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A result related to Briick conjecture sharing
polynomial with linear differential polynomial

SHUBHASHISH DAS

ABSTRACT. In connection to Briick conjecture we improve a uniqueness
problem for entire functions that share a polynomial with linear differ-
ential polynomial.

1. Introduction, definitions and results

Let f,g and a be entire functions in the open complex plane C. If f —a
and g — a have the same set of zeros with the same multiplicities, then we
say that f and g share the function a CM (counting multiplicities). If, in
particular, a is a constant, then we say that f and g share the value a CM.

For an entire function f, M(r,f) = max|f(z)| denotes the maximum

|z|=r

o
modulus function of f. If the Taylor series expansion of f is f(z) = > an2",
n=0

o0
then the power series Y |a,|r™ converges for every r > 0 and so for any
n=0
given r > 0, we have lim |a,|r" = 0. Hence the maximum term u(r, f) =
r—00

max |a,|r" is well defined.
n>0

“Also we define v(r, f), the central index of f, as the greatest exponent m
such that p(r, f) = |am|r™ (see p.50[7]). Then

o(f) = limsup —log log M(r, f) = lim sup 710g v(r, f)
r—00 log r r—00 log r
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and
A(f) = liminf loglog M(r, f) = lim inf logv(r, f)
r—00 log r r—00 log r
are respectively called the order and lower order of f (see p.51[7]). Also

log log log M loe1
o3 (f) = lim sup —>28 0% (rf) _ hmsupw
700 IOg r T—00 log T

and

log log log M ool
Ao(f) = lim inf 28228 %8 () gy g Loglog v (r f)
00 logr P Tog

are respectively called the first iterated order or hyper order and first iterated
lower order or lower hyper order of f (see Lemma?2 in [3]).

In 1977 Rubel and Yang[8] first considered the uniqueness problem of
values sharing by a nonconstant entire function with its first derivative. This
work of Rubel and Yang inspired a lot of researchers to explore such type
of problems and extend it to different directions. In this direction, in 1996
Briick [2] proposed the following conjecture.

Briick Conjecture [2]. Let f be a nonconstant entire function such that
oo(f) < oo and ao(f) ¢ N. If f and f() share a finite value a CM, then
fM —a = ¢(f — a), where ¢ is a nonzero constant.

Though Briick himself resolved the conjecture for a = 0, the case a # 0 is
not yet fully resolved.

For an entire function of finite order, Gundersen and Yang [5], and Yang [10]
resolved and generalised Briick conjecture and proved the following results.

Theorem 1 ([5]). Let f be a nonconstant entire function of finite order.
If f and fY share one finite value a CM, then f) —a = c(f —a) for some
nonzero constant c.

Theorem 2 ([10]). Let f be a nonconstant entire function of finite order.
If f and f%) share one finite value a CM, then f*) —aq = c(f —a) for some
nonzero constant ¢ and k(> 1) is an integer.

In 2004 Wang [9] extended T heorem by considering polynomial sharing
with its higher order derivatives and improved it in the following manner.

Theorem 3 ([9]). Let f be a nonconstant entire function of finite order
and a be a nonconstant polynomial. If f and f*) share a CM, then f*) —q =
c(f —a) for some nonzero constant ¢ and k(> 1) is an integer.

Afterwards Chen and Shon [4], and Lahiri and S. Das [6] extended The-
orem[I] to a class of entire functions of unrestricted order and proved the
following theorems.
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Theorem 4 ([]). Let f be a nonconstant entire function with o2(f) < 3.
If f and fO share a finite value a CM, then fY) —a = ¢(f — a), where ¢ is
a nonzero constant.

Theorem 5 ([6]). Let f be a nonconstant entire function with Aa(f) < &
and o3(f) < oo. Suppose that a = a(z) is a polynomial. If f and f®) share
a OM, then f*) —a = ¢(f — a), where ¢ is a nonzero constant and k(> 1)
1S an integer.

