ACTA ET COMMENTATIONES UNIVERSITATIS TARTUENSIS DE MATHEMATICA
Volume 30, Number 1, June 2026
Available online at https://ojs.utlib.ee/index.php/ACUTM

On a generalization of quasi-metric space

SUGATA ADHYA AND ATASI DEB RAY

ABSTRACT. We introduce a distinctive metric structure for generalized
topology by extending the quasi-metric. This extension (to be called g-
quasi metric) naturally induces a generalized topology, yet it may diverge
from forming a topology. We demonstrate that g-quasi metrizability re-
mains an invariant property of generalized topological spaces. Expand-
ing the concepts of metric product and uniform continuity within g-quasi
metric spaces, we observe an instance where a g-quasi metric may not
exhibit uniform continuity like standard metrics. Additionally, we study
completeness, Lebesgue property, and weak G-completeness for g-quasi
metric spaces.

1. Introduction

Csészar [5] proposed a notion of generalized topology by taking into ac-
count the idea of monotone mappings. It accommodates various open-like
sets that existed in literature [4, 12] [14], 15]. Given a nonempty set X, it is
defined as a subcollection of P(X) which contains () and is closed under arbi-
trary union. Considering the members of a generalized topology as open, it
then became natural to study the usual topological notions for generalized
topology. Accordingly, analogoues of closed set, closure, interior, product
and subspaces, continuous functions, countability and separation axioms,
compactness and connectedness have been studied for generalized topologi-
cal spaces. Additionally, multiple weaker versions of the above notions have
also been investigated in the light of weaker forms of open sets in the con-
text of generalized topology. The interested readers may consult [I8] and
references therein.
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In view of the facts that the associated open balls in any metric space form
a base for a natural topology and generalized topology is a generalization of
usual topology, it is natural to search for a generalization of metric structure
that under standard approach induces a generalized topology and fails to
produce a topology, in general. This paper addresses this question.

Here, in Section we obtain the related spaces (termed as g-quasi metric
spaces) by generalizing Wilson’s widely studied notion of the quasi-metric
structure [17]. Subsequently, we discuss certain separation properties of the
generalized topology induced by a g-quasi metric. We demonstrate that
g-quasi metrizability is an invariant property of the generalized topology.
Next, in Section[d], we propose the natural extensions of the notions of metric
product and uniform continuity in the context of g-quasi metric spaces. It
is noted that, unlike usual metric, a g-quasi metric may fail to be uniformly
continuous in the extended sense while considered as a mapping from the
product space to R.

The study made in Section [3] and Section [4] pave the way for the related
investigations on Cauchyness and completeness. Accordingly, in Section
we take up the task of extending them in g-quasi metric spaces. Apart from
the usual completeness, we introduce two stronger forms of completenesses
viz. Lebesgue property [2, 11, 6] and weak G-completeness [Il, O, [10] in
g-quasi metric spaces. It is known that both Lebesgue property and weak
G-completeness are intermediate metric properties between compactness and
completeness that can be characterized in terms of pseudo-Cauchy [16] and
G-Cauchy [9] sequences, respectively. In what follows, we explore the mutual
dependence of those completenesses for g-quasi metrics and enquire their be-
havior in the product spaces through Cauchy, pseudo-Cauchy and G-Cauchy
sequences.

2. Preliminaries
This section discusses the prerequisites that will be required subsequently.

Definition 1 ([5, B, 13]). A generalized topology p on a nonempty set X
is a collection of its subsets such that ) € u and p is closed under arbitrary
unions. The pair (X, u) is called a generalized topological space. Moreover,
if X € pthen p is called a supratopology or a strong generalized topology.

Given a generalized topological space (X, ), the elements of y are called
generalized open sets (or u-open sets) and their complements are called gen-
eralized closed sets (or p-closed sets) in (X, p).

Definition 2 ([6]). Given a nonempty set X and B C P(X) with () € B,
all possible unions of elements of B form a generalized topology u(B) on X.

