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Classification of hypersurfaces in the four
dimensional Thurston geometry Nil® x R

MOHAMED BELKHELFA AND HICHEM MOKNI

ABSTRACT. We investigate hypersurfaces in the four-dimensional
Thurston geometry Nil® x R, by giving a complete classification of hy-
persurfaces whose second fundamental form is a Codazzi tensor, they
are either parallel or totally geodesic. Furthermore, we prove that the
totally umbilical hypersurfaces in Nil® x R are totally geodesic.

1. Introduction

A Thurston geometry (M, G) in n dimensions pairs a complete, simply
connected n-dimensional Riemannian manifold M with a Lie group G that
acts isometrically, transitively, and effectively on M. The group G includes
discrete subgroups I' acting freely, producing finite-volume quotient spaces
'\ M (see [9, 11]). Thurston classified 3-dimensional geometries [12] [13].
Filipkiewicz classified four-dimensional geometries in [9], his work yields 19
geometries through stabilizer subgroup analysis (subgroups of SO(4)), with
many model spaces M homeomorphic to R*. Six of these are solvable Lie
groups: E4, Nil*, Nil® x R, Solfn,n, Solé, and Sol‘ll. Four of them admit
SO(2) as their stabilizer of the connected component of the identity of the
group G that acts on them: Nil® x R, Sly(R) x R, F* and Solg.

A hypersurface M with the second fundamental form B is Codazzi if its
covariant derivative VB (via the Levi-Civita connection) is totally symmet-
ric. This class includes parallel hypersurfaces (VB = 0), such as totally
geodesic ones (B = 0), and totally umbilical hypersurfaces, where B = g- H
(with g the induced metric and H the mean curvature vector).

The study of geometric properties of hypersurfaces formed by a curve ~
in R? and the hyperbolic plane in F* has been done by Belkhelfa et al. [1].
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De Leo and Van der Veken [5] proved the non-existence of totally geodesic
hypersurfaces in the model space F4. Djellal et al. [6] classified Codazzi hy-
persurfaces in Nil* and characterized minimal hypersurfaces. In [7] D’haene
et al. studied Codazzi, totally geodesic, parallel, and totally umbilical hyper-
surfaces in Sol. We proved the non-existence of Codazzi hypersurfaces nor
umbilical hypersurfaces in Sol} [3]. Erjavec and Inoguchi confirmed these
results in [§]. The non-existence with another metric in Sol} has been ob-
tained by D’haene according to personal communications of the first author
and J. Van der Veken during his visit to KULeuven (September 2024). In [2]
and [4] we classify Codazzi and totally umbilical hypersurfaces in S olfn’n and
Sla(R) x R, respectively. See the table below for a comparative perspective
with our previous works (E; denote the vectors from the orthonormal basis
according to the corresponding metric on each space).

In this paper, we focus on the Codazzi hypersurfaces in Nil? x R. In Sec-
tion 2 we review the geometric properties of the Thurston geometry Nil® xR.
In Section 3 we give classification of the Codazzi, totally geodesic, and par-
allel hypersurfaces. We show that all Codazzi hypersurfaces are parallel. In
the last section, we prove that totally umbilical hypersurfaces are totally
geodesic.

TABLE 1. Comparison of hypersurface classifications in 4D
Thurston geometries.

Property Nil3 x R Solfn’n Nil4
Codazzi N = cosbFE; + | N=F1,Es, FEs, FEy Ol’lly N =F,
sinfF3 or £F,
Totally geodesic | Only N = +F, N =F,Fs, E3 None exist
Parallel Codazzi < Parallel | Codazzi < Parallel | Codazzi < Paral-
lel
Totally umbilical | Only totally geodesic | Only totally geodesic | Still not studied

2. Preliminaries

The metric of Nil? x R can be expressed as [10]

ds? = da® + dy* — 2xdydz + (22 + 1)dz* + dw?, (1)

where (x,%, z,w) are the usual coordinates of R*. The non-zero Christoffel
symbols are:

2 _ 2 _ 1. 3 _ 13 1. 2 _ 12 _ 1.2 1.
Iy =15 =—52; I7y=TI%=—5; I'ig=1%5=352"—3;

3 _ 3 1. 1 _ 11 1. _
g =145 =gx; Dyg=T3=3; I'yz=—=x
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The left-invariant orthonormal frame {E1, Fs, Es, E4} in Nils X R is given
by

