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Cohomological descent of derived category and
Fourier–Mukai to singular rational cohomology

Hafiz Syed Husain

Abstract. This paper presents some nontrivial computational results
on derived category and Fourier–Mukai technique in algebraic geome-
try. In particular, it aims at presenting calculations involving spherical
twists as a certain class of Fourier–Mukai functors and its cohomolog-
ical descent on the singular rational cohomology of smooth projective
variety. The purpose of this investigation is to present a new perspec-
tive, based upon Fourier–Mukai technique, on solving classical problems
involving characteristic classes: in particular, the Chern and the Euler
characteristics.

1. Introduction

The homological algebra of varieties involves two main ideas in charac-
terizing our understanding of varieties: the bounded derived category of
complexes of coherent sheaves on the variety X, denoted by Db(X), and the
derived functor called the Fourier–Mukai [3]. Besides being a host of the
Fourier–Mukai functor, Db(X) under certain condition serves as a strong
invariant in determining X up to isomorphism, and sometimes, up to bira-
tionality ([4], [14]). On the other hand, ever since Mukai first defined and
later used Fourier–Mukai functor in solving moduli problems [20], it has be-
come increasingly applicable in homological algebra in general and algebraic
geometry in particular. The significance of Fourier–Mukai may be estimated
by noting the fact that almost all interesting derived functors of algebraic
geometry are special cases of Fourier–Mukai [5].

Beyond algebra and geometry, Fourier–Mukai technique involving Db(X)
is also useful in mirror symmetry of mathematical physics. For instance,
many dualities in string theory from mirror symmetry, arise as a result of
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some equivalence between Db(X) and Db(Y ) where X and Y are mirror
Calabi–Yau. In such a case, one of X and Y is the moduli space of sta-
ble (or semistable) holomorphic vector bundles on the other [16]. Since
all equivalences Db(X) ≃ Db(Y ) for any smooth complex projective va-
rieties X and Y are special cases of Fourier–Mukai [17], this means that
many results of mirror symmetry in string theory are nothing but the data
(X,Y,Db(X), Db(Y ),ΦK), where ΦK is the Fourier–Mukai transform giv-
ing the required equivalence Db(X) ≃ Db(Y ) with the unique kernel K ∈
Db(X×Y ), which is the universal quotient on the productX×Y , in case Y is
the fine moduli space parameterizing stable (resp. semistable) holomorphic
vector bundles on X ([1, 5, 12, 20]). This data determines the homologi-
cal algebra of varieties X and Y . The consequence of this significance of
mathematical explanation of dualities in mirror symmetry led to Maxim
Kontsevich’s conjecture about the mathematical proof of mirror symmetry
stated in terms of the equivalence betweenDb(X) and the Fukaya category of
Y [15]. Besides this, there have been some recent developments in formaliz-
ing the geometric interpretation of fractional derivative in terms of modified
projective limit involving principal parts of a vector bundle which may be
considered as the non-derived Fourier–Mukai [11].

In the present investigation, we discuss the cohomological descent of
Fourier–Mukai from Db(X) to H∗(X,Q) via the Grothendieck ring K(X)
and the rational Chow ring CH(X) ⊗ Q which is made possible by certain
maps defined in terms of Chern characteristic and Mukai vector ([13, 17, 20]).
With focus on a particular class of Fourier–Mukai transform, called the
spherical twist, we present some nontrivial calculations involving cohomo-
logical version of Fourier–Mukai with the intention that these calculations
will not only help us understand how Fourier–Mukai technique is useful in
both derived algebraic geometry of varieties and their rational cohomology,
but more importantly, they will present new perspective on solving some
older problems involving characteristic classes: especially Euler and Chern
characteristic. In particular, we present explicit proof of how cohomological
descent of Fourier–Mukai corresponding to spherical twist helps us give a
formula which connects Chern characteristic with Euler characteristic (cf.
Proposition 2). This can be seen as a Fourier–Mukai generalization of clas-
sical Grothendieck–Riemann–Roch formula in [7] p. 436.

2. Preliminaries

Let X and Y be some smooth projective varieties over some field K of
dimension n and m respectively. Let Db(X) (resp. Db(Y )) denote the
bounded derived category of complexes of coherent sheaves on X (resp. Y ).
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Definition 1. For E• ∈ Db(X) with a fixed K• ∈ Db(X × Y ), we define
Fourier–Mukai functor as the derived functor

ΦK• : Db(X) −→ Db(Y ) :=df ΦK•(E•) = RπY ∗(π
∗
X(E•)

L
⊗ K•),

where RπY ∗ is the right derived push-forward of the projection πY : X×Y →
Y , and π∗

X denotes the pullback of the projection πX : X × Y → X and
L
⊗

is the derived tensor product. We call K• the kernel of the Fourier–Mukai
functor. If ΦK• is an equivalence of the derived categories, then ΦK• is called
the Fourier–Mukai transform [3].