Here B is called a base for u(B). Equivalently, p(B) is said to be generated
by the base B.
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Definition 3 ([5,[7]). Let (X, ) and (Y, i) be two generalized topological
spaces.

(a) A mapping f : X — Y is called generalized continuous or (u,u')-
continuous if f~1(G) € p, for all G € /.

(b) A mapping f : X — Y is called a generalized homeomorphism or
(i, p')-homeomorphism if f is bijective and f, f~! are generalized continu-
ous.

(c) A property of generalized topological spaces that is invariant under
generalized homeomorphism is called a g-topological invariant.

Definition 4 ([19]). Let (X, u) be a strong generalized topological space.

(a) (X, p) is called u-Tp if for z,y € X with x # y there exists B € u such
that exactly one of x and y is in B.

(b) (X, ) is called u-T7 if for x,y € X with x # y there exist By, By €
such that By contains x but not y and By contains y but not z.

Clearly every p-T1 strong generalized topological space is p-Tj.

Theorem 1 ([19]). Every singleton set in a p-T1 strong generalized topo-
logical space is p-closed.

Definition 5 ([8]). Let X be a nonempty set. A nonempty subset U of
P(X x X) is called a generalized quasi-uniformity (or g-quasi uniformity) if

(i) each member of U contains the diagonal of X,

(ii) U is closed under supersets,

(iii) for U € U there exists V' € U such that VoV C U.
In this case, (X,U) is called a generalized quasi-uniform space (or g-quasi
uniform space).

Theorem 2 ([8]). Given a nonempty set X and B (# 0) C P(X x X),
B forms a base for some g-quasi uniformity on X if and only if (i) A(X) C
B, for every B € B, and (ii) if B € B, then there exists V € B such that
VoV CB.

Moreover, such B is a base for the g-quasi uniformity {V C X : B C
V' for some B € B} on X.

We finish this section by recalling certain preliminaries on Lebesgue prop-
erty and weak G-completeness for metric spaces.

Definition 6 ([I1]). A metric space on which every real-valued continuous
function is uniformly continuous is said to be Lebesgue (or an Atsuji space).

Definition 7 ([I1]). A sequence (z,) in a metric space (X,d) is said to
be pseudo-Cauchy if given € > 0,k € N there exist distinct m,n (> k) € N
such that d(x,, ) < €.

Theorem 3 ([I1, [16]). A metric space is Lebesgue if and only if every
pseudo-Cauchy sequence having distinct terms clusters in it.
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Definition 8 ([I, [, [10]). A sequence (z,) in a metric space (X,d) is
called G-Cauchy if lim d(zpip,2,) = 0, for every p € N (or equivalently,
n—o0

lim d(xp+41,2,) = 0). A metric space in which every G-Cauchy sequence
n—0o0
converges is said to be weakly G-complete.

Both Lebesgue property and weak G-completeness are strictly intermedi-
ate between compactness and completeness of metric spaces [9] [11].

3. ¢g-Quasi metric spaces and the induced generalized
topology

Definition 9 ([17]). Let X be a nonempty set. A mappingd: X xX — R
is called a quasi-metric on X, if

(a) for all x,y € X, d(z,y) > 0 and d(z,y) = 0 if and only if z = y;

(b) for all z,y,z € X, d(z,y) <d(x,z)+d(z,y).

Here d is a quasi-metric on X. Moreover, the pair (X, d) is called a quasi-
metric space.

Definition 10. Let X be a nonempty set. A mapping d: X x X — R is
called a g-quasi metric on X, if there exists r > 0 such that

(a) for all z,y € X, d(z,y) > r and d(z,y) = r if and only if z = y;

(b) for all z,y,z € X, d(z,y) <d(z,z)+d(z,y).

Here d is a g-quasi metric on X and r the index of d. Moreover, the pair
(X,d) is called a g-quasi metric space (of index ).

Clearly a g-quasi metric of index 0 is a quasi-metric and vice versa.