In the paper, the aim is to improve Theorem[3] Theorem[d and Theoremp|
by considering the following problems:

(1) replacement of shared value by shared polynomial;
(74) replacement of higher order derivatives by linear differential poly-
nomial with constant coeflicients.

We now state the main result of the paper.

Theorem 6. Let f be a nonconstant entire function such that o(f) #
1, X2(f) < 3 and o2(f) < co. Suppose that a = a(z) is a polynomial.

Let L(f) = aof + a1 fV 4+ -+« + arf®), where k(> 1) is an integer and
ap,ai,...,ax(# 0) are constants.

If f and L(f) share a CM, then L(f)—a = c(f —a), where ¢ is a nonzero

constant.
The following example shows that the condition o(f) # 1 is essential.

Example 1. Let f(z) = e* + z and L(f) = f® — 2f() 4+ f. Then f and
L(f) share z CM but L(f) — z = —2e™*(f — z), where f satisfies o(f) = 1.

2. Lemmas

In this section we present some necessary lemmas.

Lemma 1 (p.5[7]). Let g: (0,00) = R and h : (0,00) — R be monotone
increasing functions such that g(r) < h(r) outside of an exceptional set E

of finite logarithmic measure. Then, for any § > 1, there exists R > 0 such
that g(r) < h(r®) holds for r > R.

Lemma 2 (p.9[7]). Let P(2) = bp2"™ + bp_12" 1 + -+ + bo(by, # 0) be
a polynomial of degree n. Then, for every e(> 0), there exists R(> 0) such
that for all |z| = r > R we have

(1= Olbalr™ < [P(2)] < (14 balr™.

Lemma 3 (p.51[7]). Let f be a transcendental entire function. Then
there exists a set E C (1,00) with finite logarithmic measure such that for
lz| =7 & [0,1]UE and |f(z)] = M(r, f) we have

f®@>_u+ﬁu»{mnn}k

z
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for k=1,2,3,...,n, where n is a positive integer.

Let h(z) be a nonconstant function subharmonic in the open complex
plane C and let

A(r) = A(r,h) = inf h(z) and B(r) = B(r,h) = sup h(z).

|z|=r |z|=r

Then the order o(h) and the lower order A(h) of h are defined respectively
by

log B(r, h
o(h) = limsup e DALY (r.h)
r—00 log r
and
log B
A(h) = Tim inf 28 BT
r—00 log r

The upper logarithmic density and the lower logarithmic density of E C
[1,00) are respectively defined by
flr xe(t) dt

logdense (E) = lim sup t

r—00 log
and
" xelt) gy
logdense (F) = lim inf flit,
— r—00 log r

where x g is the characteristic function of E.

"xe(t)
17
is easy to note that if logdense (E) > 0, then E has infinite logarithmic
measure.

The quantity ILm dt defines the logarithmic measure of E. It
T oo

Lemma 4 ([1]). Let h(z) be a nonconstant subharmonic function in the
open complex plane C of lower order A,0 < A < 1. If A< 8 <1, then

A

logdense {r : A(r) > (cos fm)B(r)} > 1 — 3

where A(r) = inf h(z) and B(r) = sup h(z).

|z|=r |z|=r

3. Proof of Theorem|6l

Proof. By the hypothesis we have

S 0

where A is an entire function.



A RESULT RELATED TO BRUCK CONJECTURE SHARING POLYNOMIAL 229

If A is a constant, then the result holds clearly. So we suppose that A is
a nonconstant entire function and consider the following two cases.

Case 1. Let o(f) < oo. Then from (1) we get that A is a polynomial. If
o(f) <1, then implies that A is a constant. So o(f) > 1 and therefore
f is a transcendental entire function.