With this notation, a sheaf E is just a complex concentrated at degree zero.
From this point onwards, E will denote both, a complex and a sheaf, and the

context will make it clear what is meant. Also, we will write ⊗ =
L
⊗. In [22]

spherical objects were defined associated with a Fourier–Mukai transform,
which they called spherical twist. This was an autoequivalence of Db(X).
This helped them describe braid group actions. We thus have the following.

Definition 2. An object S ∈ Db(X) is called spherical if the following
two conditions are satisfied: (i) S⊗ωX ≃ S and (ii) Ext∗(S,S) ≃ H∗(Sn,C),
where ωX is the canonical bundle of X and Sn is the n-dimensional sphere
such that n = dim(X).

Let KS ∈ Db(X × X) be what completes the following composition of
morphisms, say f ,

π∗
X(S∨)⊗ π∗

Y (S) −→ Ri∗i
∗(π∗

X(S)∨ ⊗ π∗
Y ) ≃ Ri∗((S)∨ ⊗ S tr→ OX), (1)

to the distinguish triangle,

π∗
X(S∨)⊗π∗

Y (S) −→ O△ −→ KS ≃ Cone(f) −→ (π∗
X(S∨)⊗π∗

Y (S))[1], (2)

where tr is the trace map ([13], p. 77), and Cone(f) is the mapping cone of
the composition (1) (cf. [10], III. 3.2 for mapping cone). Then from [22], we
get the following definition.

Definition 3. The spherical twist TS associated with spherical object
S is the Fourier–Mukai transform TS :=df ΦKS : Db(X) → Db(X), i.e.,
Fourier–Mukai transform as an autoequivalence with the kernel KS as in (2).

There are many interesting examples of spherical twists on Db(X), in
particular when X is a true Calabi–Yau. For instance, when X is a Calabi–
Yau, any line bundle L ∈ Pic(X), L ⊗ (−) : Db(X) → Db(X) determines a
spherical twist, see [13] and [1] for some non-trivial examples.

There was a well-recognized drawback of this definition of spherical twist
since it depends upon the kernel as the Cone(f), where f is the composition
in (1), which is not functorial and thus not uniquely defined. However, this
drawback has recently been remedied by the technique of DG-enhancement,
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and so, we will always assume that such an enhancement is already available
when working with mapping cones (cf. [1, 2, 21] for details).

Let K(X),K(Y ),K(X × Y ), and H∗(X,Q),H∗(Y,Q),H∗(X × Y,Q), re-
spectively, denote the Grothendieck ring and the ring of singular rational
cohomology of X,Y and X × Y . Let us also fix K = C from this point on-
wards. Then, building on the work by [16], [17] defined and used what later
came to be known as the cohomological version of Fourier–Mukai functor
(cf. [5] for a brief but comprehensive introductory survey).

Definition 4. Given a Fourier–Mukai functor ΦK : Db(X) → Db(Y ), the
map

ΦH
v(K) : H

∗(X,Q) → H∗(Y,Q) :=df Φ
H
v(K)(E) = πY ∗(π

∗
X(E) · v([K])), (3)

is called the cohomological Fourier–Mukai, where v :K(X×Y ) → H∗(X×Y,Q)

given by v([K]) = ch(K) ·
√

(Td(X × Y ) denotes the Mukai vector, ch(-) the

Chern characteristic, [-] is the descent from Db(−) to the K-ring, π∗
X and

πY ∗ being the induced pullback and pushforward at the level of cohomology
and Td(-) denotes the Todd class (cf. [5, 13, 17, 20]).

Admitting an abuse of language, we will write [E ] = E for any complex
E ∈ Kom(Coh(X)), where the latter denotes the category of complexes of
coherent sheaves on a smooth projective variety X.

A remark on the meaning of ‘cohomological descent.’ Though we
will restrict the use of the phrase ‘cohomological Fourier–Mukai’ to the Defi-
nition 4 only, but we will use the phrase ‘cohomological descent’ in the sense
explained by (9) below, which will include both: the cohomological Fourier–
Mukai and the image of any object in Db(X) involving the composition of
the maps ch(-) and [−], which is a class in H∗(X,Q). Note that the latter
includes associating the class of Fourier–Mukai as well. Our Proposition 2
should be seen as this latter case.1

3. Cohomological descent of derived category and
Fourier–Mukai

Many interesting examples of actions on rational cohomology arise from
Fourier–Mukai functor. Some of the simpler ones include the action of
ΦH
v(O△) : H

∗(X,Q) → H∗(X,Q), given by

ΦH
v(O△[n])(β) = πY ∗(π

∗
X(β) · v(O△[n])),

1This paper is a part of the author’s PhD research work.
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where O△[n] ≃ Ri∗(OX)[n] is the shifted diagonal sheaf of the diagonal
embedding i : X → X ×X. The corresponding action is given by

ΦH
v(O△[n])(β) = (−1)n · β.