The condition d(z,z) > 0 in a g-quasi metric space may arise naturally
in practical situations. Suppose X is a set of states of a system, and assume
that every operation on the system requires paying a fixed initial activation
cost ¢ > 0 (for example, the start-up energy of a device, the fixed overhead
cost of running a program, or the minimum charge for using a service). Let
p: X xX — [0,00) be any quasi-metric that measures the additional cost
of moving from one state to another. We define d : X x X — R by

d(z.y) c, if x =y,
T,y) =
ct+plzy), ifz#y.

Then d(z,y) > ¢ > 0 for all x,y € X, and d(x,y) = ¢ occurs exactly when
x =y. Thus d is a g-quasi metric on X with index r = c.

This example shows that d(z,z) > 0 is meaningful: even if one starts
and ends at the same state, the system must still pay the fixed activation
cost ¢. Hence a positive self-distance is a natural reflection of the underlying
practical setup, rather than an artificial condition.

Remark 1. For every nonzero value of the index r, the g-quasi metric intro-
duced in Definition 10 induces a generalized topology that is not a topology;
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indeed, Example 2 provides such a construction for each » > 0. When r = 0,
the notion reduces to the classical quasi-metric, and the induced generalized
topology necessarily becomes a topology. In this sense, the definition can
be regarded as minimal. We emphasize, however, that this minimality is
not intended in any categorical or universal sense. The problem of identi-
fying a universal or categorically minimal generalized metric that induces
Csészar-type generalized topologies remains open.

Definition 11. A g-quasi metric d on a nonempty set X (and hence the
related g-quasi metric space (X,d)) is said to be symmetric if d(x,y) =
d(y,z), for all z,y € X.

Clearly a symmetric g-quasi metric of index 0 is a metric and vice versa.

Theorem 4. Let (X,d) be a quasi-metric space. Then, for r > 0, d' =
d+r forms a g-quasi metric on X of index r.

Proof. (a) Clearly, for all z,y € X, d'(z,y) > r and d'(z,y) = r if and
only if x = y.

(b) Choose z,y,z € X. Then d'(z,y) = d(z,y)+r < d(z,2)+d(z,y)+r <
{d(z,2) +r} +{d(z,y) +r} < d'(z,2) + d'(2,y).

Hence the result follows. O

However given a g-quasi metric d on a nonempty set X, d’ = d — r may
not form a quasi-metric on it for all choices of r > 0.

Example 1. Let X = [2,4] and let d : X x X — R be given by d(z,y) =
(x—y)?+100, for all x,y € X. Then, for no values of r > 0, d’ = d—r forms
a quasi-metric on X. It follows by observing that for r = 100, d’(2,4) >
d'(2,3) + d'(3,4), while for all other values of r, d'(z,z) #0, if x € X.

However d is a g-quasi metric on X of index 100:

(a) for all x,y € X, d(z,y) > 100 and d(z,y) = 100 if and only if z =y,

(b) for all z,y,2z € X, d(z,y) + d(y,z) > 100 + 100 > (z — 2)? + 100 =
d(zx, z).

Definition 12. Let (X,d) be a g-quasi metric space of index r > 0.
Given z € X and p > 0, we denote the set {y € X : d(z,y) < p} by By(x,p)
(or simply by B(z,p)). Clearly B(d) = {B(x,p) : z € X,p > 0}J{0}
forms a base for some strong generalized topology 1(d) on X. It is called the
generalized topology induced by d.

Note 1. It should be noted, at this stage, that if (X,d) is a symmetric
g-quasi metric space of index 0 (i.e., a metric space) then B(d), defined as
before, forms a base for the topology induced by d.

In what follows, we show that, for all positive values of r, a symmetric
g-quasi metric space (X, d) can be found so that (i) d is of index r, (ii) u(d)
does not form a topology on X. We consider the following example.
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Example 2. Let »r > 0 and d : R x R — R be defined by

7, if x =y,
d(z,y) = 1 2r, ifo<|z—y|l <,
lz—yl, iflz—y|>r

We show that (R, d) is a g-quasi metric space of index r though p(d) does
not form a topology on R.