0 0 0 0 0

B LA AT )
R x8y+3z’ YT ow
Consequently, the Levi-Civita connection V of with respect to {E1, Es,
Es, E4} is given by:

Ey = (2)

- ~ 1 - 1 ~
Vg E1=0; VE1E2:_§E3 ;. Vg B3 = 2E2 i Ve Ey=0;
1 ~ ~ 1 _
Vi, Ei = —2E3 i Ve E2 =0 Vg, E3 = 2E1 i Ve, Ey=0;
1 - 1 - .
vE'g,-E;’l _2E2 ; vEgEQ = §E1 ; VE3E3 =0; ’ VE3E4 =0 ;
Ve, B =0; Ve, By =0 Ve, EBs=0; Ve, Ei=0.
The resulting non zero Lie brackets are
[En, B3] = Es. (3)

By using the Levi-Civita connection, we can compute the Riemann cur-
vature tensor R of Nil?> x R. The non-zero components of R are:

R(Ey, E2)Ey = —1E2;  R(Ey, E\)Ey = 1E2;  R(Es Ey)Ey = —2F;
R(E1, E2)Ey = 1E1 ;5 R(Ey, E1)Ey = —1E1;  R(E3, E1)E3 = —5E
R(E\,E3)Ey = $F3;  R(E E3)Ey = —1FE3 ; R(Es3, Ey)Ey = 1 E3

R(Ey,E3)E3 = 3B, ; R(Ey,B3)E3 = 1Es ; R(E3,B2)E3 = —1Es.

3. Codazzi, totally geodesic, and parallel hypersurfaces

In this section we are going to classify hypersurfaces in Nil®> x R which
are Codazzi in the first place then we classify totally geodesic and parallel
hypersurfaces. But first, let us begin by reviewing general concepts from
Riemannian geometry and recall the necessary definitions for this work.

3.1. Properties of hypersurface in Riemannian manifold. Let M be
an (m + 1)-dimensional Riemannian manifold and M an m-dimensional hy-

persurface isometrically immersed in M with Levi-Civita connections V and
V, respectively. For vector fields X,Y, Z, W on M, the second fundamen-
tal form B, a symmetric tensor valued in the normal bundle, is defined as
B(X,Y) = h(X,Y)N, where N is a unit normal vector field. The Gauss
formula relates the connections

VxY = VxY +h(X,Y)N, (4)
where h(X,Y) = §(VxY, N), with § and g the metrics on M and M.
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A normal vector field ¢ induces the shape operator Ag, a self-adjoint en-
domorphism on M’s tangent space, via the Weingarten formula
Vxé = —AX + ViE, (5)
where V+ is the normal connection and G(B(X,Y),&) = g(A¢X,Y). For a
unit normal N, this reduces to
VxN = —AynX. (6)
The mean curvature vector is H = Ltracey(B), and with a local orthonor-
mal frame {F1,...,E,} on M, the mean curvature function A = g(B, N)
satisfies A = L S| h(E;, E;). The covariant derivative of B is:
VB(X,Y,Z) =V%B(Y,Z) — B(VxY, Z) — B(Y,VxZ). (7)
Hypersurfaces are classified as follows.

e Codazzi: VB is symmetric in all arguments.
o Parallel: VB = 0.

o Totally geodesic: B = 0.

o Totally umbilical: B(X,Y) = g(X,Y)H.

The curvature tensors R and R on M and M are given by the following;:
R(X,Y)Z =Vx(VyZ) - Vy(VxZ) - Vix v Z. (8)

These are related by the Gauss equation

JR(X,Y)Z,W) = g(R(X,Y)Z,W) = h(X,W)h(Y, Z) + h(X, Z)h(Y, W),
(9)
and the Codazzi equation
[R(X,Y)Z]* = (VB)(X,Y, ) — (VB)(Y, X, 2). (10)
See Willmore [16].
3.2. Classification of Codazzi hypersurfaces. Consider a hypersurface
M of Nil® x R. If N is the unit normal on M, we can write N as N =
aF + bEs + cE3 + dEy, where a, b, ¢, and d are local functions on M.
According to [5] we reduce our problem to a purely algebraic one, taking

advantage of the Codazzi equation.
Consider the following tangent vectors:

T =bF, —aFEy + dE3 — cEy,
T2 = CE1 — dE2 — aE3 + bE4,
T3 = dE1 + CE2 — bEg — aE4.

We can verify that 17,7, T3 is a local orthonormal frame of the tangent
space of M.