This follows from the Mukai vector calculation as

v(O△[n]) = ch(O△[n]) ·
√

Td(X ×X)

= (−1)nch(O△) ·
√
Td(X ×X). (4)

Now,

ch(O△) · Td(X ×X) = i∗(ch(OX) · i∗(
√
Td(X ×X))

= i∗(1 · i∗(
√

Td(X ×X))

= i∗(1) · (
√
Td(X ×X)),

ch(O△) ·
√
Td(X ×X) = i∗(1). (5)

From (4) and (5), we obtain

ΦH
v(O△[n])(β) = πY ∗(π

∗
X(β) · (−1)ni∗(1))

= πY ∗(i∗(i
∗(π∗

X(β)) · (−1)n)

= (−1)nβ.

Similarly, if L ∈ Pic(X) is any line bundle on X, then L ⊗ (−) : Db(X) →
Db(X) determines an autoequivalence with kernel Ri∗(L). The correspond-
ing Fourier–Mukai cohomological action is given as

ΦH
v(i∗(L)) = πY ∗(π

∗
X(β) · v(i∗(L)). (6)

One may calculate Mukai vector v(i∗(L)) in the same way as above, and
obtain

v(i∗(L)) = i∗(ch(L)).
Putting in (6), we similarly obtain

ΦH
v(i∗(L)) = β · ch(L). (7)

Equality (7) shows that cohomological Fourier–Mukai action does not pre-
serve degree, especially when c1(L) ̸= 0, where c1(L) denotes the first Chern
class of L. In classical algebraic geometry, Chern classes were associated with
locally free sheaves or vector bundles ([7], Appendix A). However, since for a
smooth projective variety X, Kom(Coh(X)) has enough locally free sheaves,
implies that ∀E ∈ Db(X), ∃ E• ∈ Kom(Coh(X)) as a complex of locally free
sheaves, such that E is quasi-isomorphic to E• in Kom(Coh(X)), and thus
E ≃ E• in Db(X). This implies that many interesting homological compu-
tations of invariants involving both E and E• coincide. Secondly, we may
define such concepts as, Chern characteristic classes, Euler Characteristic,



214 HAFIZ SYED HUSAIN

Todd class, etc. for general complexes E ∈ Db(X). Thus, in classical alge-
braic geometry, if

ch(−) = ch0(−) + ch1(−) · · · chn(−) ∈ A(X)⊗Q =

j=n⊕
j=0

CHj(X)⊗Q (8)

denotes the Chern characteristic in terms of Chern characters chj such that,
ch0(−) = c0(−), ch1(−) = c1(−), ch2 = (12(c1(−)2+c2(−)), etc., with cj(−) ∈
CHj(X)⊗Q denoting the jth-Chern class of the locally free sheaf, A(X)⊗Q ≃⊕j=n

j=0 CH
j(X) ⊗ Q denoting the Chow ring with intersection pairing on j-

codimensional subvarieties of X considered as rationally equivalent cycles,
then all these notions are carried to the rational cohomology with intersection
product as

Db(X)
[−]−→ K(X)⊗Q ≃ CH∗(X)⊗Q ch(−)−→ H2·∗(X,Q) =

j=n⊕
j=0

H2j(X,Q) (9)

(cf. [3] 1.2, [6] 14.3, [13] 5.2 for the detailed exposition on the definition
of the maps ‘[-]’ and ‘ch(-)’). We will refer to (9) as the descent from the
level of Db(X) to the rational cohomology H2·∗(X,Q) via the isomorphism
K(X) ⊗ Q ≃ CH∗(X) ⊗ Q. Besides, where we want to emphasize, we will
omit tensoring with Q and keep denoting the rational Grothendieck ring and
the rational Chow ring with K(X) and CH∗(X) respectively and assume the
isomorphism in (9). We elaborate this transition as follows.

For instance, the diagonal embedding △ : P1 → P1 × P1 determines a
line bundle in Pic(P1 × P1). From the canonical structure sequence of the
diagonal,

0 −→ I△ −→ OP1×P1 −→ O△ −→ 0, (10)

we obtain the Chern characteristic polynomial

ct(I△) · ct(O△) = ct(OP1×P1) ⇒ c1(O△) + c1(I△) = 0.