(a) Clearly d(z,y) > r and d(x,y) = rif and only if z = y, for all
z,y € R

(b) Let z,y,z € R. We show that d(z,y) < d(z,z) + d(z,y). Note that
for 0 < |z — y| < r the above inequality follows from (a). So let us assume
|z —y| >

If |t — 2| =0 or |z — y| = 0, then the inequality is immediate.

If |z — 2|, |z — y| > r, then it follows from the order property of R.

fOo<|z—z|,|z—y| <r,thend(z,y) =z —y| < |z —z|+ |z —y| < 4r =
d(z,z) +d(z,y).

If |t —2 >rand 0 < |z —y| < r, then d(z,y) < d(z,2) + |z —y| <
d(z,z) +r <d(x,z) + 2r = d(z, z) + d(z,y).

If |z —y| >rand 0 < |z — 2| < r, then it follows similarly as before.
Thus d forms a g-quasi metric on R of index 7.

We now show that p(d) does not form a topology on R. Since

B (r,2r+{5) N B (3, 2r + 15)
~ (- %+ BNCE- B W) (B3
it suffices to show that (21—10’", T+ %T) does not contain any nonempty set of
the form B(z,c) where z € R, ¢ > 0.

Suppose otherwise. Then B(z,c) C (%,r + %) for some x € R and
c>r.

Case I: 7 < ¢ < 2r. Then, for chosen y € R with r < |z —y| < ¢, y €
B(z,c). Also z € B(z,c). Thus z,y € B(z,c) C (22,7 + 22) | a contradic-
tion to |z —y| > r.

Case II: ¢ > 2r. Then, for each y € (x—r,z+7), d(x,y) < c. Consequently
(x—r,z+r) C B(z,c), hence (x—r,z+7) C (2, r+ 21) | a contradiction
to (55, +5g)| =

The contradictions arrived at both the cases prove our claim.

Remark 2. Let (X,d) be a g-quasi metric space with index r. For € > 7,
set Ve = {(z,y) € X x X :d(x,y) < €}.

If r = 0, then it is clear that By = {V. : € > r} forms a base for a g-quasi
uniformity on X alike the classical case.

However for all other non-negative values of r, there is some g-quasi met-
ric space with index r such that 5 fails to form a base for some g-quasi
uniformity on X as we will see now.
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Consider the g-quasi metric space (R,d), as defined in Example [2| with
index r > 0. If possible, let By = {V. : € > r} form a base for a g-quasi
uniformity on R where V. = {(z,y) € X x X : d(z,y) < €}, for every € > r.
Then there is § > r such that Vs o Vs C VsQJ.

Setx =0,y = r—i-(s%’",z =r+4. Then d(z,y) = d(y,z) = r+5%r < § and
hence (z,y), (y, z) € Vs implies (z, 2) € V377‘, e, d(z,z) < 37’", ie,r+0 < %,
i.e., 0 < 5, a contradiction. Hence By is not a base for a g-quasi uniformity
on R.

Remark 3. In the classical setting, every metric induces a uniformity, and
consequently a proximity structure, through the standard entourage system.
For g-quasi metrics of index r > 0, however, Remark [2] shows that the
family {V. : € > r} may fail to generate even a generalized quasi-uniformity.
Hence a proximity structure in the classical sense need not arise from a g-
quasi metric. Developing a suitable analogue of proximity, compatible with
the generalized topologies induced by g-quasi metrics, is therefore nontrivial
and may be pursued in future work.

Theorem 5. Let d be a g-quasi metric on X. Then (X, u(d)) is p-T7.

Proof. Let d be of index r. Choose z,y € X such that ¢ # y. Clearly
d(z,y), d(y,z) > r. Choose p € R such that r < p < min{d(z,y),d(y,z)}.
Then B(z,p), B(y,p) are generalized open sets in (X, u(d)) containing z, y
respectively such that = ¢ B(y,p) and y ¢ B(z,p). O

Let d be a g-quasi metric on X. Then we may conclude the following,
stated as corollaries.

