt1,-= [ (y) Lis( y>dy:/ 2 (W) (=)

! Jog? (y) Liz(—y9) o (1 log? (y) Lie(— )
o e TR

Using the Jonquiére relation allows the representation

1 loo? () Li (o
X (p,q,t,1,-1) = / og (y)ylt( ¥ 4,
0

o s

o[ logP Tt (y)
()ALl Y — 23/ ————dy
) ]Z:;(t—zy)!n( ), 1+y

(14 (=1 /1 log (y) Lis(—y9) dy.

0 lL+y
The following integrals can then be obtained:
1 - +1
log” (y) Lis(—y?) (=1 p!
/0 ” dy = W”(ﬁ‘f‘t‘f‘l%
1 p+t—2j
/ Og—(y)dy = —(p+t—=25)np+t+1-2y)
0 L+y

and

n>1 >0

1 .
WP (y) Lin(—y") (=" (=1
0/ Tty dx = (-1) p!Z i Z(qn+j+1)p+1
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S () cfpon )

n>1
(—1)Pp! (=D)" (o (an+2 p (ant+1
opH1 7; n Y 2 4 2
D~ (D" (o) )
- op+1 Z nt Hé qu:bl
n>1
_ (=1)"p! (—1)%1 op+1 pr(p+1) _ 9 pr(ptl) _ op+l 1
S
P - (-p" (p+1) _ 9—p prlp+1) Py
- (-1 p.;nt(an — 2P HE) — (1Pl ()0 (p+1).

For odd weight p + 1 + ¢, we have

p i (—y9 P
/1 log (y);t( g, = & q>++ n(p+t+1)+2(=1)7pln(t)n(p+1)
0
(5]
—2% " (t+1-2)), 4" P n(2)n(p+t+1-2j)

§=0
1)? p! p+1) P (P+1))
Z < 27 He ),
n>1
and rearranging results in completes the proof of Theorem O

Some examples follow.

Example 2. Consider the following.

1) Ifp=1,q= % and t € N > 2 is odd, then, from Theorem |3| and Lemma
[} it follows that

1)”+1 HY t(1+1)
. u
2837 (2 fzz — 5 (25— T )n(t+2)

. om
+(2- 5) Cn ) +23 5 (141 2)) () (1 +2 - 2))
=0

s (¢ (i) <(18) () < (-5)
—3 x 257t x 5171/2¢ (2) ¢ g( ) C(t,ﬁ))—@(t,i)—k((t,g)).
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2) If p=1,¢g =4and t € N > 2 is odd, then, from Theorem {| and
Lemma [1] it follows that

n+1 (2) 0 n+1 77(2)
_ Hn -1 H,,
2 (g ) - 3547 2 )22 oy e

n=1

wn(tm)mn@)n()—Ec@)n(t)

=238 (t + 1

)
2> (41— 25), 47 n(2)n (t+ 2 — 2)
=0

—3 x 279/27t¢ (2) (g <t, ;) —¢ <t, 2) —C (t, 2) +¢ <t, ;))
2792t (g <t +1, ;) +¢ (t +1, :) —C (t +1, Z) —C <t +1, ;)) :

3) The lengthy calculations involved for Theorem 3| do not give a nice
compact representation for the Euler sum. Consider p = 3,¢ = 2 and odd ¢,
t € N > 2. Then, from Theorem [3| and Lemmal [T}, it follows that

—
N+

0 o oyn+l pp(4)
Sis (2) = (1)ntH2"=112<2614t(1+t)(2+t)(3+t)>n(t+4)
n=1
Ll :
5 BT (1= 2)3m(2))C (E+ 4 = 2) = 5en()C(4)

j=0
—2153tB (4 1) — %Qt_?’mf (t+1)(t+2)B(t+3)

1
—ot (Lt +2)¢(2).

Remark 1. From the relationship
Sih(20) = 271 (S551.4(0) - S1714()
for ¢ = 1, the identities and can be used to evaluate Sp+1 (1) and

S;Z:Lt(l), respectively, and this yields a general identity for S+++1 +(2). Alter-

natively, from , for odd weight p + 1 + ¢, the following is obtained:

21795t @) = SRt 1) £ 2 (1P P (4 1)
3

23 (14 1-20), 2 ei)c o+ 1+ 1-20)-w [
0

J=0

ol

> In? (y) Liy (y?)
(1) dy) |
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For the evaluation of the integral, consider

2@zt -L1)=% (rtw L= o em ) =)
<) (cot () —tan (7))
+2tn(“ ( 1_a>—cot C(t,l—%).