This gives c1(O△) = [△] and c1(I△) = −[△] in H2(P1 × P1,Q). After
identifying P1 × P1 with the image of Segre embedding i : P1 × P1 → P3,
we get Im(i) = Q as the quadric surface in P3. Then, we equivalently get
c1(O△) = (1, 1), c1(I△) = (−1,−1) ∈ H2(Q,Q). But when n ≥ 2,△ : Pn →
Pn × Pn does not determine O△ as a vector bundle. However, we do have a
locally free resolution of O△, obtained from Koszul complex as

0 −→
n∧
(OPn(−1)⊠ ΩPn(1)) −→

n−1∧
(OPn(−1)⊠ ΩPn(1)) −→ · · ·

· · · −→ (OPn(−1)⊠ ΩPn(1)) −→ OPn×Pn −→ O△ −→ 0, (11)

giving us the isomorphism E• ≃ O△ in Db(X) ([3] 2.2.1). It is a straight-
forward exercise to show that for n = 1, the truncation of (11) reduces to
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(10), giving us the same results on Chern polynomial and the Chern classes.
We present our elaboration for n = 2 to show how the Chern character,
Chern polynomial, etc. makes sense for the diagonal sheaf for any n using
the structure of derived category. The case for n ≥ 3 is similarly assumed,
though the computation for the Chern characters become too tedious which
can be seen from the statement of Proposition 1. Descending from the level
of Db(X) to the level of H2·∗(X,Q) through A(X) ⊗ Q ≃ K(X) ⊗ Q ([6]
14.3), we have

ch(E0)− ch(E1) + ch(E2) = ch(O△), (12)

which may be computed by the formula as follows.

Proposition 1. Let △ : P2 → P2 × P2 be the diagonal embedding with
π1, π2 : P2 × P2 → P2 being the projections onto the first and second factors
respectively. Let ξ1 = π∗

1([P1]), ξ2 = π∗
2([P1]) ∈ CH1(P2 × P2) be the 3-fold

hypersurfaces obtained as the pullbacks of the class of line [P1] in CH1(P2).
Assume that O△ ∈ Db(P2 × P2) with quasi-isomorphism given by E• as
in (11). Then the Chern characteristic of the diagonal sheaf ch(O△) ∈
H2·∗(P2 × P2,Q) in (12) is determined as

ch(O△) = (1, ξ2 − 6ξ1,
1

2
((ξ2 − 6ξ1)

2 − 2(3ξ1
2 − 5ξ1ξ2 + (c+ 4c′)ξ2

2
)),

1

6
((ξ2 − 6ξ1)

3 − 3(ξ2 − 6ξ1)(3ξ1
2 − 5ξ1ξ2 + (c+ 4c′)ξ2

2
)),

1

24
((ξ2 − 6ξ1)

4 − 4(ξ2 − 6ξ1)
2(3ξ1

2 − 5ξ1ξ2 + (c+ 4c′)ξ2
2
)

+ 2(3ξ1
2 − 5ξ1ξ2 + (c+ 4c′)ξ2

2
)2). (13)

Proof. Obviously ch(E0) = 1. To calculate ch(E1), we first calculate the
Chern polynomial ct(E1), which is

ct(OP2(−1)⊠ΩP2(1)) = Πi,j(1+(ci(π
∗
1(OP2(−1)))+cj(π

∗
2(ΩP2(1)))t)). (14)

In the absence of splitting filtration of rank-2 locally free sheaf ΩP2 , we
calculate the Chern classes cj(π2(ΩP2(1)) in (14) by using the twisted-1 Euler
sequence

0 −→ ΩP2(1) −→ O⊕3
P2 −→ OP2(1) −→ 0,

where twisting is made using some ample divisor H1 ∈ Pic(P2) ≃ Cl(P2).
Since

ct(ΩP2(1)) · ct(OP2(1)) = ct(O⊕3
P2 ),

we get
c1(ΩP2(1)) = −c1(OP2(1)) = −H1,

c2(ΩP2(1)) = −H2
1 = −(deg(H1)

2) = −d2H1
,

where dH1 denotes the degree of H1. On the other hand, since there ex-
ists no second Chern class for OP2(−1), we just have its first Chern class
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c1(OP2(−1)) = −H1. Since Chern classes commute with pullback after a
suitable shift of degree of grading on CH∗ and Cl(P2×P2) ≃ Cl(P2)×Cl(P2)
([7], II.6), then using formula 5.17 in [6],

cj(OP2(−1)⊠ΩP2(1)) = Σj
i=0

(
r − j + i

i

)
ci1(π

∗
1(OP2(−1))) · cj−i(π

∗
2(ΩP2(1)))