Corollary 1. FEach singleton set in (X, u(d)) is p-closed.
Corollary 2. (X, pu(d)) is p-Tp.

Remark 4. g-Quasi metrices of different indices may induce the same gen-
eralized topology. For example, choosing X = {z,y} and d;,ds : X x X — R
as given by di(z,z) = di(y,y) = 3,di(z,y) = di(y,x) = 4 and da(x,x) =
da(y,y) = 5,da(z,y) = da(y,x) = 6, we observe that both dy,ds induce
discrete topology on X though they have distinct indices.

Definition 13. A generalized topological space (X, u) is called g-quasi
metrizable if for some g-quasi metric d on X, p(d) = p.

Theorem 6. Let (X, pu),(Y,u') be two generalized topological spaces and
f: X =Y be a generalized homeomorphism. If (X, p) is g-quasi metrizable,
then so is (Y, ).

Proof. Let (X, ) be g-quasi metrizable and d : X x X — R a g-quasi
metric on X of index 7 > 0 such that u(d) = p.
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Defined' : Y xY — Rby d (y1,y2) = d(f~*(v1), f(y2)) forall y1, y2 € Y.
Then

(a) for all y1,y0 € Y, d'(y1,92) > r and d'(y1,92) = 7 iff f~1(y1) =
F ) <= v =y

(b) for all Y1,Y2,Ys € Y7 d/(ylva) + d,(y2>y3) = d(fil(yl)hfil(yQ)) +
d(fil(yQ)v
FYy3) > d(f1(y1), f1(y3)) = d'(y1,y3). Thus d’ forms a g-quasi metric
on Y of index r.

Choose V € ' and y € V. Then, for some z € X, p > r, we have
f~Yy) € By(z,p) € f~YV), hence y € f(Bg(x,p)) C V and therefore

y € Ba(f(x),p) C V.
Thus B(d') forms a base for p'. Hence the result follows. O

4. Product of g-quasi metrics

Theorem 7. Let (X, dx) and (Y, dy) be g-quasi metric spaces of the same
indezx r. Define dxy : (X xY) x (X xY) =R by

dxy ((z1,91), (22,92)) = max{dx (z1,22),dy (y1,y2)},

x1,x2 € X and y1,y2 € Y. Then dxy defines a g-quasi metric on X XY of
index r.

Proof. Straightforward. O

Definition 14. Given two g-quasi metric spaces (X, dx) and (Y,dy) of
the same index r, dxy is called the g-quasi metric product of dx with dy or
simply product g-quasi metric on X X Y.

Clearly if (X,dx) and (Y,dy) are metric spaces, then dxy defines the
product metric on X x Y.

Definition 15. Let (X,dx) and (Y,dy) be g-quasi metric spaces of in-
dices r1 and 79 respectively. A mapping f : X — Y is said to be g-uniformly
continuous if for e > ro there exists 0 > 1 such that dx(x1,x2) < 0 implies
dy (f(z1), f(z2)) < € for all z1,x9 € X.

Clearly if (X,dx) and (Y, dy) are metric spaces, then every g-uniformly
continuous mapping from X to Y is uniformly continuous as a mapping
between metric spaces.

It is known that if (X,d) is a metric space, then the distance function
d: X x X — R is uniformly continuous where X x X is equipped with
the product metric and R with the usual metric. However, given a g-quasi
metric space (X, d), the mapping d : X x X — R may not be g-uniformly
continuous where X x X is equipped with the product metric and R with
the usual metric (recall that, it is a g-quasi metric of index 0). We consider
the following example.
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Example 3. Consider the g-quasi metric space (R, d), defined in Example
of index r > 0. We show that d : (R x R,d’) — (R, d,) is not g-uniformly
continuous, where d’ is the g-quasi metric product of d with itself on R x R
and d,, is the usual metric on R.