Now we suppose that A is a nonconstant polynomial. Since a(z) is a
polynomial, for any z with |f(z)| = M(r, f) we get by Lemmal? (choosing
€= %)

a(z) M(r,a) _ 3|a|rdcsa

fGE T~ M(r, f) = M(r, f)

as r — 00, where « is the leading coefficient of the polynomial a(z).
By Lemma there exists £ C [1,00) with finite logarithmic measure such
that for |z| =r ¢ EU[0,1] and |f(2)| = M(r, ) we get

) _ (v DY o
ot = (MDY o) Q

for j =1,2,...n, where n is a positive integer.
Now for all z with |z| =r ¢ EU0,1] and |f(2)| = M(r, f) we get by

-0 (2)

. .
Lfff) —a0+ Y, <”(7“Z’f)>j (14 o(1)). ()
j=1
From we obtain
L) a
eA — f af‘ (5)
=%

Now for all z with |z| = r ¢ EU[0,1] and |f(2)| = M(r, f), noting that
o(f) > 1, we get by , and

k
e = aop + ay, (1/(2]0)) (1+o0(1)). (6)
From ([6)) we get for all large |2| =7 ¢ [0,1] U E with |f(z)| = M(r, f)
[A(z)] = [loget®)]

«(22)

= |klogv(r, f) — klog z| + o(1)
klogv(r, ) + klogr + 6km
2k(o(f) + 1) logr + 6km. (7)

+o(1)

VANVAN
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Also by Lemma (choosing € = §) we obtain for all large |2| =r
L A
Slalr s 4 < [A(2)], (8)

where « is the leading coefficient of A.

Now the equations and together imply deg A = 0 and so A is a
constant, which is a contradiction.

Case 2. Let o(f) = co. We now consider the following two subcases.

Subcase 2.1. Let A be a nonconstant polynomial. Then from we get
for all large |z| =r ¢ [0,1] U E with |f(z)| = M (r, f)

|A(z)| < klogv(r, f) + klogr + 6km. 9)

From and (9) we obtain for all large |z| = r ¢ [0,1] U E with |f(z)| =
M(r, f)

1
§|a]rdegA < klogv(r, f) + klogr + 6km. (10)

Hence by Lemma for given 4, 1 < § < % and , we get for all large values
of r

1
§|a]rdegA < kloguv(r®, f) + kdlogr + 6k
and so

rdeg A <;|a| - kii%f) < klogv(r®, f) + 6km.
This implies deg A < dA2(f) < g < 3 <1, a contradiction. Therefore 4 is a
constant.

Subcase 2.2. Let A be a transcendental entire function. Since for an
entire function A(z), h(z) = log|A(z)| is a subharmonic function in C, and
also from ([I)) we get A(h) = Aa2(A4) < Aa(f) < 3.

Suppose that H = {r : A(r) > (cos fm)B(r)}, where A(r) = inf log|f(2)|,

|z[=r
B(r) = sup log|f(z)| and 8 € (A2(A),3). Then by Lemmald| we see that
|z|=r
logdense H > 0, i.e., H has infinite logarithmic measure. Also by Lemma
for |z| =r € H\{[0,1] U E} with |f(2)| = M(r, f) we get

F®(z) _ v(r, f)\"
f@)—41+“9)< - >. (11)

Now by (), and we get for all large |z| = r € H\{[0,1] U E} with
[f(2)] = M(r, f)

em@_awhm<”2”>ﬁ1+qn)
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and so

|A(z)] = ‘logeA(z)
log <V(Tz’f>)k +o(1)

= |klogv(r, f) — klog z| + o(1)
< klogv(r, f) + klogr + 6km
< 2kro2HHL (12)

By Lemmall] there exists a constant ¢, 0 < ¢ < 1 such that for all z satisfying
|z| =r € H\{[0,1] U E} with |f(2)] = M (r, f), we have

(M(r, A))° <]A(2)]. (13)
By and , we get

(M(r,A))"
M(r, A))¢
This is impossible because A is transcendental and so % — 00 as
/raO'
r — 00. This proves the theorem. ]
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