(15)
we get from (14)

ct(OP2(−1)⊠ ΩP2(1)) = 1 + (2π∗
1(−H1) + π∗

2(−H1))t+ (π∗
1(−H1)

2

+ π∗
1(−H1) · π∗

2(−H1) + π∗
2(−d2H1

))t2

= 1 + (2(−1, 0) + (0,−1))t+ ((−1, 0)2

+ (−1, 0) · (0,−1)− π∗
2(d

2
H1

))t2, (16)

with π∗
1, π

∗
2 : CH(X)n−j → CHn−j−r(X ×X), where r denotes the relative

dimension, i.e., r = dim(X × X) − dim(X), n = dim(X) and j is the di-
mension of the cycle as a subvariety ([8] 1.7). This gives us π∗

2(dH1)
2 = α ∈

H4(P2 × P2,Q). Since

CH∗(P2 × P2) ≃ CH∗(P2)⊗ CH∗(P2) ≃ Z[ξ1, ξ2]/(ξ31 , ξ32) (17)

with

CHj(P2 × P2) ≃ CH4−j(P2 × P2) ≃ (Z[ξ1, ξ2]/(ξ31 , ξ32))j , (18)

where ξ1, ξ2 correspond to the pullbacks π∗
1([P1]), π∗

2([P1]) ∈ CH1(P2 × P2)
of the class of line in P2 and (Z[ξ1, ξ2]/(ξ31 , ξ32))j denotes the jth-degree part
of the grading on the Chow ring CH∗ ([6], 2.10), we obtain α as a quadratic
form aξ21+bξ1ξ1+cξ22 with a = b = 0. Then we can easily read Chern classes

cj(OP2(−1) ⊠ ΩP2(1)) as polynomials Pj(ξ1, ξ2) ∈ (Z[ξ1, ξ2]/(ξ31 , ξ32))j which
correspond to j-codimensional subvarieties in CH∗. These are respectively
the homogeneous polynomials: P0(ξ1, ξ2) = 1, P1(ξ1, ξ2) = −2ξ1 − ξ2 and

P2(ξ1, ξ2) = −ξ1
2 − ξ1ξ2 − cξ2

2
.

Now we finally compute the Chern character ch(E2) by determining the
Chern classes

cj(
2∧
(OP2(−1)⊠ ΩP2(1))).

From λ-ring construction on K-groups, we can write E2 as (see [9], V)

2∧
(OP2(−1)⊠ ΩP2(1)) ≃ π∗

1(OP2(−1))⊗2 ⊗ π∗
2(ΩP2(1))⊗ π∗

2(ωP2(1))

≃ π∗
1(OP2(−2))⊗ π∗

2(ΩP2(−2)).

Then, from (15), we get

cj(π
∗
1(OP2(−2))⊗ π∗

2(ΩP2(−2)))



COHOMOLOGICAL DESCENT OF DERIVED CATEGORY AND FOURIER–MUKAI217

= Σj
i=0

(
r − j + i

i

)
ci1(π

∗
1(OP2(−2))) · cj−i(π

∗
2(ΩP2(−2))).

We again twist the Euler sequence, as above, but this time by (−2) and get
c1(ΩP2(−2)) = 2H1 and c2(ΩP2(−2)) = 4H2

1 = 4d2H1
, where dH1 is the degree

of H1 as the ample divisor. Then putting in the formula above we obtain
the total Chern class

c(π∗
1(OP2(−2))⊗ π∗

2(ΩP2(−2))) = 1 + (2(−2, 0) + (0, 2))1

+ ((−2, 0)2 + (−2, 0)(0, 2) + 4π∗
2(d

2
H1

))2,

where (-)j on the R.H.S corresponds to the jth-Chern class. Then, from
(17) and (18), we get the total Chern class in terms of the homogeneous
polynomials Pj(ξ1, ξ2) corresponding to the CHj with ξ1, ξ2 same as above,

ch(π∗
1(OP2(−2))⊗π∗

2(ΩP2(−2))) = 1+(2ξ2−4ξ1)1+(4ξ1
2−4ξ1ξ2+4c′ξ2

2
)2.

(19)
From (14)–(19) we obtain the total Chern class of O△ as

c(O△) = c(E0)− c(E1) + c(E2)

= 1 + (ξ2 − 6ξ1)1 + (3ξ1
2 − 5ξ1ξ2 + (c+ 4c′)ξ2

2
)2.