The consecutive derivative operator, delivers the needed result

14
X(p2.t—1,1) = lim (aZ(a,Z,t,—1,1)>

a—>0 \ OaP
/ > In” (y) Lie(y?) dy
o y(d-y)
If p = 4, the following identity is obtained:

X(4,2,t,—1,1):%</0dey> =3t (15 x 2" = 7) C(4) ( (t+1)

—i—%(t)g(?’x2t+2—7)§(2)((t+3)—%(t) C({t+5),

and therefore, for even t, t > 2, it follows that,

2 x 41857 (2) = ;iég (t45)+2 x4 (5) ¢ (t)

[]
—2) (t+1-25),2"7%¢(25)¢ (t+5-25) — 3t (15 x 2" — 7) ¢ (4) ¢ (t+1)
j=0
1 12 1
—5 (0); (3x2 —7)§(2)§(t+3)+@( )5C(t+5).
If ¢ =1, then and are equivalent. From , it follows that

2(=1) S (1) = ((C1F P+ (64 1), ) C (o £ 4+ 12 (1) P (p+1) € (1)

ol

N (a1 2) (2 Lo [0 W) Lie(w)
22(154—1 27),C(2)C(p+1+1—2j) §R(/O J0—1) dy).

From , it follows that
W) Lily) (O
R (/0 Wdy = alifilo Dab (m cot (am)) (C(2) — ¢(t, 1 —a)) | -
Consider the case p =5 and t > 1, an odd integer. Then it follows that
—2 % BISET(1) = (=5! 4 (t+1)5) C (£ +6) — 2 x BIC(6) ¢ (t)
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(5]

23 (1= 2))5 CRIC (46 - 29) — 5 (Bt +2)
j=1

204+ )+ g (Do +6).

Similarly, if ¢ = 1, then and are equivalent. From , it follows
that

2(=1)"pISia, (1) = (1P pn (p+t+1) +2(=1)"plp(t)C (p+ 1) (24)

[3] .
B L . e > In” (y) Li;(—y)
2j20(t+1 2),m(25)¢ (p+t+1 2])+/0 iy

From , it follows that

/Oo Mdy = lim (817 (7 esc (am)) ( 27 (St 55%) — ¢t 1= 5)) ))
0 daP

y(1-y) a=>0 —exp (—iam) n(t)

and therefore from the resulting identity is

2(-1)PpISt (1) = (1P pln(p+t+1)+2(=1) pln(t)¢ (p+ 1)

o

=23 (t+1-2§),n(2§)¢ (p+t+1—2)
J=0

op 2_t (C(tv 157(1) - C(t7 1- %))
+alin>10 Dar (7 cse (a)) )

— exp (~iam) n(t)

which is in a form slightly different from . If p =4 and ¢ is an even integer, it
follows that

[3]
48T (1) = 240 (t +5) + 48n(t)C (5) — 2> (t+1—25), n(2§)¢ (t +5 — 2j)

=0

+1l5 (), Pn(t+1) + ; (£), 72n(t +3) + %

Remark 2. 1t is observed that a similar integral as that described by
was encountered in the course of a work on statistical plasma physics, in the
so-called Sommerfeld temperature-expansion of the electronic entropy. Such
a formalism plays a major role in the calculation of the equation of state of
dense plasmas (see [4]). In particular, an integral representation for ¢ (4),
was obtained in [19].

)5 n(t +5).
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3. Concluding remarks

The series (4) and (5]) were developed by Borwein et al. [6], [7] and Flajo-
let et al. [14] both being generalizations of earlier work initiated by Euler in
the 18" century. In this paper, both (4)) and (5)) are generalized by extending
the harmonic numbers from integer argument to a real positive argument.
There exist, scattered throughout the literature individual results, such as
S;—:_l,t( 1) and S;:Lt(%), however there is no systematic study of the expres-

sions S, ,(q) and S ,(q) for ¢ € RY.
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