Suppose otherwise. Then, for € = §, there exists § > r such that d'((z,y),
(a:,y))<5andhence|d(:n y) d(z',y')| < efor all (x,y), (¢/,y') € RxR.In
particular, for (z/,y") = (0,0), d'((z,y), (0,0)) < ¢ and so |d(x y)—d(0,0)| <
5 for all (z,y) € ]R x R. That is,

max{d(z,0),d(y,0)} < 6 = |d(z,y) —d(0,0)| < g

for all (z,y) € R x R.

Choose n € N\{1} such that ( )2 < 5. Then n( Ty < 5-Setx = T+—
andy—r+5 |x—0|—r+—>rand]y—0]
Consequently, d(:c,O) =7r+ ‘5nr < 0 and d(y, ) =7r+ fL — < (5 Whence
max{d(z,0), d(y,0)} < 0. However, |z —y| = m < § < r and therefore
d(x,y) = 2r, a contradiction since |d(z,y) — d(0,0)| < 5.

Hence d: (R x R,d’) — (R, d,) is not g-uniformly continuous.

5. Completeness, Lebesgue property and (weak)
G-completeness in g-quasi metric spaces

In this section, we extend the study of completeness, Lebesgue property
and weak G-completeness for g-quasi metric spaces using the extended notion
of Cauchy, G-Cauchy and pseudo-Cauchy sequences.

Definition 16. Let (z,) be a sequence in a g-quasi metric space (X, d)
of index r and ¢ € X. Then

(i) (xy) is said to be convergent to ¢ in (X,d) if it is so in (X, pu(d));

(ii) ¢ is called a cluster point of (x,) in (X,d) if it is so in (X, u(d)).
Clearly if (x,,) is convergent to ¢, then c is a cluster point of (x,,) (in (X, d)).

Definition 17. Let (X, d) be a g-quasi metric space of index r and (x,)
be a sequence in X. Then

(i) (zp) is called Cauchy if given € > r there exists k& € N such that
(T, xy) < € for all m,n > k;

(ii) (xy,) is called G-Cauchy if given € > r there exists k € N such that
d(zp, xpt1) < € for all n > k;

(iii) (xy) is called pseudo-Cauchy if given € > r and k € N there exist

q (p # q) € N with p,q > k such that d(zp, z,) < €.

Definition 18. A g-quasi metric space (X, d) is said to be
(i) complete if every Cauchy sequence converges to some point in it;
(ii) G-complete if every G-Cauchy sequence converges to some point in it;
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(iii) weakly G-complete if every G-Cauchy sequence has a cluster point in
it;

(iv) Lebesgue if every pseudo-Cauchy sequence having distinct terms has
a cluster point in it;

(v) strongly Lebesgue if every pseudo-Cauchy sequence has a cluster point
in it.

Clearly, for g-quasi metric spaces we have the following chain of implica-
tions:

Strongly Lebesgue ——— Lebesgue ——— Weak G-completeness

[

Completeness «——— G-completeness

In what follows, we show that for each r > 0, (R, d) of index r, as defined
in Example [2] is not weakly G-complete.

Example 4. Consider the sequence (z,,) in (R, d), where z,, = rn — - for

all n € N. Then for every n € N, |z,41 — zp| =7+ 71 (% — ﬁ) > r, hence

1 1 1 1

d(xn+1axn) =r+r (ﬁ — TH) and so d(l’n,ﬂj‘n+1) =r—+r (ﬁ — m) .

Choose € > r. Then there is £ € N such that % <e—rforalln>k
and hence d(zy, xn+1) < € for all n > k. Thus (z,) is G-Cauchy in (R, d).
If possible, let there be a cluster point ¢ of (z,) in (R,d). Since (z,) is
a sequence of distinct terms, B(c, %) contains infinitely many elements of
(zn,). However
Ble,¥)={yeR:d(cy) < Z}=(c—F c—r)U(c+rc+%)U{c
which clearly contains finitely many elements of (z,), a contradiction.
Hence (R, d) is not weakly G-complete.

Lemma 1. Let (X,dx) and (Y,dy) be g-quasi metric spaces of the same
index r. A sequence ((n,yn)) is Cauchy in (X xY,dxy) if and only if (zy,)
and (yn) are Cauchy in (X,dx) and (Y, dy), respectively.