From (8) and (12) we get the result. □

In the absence of the locally free resolution of the type (11) for O△ for
some general smooth projective variety X, it is still an open problem to work
out the calculations or formula for the ch(O△) even at the level of derived
category, let alone find a general formula for some general complex of coher-
ent sheaves on some X. Though the situation does admit a generalization
up to certain extent. For example, if Y is any smooth projective variety of
dim(Y ) = n, embedded inside some PN for some N , then the diagonal of its
projective bundle admits a locally free resolution of the type (11), where the
role of projective space is replaced by the projective bundle of the normal
bundle of Y , i.e. P(NY ) of dimension (r−1) where r denotes the rank(NY )=
codim (Y,PN ) ([19]). Now (11) gives rise to Beilinson’s spectral sequence
which, after applying the Fourier–Mukai functor to (11), orthogonally de-
composes Db(Pn) into n-distinct components given by

Db(Pn) =< OPn(a),OPn(a+ 1), . . . ,OPn(a+ (n− 1),OPn(a+ n) > .

Generalizing this situation to the projective bundle case for any smooth
projective variety Y , we get the orthogonal decomposition of Db(P(NY )) as

< π∗(Db(Y ))×OPn(a), π∗(Db(Y ))×OPn(a+ 1),

. . . , π∗(Db(Y ))× π∗(Db(Y ))OPn(a+ n) > .

Though these presentations help in simplifying the structure of Db(Pn) and
Db(P(NY )), in neither case do we get the presentation of O△ where △ is the
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diagonal embedding of Y in Y × Y . In fact, in some cases, especially when
X is Calabi-Yau, there is no such resolution known for the diagonal sheaf of
X in X ×X ([13], [18]).

On the other hand, we know that ch(-): K(X) → H∗(X,Q) is not sur-
jective in general. Thus, we do not have an object E ∈ Db(X) for every
class β ∈ H∗(X,Q) when we make the descent (i.e. (9)) from Db(X). So,
any formula obtained at the level of Db(X) does not usually find a general
extension to H∗(X,Q).

Now, turning to the Fourier–Mukai functor, in particular the spherical
twist (cf. Def. 3), there is one nontrivial result that we can claim at the level
of Db(X) which descends to H∗(X,Q) via K(X) (cf. Proposition 2 below)
such that this result can be seen as a Fourier-Mukai version of Grothendieck–
Riemann–Roch theorem in ([7] 5.3 p. 436).

Proposition 2. Let S be a spherical object in Db(X) and let χ(−) denote
the Euler characteristic. Then the Chern characteristic of the spherical twist
TS is given by the formula

ch(TS(E)) = ch(E)− χ(S∨ ⊗ E) · ch(S). (20)

In order to prove the statement, we need the following result used in the
work by Seidel and Thomas [22]. In the absence of its explicit proof, we give
our proof here.

Lemma 1. Let S ∈ Db(X) be a spherical object, then the associated twist
TS : Db(X) → Db(X), ∀E ∈ Db(X) is given as TS(E) which completes the
morphism ⊕

j

Extj(S, E)[−j]⊗ S −→ E

to the distinguished triangle⊕
j

Extj(S, E)[−j]⊗ S −→ E −→ TS(E) −→
⊕
j

Extj(S, E)[−j + 1]⊗ S,

or equivalently,

TS(E) :=df Cone(
⊕
j

Extj(S, E)[−j]⊗ S −→ E).

Proof. Let π1, π2 : X×X → X be the projections onto the first and second
factors, respectively. Then, from Definitions 1, 3, and from distinguished
triangle (2), we obtain TS(E) as

Rπ2∗(π
∗
1(E)⊗ π∗

1(S∨)⊗ π∗
2(S)) −→ Rπ2∗(π

∗
1(E)⊗O△) −→

TS(E) = Rπ2∗(π
∗
1(E)⊗KS) −→ Rπ2∗(π

∗
1(E)⊗ (π∗

1(S∨)⊗ π∗
2(S))[1]),
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which gives the following after applying projection formula onto first and
second terms of the above triangle:

Rπ2∗π
∗
1(E ⊗ S∨)⊗ S −→ E −→ TS(E) = Rπ2∗(π

∗
1(E)⊗KS)

−→ (Rπ2∗(π
∗
1(E)⊗ S∨)⊗ S)[1]. (21)

Consider the pullback diagram

X × Y

πX

��

πY // Y

u
��

X
v // Spec(K) .