Lemma 1. The second fundamental form B is a Codazzi tensor if and
onlyifa=b=c=0,a=c=d=0, orb=d=0.
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Proof. Changing X, Y and Z in equation by T;, T; and T}, for i, j,k
in {1,2,3}, by the Codazzi condition, the right hand side being equal to
zero, then the left hand side must be zero. Taking X = 71, Y = T5, and
Z = T3, we get the equation

G(R(Ty, T5)Ty, N) = —(a®> + ) (> + d*) = 0,

which implies that a =c=0o0or b=d = 0.
For the case a = ¢ = 0, we consider the equation (after replacing a and ¢
by zero)

1
G(R(Ty, T»)Ti, N) = —Zb3d =0,
which implies that a =b=c=0o0ora=c=d =0.

In the second case where b = d = 0, we obtain g(R(T;,T;)Ty, N) = 0, for
all 4,7,k in {1,2,3). 0

Now we state the main theorem of this section.

Theorem 1. Let M be a Codazzi hypersurface of Nil® x R. Then a local
unit normal vector field N to M takes one of the following forms with respect
to the frame :

(a) N = cosOFE; +sin0Fs, for some constant 0;

(b) N ==+E,.

Conversely, there exist hypersurfaces of Nil®> x R admitting a local unit nor-
mal vector field of any of the forms above.

Proof. Let M be a connected Codazzi hypersurface of Nil? x R, then
according to Lemma [I| there are three possible cases for N.

(a) N = aE; + cE3. Knowing that a? 4+ ¢ = 1, we can replace a by cos
and ¢ by sinf for some function 6. In this case, we choose the following
orthonormal frame of the tangent space:

T, =sinfFE; — cosHE;3,
T2 = E27
T3 = Ey,

and N = cos§F; + sin 0F3. Checking the integrability of the vectors of the
orthonormal frame, we obtain g([T,T1], N) = 0,0, §([13,T1], N) = 0,0, and
9([T3,T»], N) = 0. We conclude that the function § must be a function of =
and z only.

(b) N = +FE}4. In this case the orthonormal frame consists of Fy, Eo, and
E3, so according to the Lie brackets one can verify the integrability of
the distribution.

(¢) N = +Fj5. In this case the orthonormal frame consists of Ey, E3, and
E4, but with respect to the Lie bracket [Eq, F3] = E2 we deduce that the
distribution is not integrable, so we have to eliminate this case.
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Now we prove the converse of the statement.

(a) We compute the second fundamental form according to the frame
{T1,T5,T3} and taking into account the integrability condition, namely that
0 is only a function of x and z, we obtain:

h(Ty,T1) = (sin0)0,0 — (cos0)9,0;  h(T1,T>) = —%;  h(T1,T3) =0
h(TQ, TQ) = O; h(TQ, T3) = 0; h(Tg, T3) = 0

Recall that h = g(B, N), where B is the second fundamental form. When
checking VB to be symmetric, one obtains

0= VB(Tl,Tl,TQ) = VB(Tl,TQ,Tl) = %(sin@@zﬁ -+ cos 983;9)

We deduce that # must be constant.

(b) Computing the second fundamental form according to the frame {E1,
Es, E3}, we notice that it vanishes. We conclude that the hypersurface is
totally geodesic and therefore it is Codazzi. ]

3.3. Classification of totally geodesic and parallel hypersurfaces.
The totally geodesic and parallel hypersurfaces are a particular case of Co-
dazzi hypersurfaces. So, in order to classify totally geodesic and parallel
hypersurfaces we have to compute the second fundamental form, using the
Gauss formula , which is already done in the proof of the previous theo-
rem. Since there are only two cases for the Codazzi hypersurfaces we have to
check each case in order to find the totally geodesic and the parallel classes.

The second case of Theorem [I] gives us a totally geodesic hypersurface
although the first case cannot be totally geodesic.

Corollary 1. Let M be a connected totally geodesic hypersurface of Nil>x
R. Then M is an open subset of {M(z,y,z,w) € Nil3 x R ; w = a} for
some o € R.

Remark 1. The totally geodesic hypersurface w = c is isometric to Nil3,
with sectional curvatures K(E1, Ey) = 1, K(E1, E3) = —3, K(E», E3) = 1.

For the first case of Theorem [I]we have to compute the covariant derivative
of B using and the fact that 0 is constant. We obtain for all ¢, j, k in
{1,2,3}

V(B)(T;, Tj,Ty,) = 0.
Thus, the hypersurface is parallel.

We now state the classification of parallel and non-totally geodesic hyper-

surfaces in Nil® x R.

Theorem 2. Let M be a connected parallel and non-totally geodesic hy-
persurface of Nil> x R. Then M is an open subset of {M(z,y,z,w) €
Nils xR | ax + Bz =~} (where a, (B, and 7y are constants).
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Conversely, The hypersurface above is a parallel and non-totally geodesic
hypersurface in Nil® x R.

Remark 2 (Parameterization of parallel hypersurfaces). For a parallel,
non-totally geodesic hypersurface in Nil? x R defined by az + cz = e, where
a = cosf, c =sinf, 0 is constant, and e is constant, the following parame-
terizations can be used.

e For a # 0, the hypersurface can be parameterized as

¢<U,U,t> = <e - Cu7v7u7t) )

a

where u,v,t € R are parameters corresponding to coordinates x =
=, y=v, z=u,w=t. This satisfies ax +cz = e, and the tangent
vectors are orthogonal to the normal N = aFE; + cEs.

e For a =0 (i.e., c = 1), the hypersurface is z = e, parameterized as

d(u,v,t) = (u,v,e,t).

e For ¢ =0 (i.e., a = £1), the hypersurface is = e, parameterized as
o(v,s,t) = (e,v,s,1).

Remark 3. The parallel hypersurface ax + cz = e has non-constant sec-
tional curvature, resembling a tilted plane in the zz-plane of Nil® x R. These
hypersurfaces are congruent under the isometries of N4l x R, which include
translations in y, w and rotations in the xz-plane.

Corollary 2. Let M be a hypersurface in Nil® x R. Then M is Codazzi
if and only if M is parallel.

4. Classification of totally umbilical hypersurfaces

In this section, we give a classification for totally umbilical hypersurfaces
in Nil? x R. From the Codazzi equation and assuming the hypersurface
is totally umbilical, we get

9(R(X,Y)Z,N) = g(Y, Z) X (A) — g(X, 2)Y (A). (11)

Lemma 2. If N = aFy + bEy + cE3 + dEy is a unit normal vector of a
totally umbilical hypersurface M, then a =c=0 orb=d=0.

Proof. Consider the following local orthonormal frame in the hypersurface:
Ty =bE1 —aFs + dE3 — cEy,
Ty =cE1 — dEy — aF3 + bEy,
Ts =dE] + cEy — bE3 — aFy,
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where a, b, ¢, d are smooth functions on the hypersurface. Substituting X =
T;, Y =Tj, and Z =T}, in for distinct 4, j, k in {1,2,3}, and denoting
Q(INE(TZ-, Tj)Ti, N) by Tiji, we obtain the following three equations:

T213 = (ab + Cd)2 = 0,

T321 = (ad - b6)2 == 0,

T312 = (CL2 + 02)(b2 + d2) = 0.
We conclude that either a =c=0o0or b=d = 0. ]

We obtain the following theorem.

Theorem 3. Let M be an hypersurface of Nil® x R. Then M is totally
umbilical if and only it is totally geodesic.

Proof. If M is a totally umbilical hypersurface of Nil®> x R, then by the
previous computations there are two possible cases for the normal unit V.

(a) For the case N = aFE; 4 cE3, as in the proof of Theorem (1| we replace
a by cos@ and ¢ by sinf for some function #. We choose the following
orthonormal frame of the tangent space:

Ty =sinfF; — cosOFs,
Ty = E,
T3 = E,.

By the integrability conditions we have 0,60 = 0,0 = 0. The previous
calculations of the second fundamental form give:

h(Ty,Ty) = (sin6)0,0 — (cos 0)9.0;  h(Ty,Tp) = —%;  h(Ty,T3) =0

h(Ts, T») = 0; h(13,T5) = 0;  h(13,T3) = 0.
Thus the matrix of h admits three different eigenvalues. We conclude that
there is no totally umbilical hypersurface in this case.