From flat base change in general RπX∗Rπ∗
Y (−) ≃ RΓ(X,−) ⊗ OX , with

derived global section functor RΓ(X,−) ≃
⊕

j H
j(X,−)[−j] ([13], section

3.3), setting X = Y we get from (21) the first three terms as:⊕
j

Hj(X,S∨ × E)[−j]⊗ S −→ E −→ TS(E). (22)

From Serre’s duality and Yoneda construction at the level of derived category
Db(X) ([3] 1.2.2), we obtain the following from (22):⊕

j

Extn−j(S∨ ⊗ E , ωX)[−j]⊗ S −→ E −→ TS(E). (23)

Doing the same again on (23), and using the fact that S⊗ωX ≃ S⊗ω∗
X ≃ S,

we get the result,⊕
j

Extj(S, E)[−j]⊗ S −→ E −→ TS(E). (24)

□

One must remark that we cannot simply apply ch(-) on (24) after applying
the K-theoretic descent [−] from (9) for two reasons. First of all, (24) is not

an object in Db(X). Thus, the composition Db(X)
[−]→ K(X)

ch→ H2·∗(X,Q)
does not make sense on (24). It is an exact triple that only exists as a
diagram at the level of Db(X). On the other hand, it may be considered as
an element γ ∈ Ext1(TS(E),

⊕
j Ext

j(S, E)[−j]⊗ S). Second, since f in (1)

is not a morphism of complexes (i.e. f /∈ Mor(Kom(Coh(X)))), standard
constructions of mapping cone and mapping cylinder, which help determine
these objects from Kom(Coh(X)) up to homotopy, are not directly applicable
(cf. [10] III.3 for the details of mapping cones and mapping cylinder which
determine a distinguished triangle up to non-unique isomorphisms from the
information given in Kom(Coh(X))).
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Proof. (Proposition 2) Since f ∈ HomDb(X)(S∨ ⊠ S,O△), we may ex-

press f in Db(X) as a left S-roof

L•

s

{{

h

!!

S∨ ⊠ S O△

for some complex L• such that s is a quasi-isomorphism. Thus, f = h/s as
a left s-fraction with h ∈ HomA(L•,O△) determined up to homotopy and
A =Kom(Coh(X)) ([10] III.2 and III.4). Then, identifying h ≡ h/1 as left
s-fraction, we have

L• h/1≡h−→ O△ −→ Cone(h) −→ L•[1],

which gives us the following from (21):

Rπ2∗(π
∗
1(E)⊗ L•)

≃
��

// E

id

// ΦCone(h)(E)

h′

��

// Rπ2∗(π
∗
1(E)⊗ L•)[1]

≃
��⊕

j Ext
j(S, E)[−j]⊗ S // E // TS(E) //

⊕
j Ext

j(S, E)[−j]⊗ S[1],
(25)

where ΦCone(h) is the Fourier–Mukai functor with kernel Cone(h). Diagram
(25) forces h′ to be an isomorphism as well with all squares commutative up
to quasi-isomorphism. Then, up to isomorphism,

ΦCone(h)(E) ≃ Rπ2∗(π
∗
1(E)⊗ (L•[1]⊕O△))

≃ Rπ2∗(π
∗
1(E)⊗ ((S∨ ⊠ S)[1]⊕O△))

≃ Rπ2∗(π
∗
1(E)⊗ ((π∗

1(S∨)⊗ π∗
2(S))[1]⊕ i∗(OX)))

≃ (
⊕
j

Extj(S, E)[−j]⊗ S)[1]⊕ E

≃ TS(E), (26)

which is obtained after repeated application of projection formula, assuming
that derived pushforward commutes with direct sum and the flat base change
with the pullback diagram which had given us (22).

We can now apply ch(-) on (26) (after applying [-]) and obtain the follow-
ing, for 0 ≤ j ≤ dim(X),

ch(TS(E)) = ch(E) + Σjch((Ext
j(S, E)[−j]⊗ S)[1])

= ch(E) + Σj(−1)(ch(Extj(S, E)) · (−1)j · ch(S))
= ch(E)− Σj(−1)j(ch(Extj(OX ,S∨ ⊗ E)) · ch(S))
= ch(E)− Σj(−1)j(ch(Hj(X,S∨ ⊗ E)) · ch(S))
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= ch(E)− Σj(−1)j(hj(X,S∨ ⊗ E)) · ch(S)).
□

We thus have the following consequence.

Lemma 2. Let S be a spherical object in Db(X). Then ch(TS(S)) =

(−1)1−dim(X)ch(S). If E ∈< S >⊥, then ch(TS(E)) = ch(E).

Before we prove Lemma 2, we note that from Lemma 1 we can describe
the action of TS in a very concrete way, though only up to a non-unique
isomorphism in Db(X), on S and its orthogonal complement < S >⊥, where
< S > is the triangulated subcategory of Db(X) generated by S. Seidel
and Thomas [22] used part of the statement of the following lemma to show
that every spherical twist is an autoequivalene. We present a more elaborate
statement and our corresponding proof here. We will prove the statement
of Lemma 2 after applying the following.

Lemma 3. If S is any spherical object in Db(X), then its twist is deter-
mined by the general formula

(−)[1]⊕ (−)[1− n]⊕ (−) ≃ (−)[1− n], (27)

where n = dim(X). Moreover, the restriction of spherical twist TS onto
< S >⊥ is naturally isomorphic to the identity functor on the triangulated
category < S >⊥.

Proof. Applying the second condition in the definition of spherical object
(cf. Definition 2 (ii)) in Lemma 1, we obtain the exact triangle

H∗(Sn,C)⊗ S g−→ S −→ TS(S).
Since the definition of g involves the definition of f , we again do the same
with g that we did with f and obtain the following in Db(X) from (25) and
(26) (cf. the proof of 2 and [10] III.3.3):

TS(S) ≃ ((C⊕ C[−n])[1]⊗ S)⊕ S
≃ S[1]⊕ S[1− n]⊕ S. (28)

Consider the following split exact sequence in Kom(Coh(X)):

0 −→ S[1− n] −→ S ⊕ S[1− n] −→ S −→ 0.

Completing this to the distinguished triangle and then forming the double
helix (cf. [10] IV.1.2), we obtain the following diagram in Db(X):

· · · → S[−1] → S[1− n] → S ⊕S[1− n] → S 0→ S[1− n] → Cone(0) → · · · .
(29)

Every four terms of this diagram is a distinguished triangle. If Cyl(0) denotes
the mapping cylinder of the trivial morphism 0, then we get (cf. [10], III.3.2)

Cyl(0) ≃ S ⊕ S[1]⊕ S[1− n] ≃ S[1− n]. (30)



222 HAFIZ SYED HUSAIN

Note that (30) makes sense only in Db(X) and it is certainly false in the
abelian category Kom(Coh(X)). From (28) and (30) we get the formula (27).

Now let E ∈< S >⊥, we have Extj(S, E) ≃ 0 for every j, 0 ≤ j ≤ n. From
Lemma 1 we get

0 −→ E ≃−→ TS(E) −→ 0, (31)

giving us the twist as identity on Ob(Db(X)). Suppose E1, E2 ∈< S >⊥ with
f ∈ Hom<S>⊥(E1, E2). Then the natural isomorphism would follow if we can
show that the diagram

TS(E1)

TS(f)
��

id // E1
f

��

TS(E1)
id // E2

commutes, i.e, we must show that TS(f) = f . This easily follows from (31)
and the fact that spherical twists are exact functors and exact functors map
distinguished triangles to distinguished triangles with all squares commuta-
tive ([10], Chapter IV). □

Proof. (Lemma 2) Proof of Lemma 2 is a consequence of Lemma 3 as
follows. Consider any complex E ∈ Db(X), then [E ] ∈ K(X) such that
[E [j]] = (−1)j [E ] with [H(E)] = [E ] in K(X) where H corresponds to the
cohomology functor Db(X) → Kom(Coh((X)) ([13] 5.2, [10] III, [9] Ch. 1).
Then the statement follows immediately. □

4. Conclusion

This paper presented an exposition on derived category and Fourier–
Mukai technique in algebraic geometry with a computational emphasis in-
volving characteristic classes from rational Chow ring CH∗(X)⊗Q and the
ring of singular rational cohomology H∗(X,Q), where X is some smooth pro-
jective variety. Cohomological descent was used to view these classes as the
image of objects in the bounded derived category of complexes of coherent
sheaves on X, i.e. Db(X). Proposition 1 showed how this descent could be
applied to the classical algebraic geometric problem of calculating charac-
teristic classes of projective spaces, in particular the Chern characteristic of
the diagonal. Limitations of the classical approach were presented in case
one goes beyond projective spaces to include general smooth projective vari-
eties. Proposition 2, which may be seen as the Fourier–Mukai version of the
classical Grothendieck–Rieman–Roch theorem, presented a new approach
to calculating characteristic classes, in particular Chern and its connection
with Euler characteristic, based upon the application of cohomological de-
scent on spherical twist. Besides describing the action of spherical twist in
general, Lemma 1 helped in proving Proposition 2. Lemma 2 based upon
Lemma 3, significantly simplified the calculation of Chern characteristic of
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the spherical twist over the orthogonal complement of the spherical object.
More importantly, it showed how the structure of derived category Db(X)
is reflected in the simplification of the calculation of characteristic classes in
the rational cohomology ring H∗(X,Q).
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