(b) For the case N = bEs + dE,, with b> + d? = 1, as above, we replace b
by cos 6 and d by sinf. We consider the following orthonormal frame in the
tangent space 17 = sinfFEy — cos0Fy, 1o = Fq, and T3 = Ej3, so according
to the Lie brackets the integrability of the distribution we obtain the
following conditions:

ecc = O)
x0, + 0, =0,
cosf = 0.
We conclude that N = E4, by the second case of the Theorem ([T} M is totally
geodesic. O
References

[1] M. Belkhelfa, H. Boukhari and H. Hasni, Geometry of hypersurface v x H? in the
geometry of Thurston F*, Beitr. Algebra Geom. 59 (2018), 739-760. DOI


 https://doi.org/10.1007/s13366-018-0381-y

CLASSIFICATION OF HYPERSURFACES IN FOUR DIMENSIONAL THURSTON 241

[2] M. Belkhelfa and H. Mokni, Classification of hypersurfaces in the four dimensional
Thurston geometry Solfmn, J. Geom. 116(26) (2025), 12pp. DOI

[3] M. Belkhelfa and H. Mokni, Properties of hypersurface in some Thurston geometries.
In: Mathconnect Int. Conf. Math. and Appl., KFUPM, Dhahran, Saudi Arabia,
December 10-12, 2024.

[4] M. Belkhelfa and H. Mokni, Classification of hypersurfaces in the four dimensional
Thurston geometry Slz(R) x R, Preprint, 2024.

[5] B. De Leo and J. Van Der Veken, Totally geodesic hypersurfaces of four-dimensional
generalized symmetric spaces, Geom. Dedicata 159 (2012), 373-387. DOI

[6] N. Djellali, A. Hasni, A. M. Cherif, and M. Belkhelfa, Classification of Codazzi and
note on minimal hypersurfaces in Nil*, Int. Electron. J. Geom. 16 (2023), 707-714.
DOI

[7] M. D’haene, J. Inoguchi, and J. Van der Veken, Parallel and totally umbilical hyper-
surfaces of the four-dimensional Thurston geometry Solg, Math. Nachr. 297 (2024),
1879-1891. IDOI

[8] Z. Erjavec and J. Inoguchi, Codazzi and totally umbilical hypersurfaces in Sol, Glas-
gow Math. J. 67 (2025), 1-7. DOI

[9] R. Filipkiewicz, Four dimensional geometries, Ph.D. thesis, University of Warwick,
1983.

[10] A.Hasniand M. Belkhelfa, The study of pseudo-symmetry of 4-dimensional Thurston
geometries, JP J. Geom. Topol., 13 (2013), 153-171.

[11] J. A. Hillman, Four-manifolds, geometries and knots, Geom. Topol. Monogr. 5
(2002). DOIL

[12] W. P. Thurston, The geometry and topology of three-manifolds, Princeton University
Press, Princeton, 1997.

[13] P. Scott, The geometries of 3-manifolds, Bull. London Math. Soc., 15 (1983), 401—
487. DOI

[14] C. T. C. Wall, Geometries and geometric structures in real dimension 4 and complex
dimension 2. In: Geometry and topology (College Park, Md., 1983/84), Lecture
Notes in Math. 1167, 268-292, Springer, Berlin, 1985.

[15] C.T. C. Wall, Geometric structures on compact complez analytic surfaces, Topology,
25 (1986), 119-153. DOI

[16] T. J. Willmore, Riemannian Geometry, Oxford Science Publications, Clarendon
Press, Oxford University Press, New York, 1993.

DEPARTMENT OF MATHEMATICS, MUSTAPHA STAMBOULI UNIVERSITY, MASCARA, 29000,
ALGERIA
E-mail address: mohamed.belkhelfa@gmail.com

DEPARTMENT OF MATHEMATICS, COLLEGE OF SCIENCES, TAIBAH UNIVERSITY, AL-
MADINAH AL-MUNAWARAH, 41411, SAUDI ARABIA
E-mail address: hichemmokni@gmail.com


https://doi.org/10.1007/s00022-025-00767-4
https://doi.org/10.1007/s10711-011-9665-1
https://doi.org/10.36890/iejg.1256112
 https://doi.org/10.1002/mana.202300372
https://doi.org/10.1017/S0017089525000102
https://doi.org/10.2140/gtm.2002.5
https://doi.org/10.1112/blms/15.5.401
https://doi.org/10.1016/0040-9383(86)90035-2

	1. Introduction
	2. Preliminaries
	3. Codazzi, totally geodesic, and parallel hypersurfaces
	3.1. Properties of hypersurface in Riemannian manifold
	3.2. Classification of Codazzi hypersurfaces
	3.3. Classification of totally geodesic and parallel hypersurfaces

	4. Classification of totally umbilical hypersurfaces
	References