Proof. Let ((n,yn)) be Cauchy in (X x Y,dxy). Choose ¢ > r. Then
there exists k € N such that dxy ((Zm,Ym), (Tn,yn)) < €, for all m,n > k.
That is, dx (Tm, Tn), dy (Ym, yn) < € for all m,n > k. Then (z,,) and (y,,) are
Cauchy in (X,dx) and (Y, dy), respectively.

Conversely, let (x,) and (y,) be Cauchy in (X,dx) and (Y, dy), respec-
tively. Choose € > r. Then there exist p, ¢ € N such that dx (., x,) < € for
all m,n > p and dy (Ym, yn) < € for all m,n > q.

Set r = max{p, q}. Then dxy((Tm,Ym), (Tn,yn)) < € for all m,n > r.
Hence ((xn,yn)) is Cauchy in (X x Y, dxy). O



ON A GENERALIZATION OF QUASI-METRIC SPACE 15

Similar chains of arguments yield the following results that we state with-
out proof.

Lemma 2. Let (X,dx) and (Y,dy) be g-quasi metric spaces of the same
index r. A sequence ((xn,yn)) ts G-Cauchy in (X x Y,dxy) if and only if
(xn) and (ypn) are G-Cauchy in (X,dx) and (Y,dy), respectively.

Lemma 3. Let (X,dx) and (Y,dy) be g-quasi metric spaces of the same
index r. If ((zn,yn)) s a pseudo-Cauchy sequence in (X XY, dxy), then (z,)
and (yn) are pseudo-Cauchy in (X,dx) and (Y,dy), respectively.

The converse of Lemma[3]is not true. In support, we produce the following
example.

Example 5. Consider the g-quasi metric space (R, d), as defined in Ex-
ample |2| of index 1. Then the sequences (z,,) and (y,) in R, defined by
1, if n is odd,
Ty =
10", if n is even,

and

1

for all n € N, are pseudo-Cauchy in (R, d).

However ((z, yn)) is not pseudo-Cauchy in RxR (where R xR is equipped
with d’, the g-quasi metric product of d with itself). In fact, for any pair of
positive integers m,q (m # q) with m,q > 1, we get d'((zm, Ym), (T4,Yq)) >
2, by considering even and odd cases separately for m and q. Thus ((zn, yn))
is not pseudo-Cauchy in (R x R, d’).

if n is even,

10", if n is odd,
Yn =

Y

Theorem 8. Let (X, dx) and (Y, dy) be g-quasi metric spaces of the same
index r. Then (X x Y,dxy) is complete if and only if (X,dx) and (Y,dy)
are complete.

Proof. Let (X X Y,dxy) be complete.

We first show that (X, dx) is complete. Choose a Cauchy sequence (z,)
in (X,dx) and fix y € Y. Then, according to Lemma |1}, ((xy,y)) is Cauchy
in (X x Y,dxy). Since (X x Y,dxy) is complete, ((x,,y)) converges to a
point (a,b) in (X x Y,dxy).

We claim that (z,,) is convergent to a in (X,dx). Let V be a generalized
open set in (X, u(dx)) containing a. Then there exist p € X, > r such that
a € Bgy,(p,0) C V. Since By, ((p,b),d) is an open set in (X x Y, u(dxy))
containing (a,b), there exists k € N such that (z,,y) € Bay, ((p,b),9)
for all n > k. Thus max{dx(p,zn),dy(b,y)} < ¢ for all n > k, therefore
dx(p,zpn) < 6 for all n > k, that is, x,, € Bg, (p,d) C V for all n > k. Hence
() converges to a in (X, dx) and so (X, dx) is complete. Similarly (Y, dy)
is complete.
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Conversely, let (X, dx) and (Y, dy) be complete.

Choose a Cauchy sequence ((zn,yn)) in (X x Y, dxy). By Lemmal] (z)
and (y,) are Cauchy in (X, dx) and (Y, dy ), respectively. So, by hypothesis,
there exist a € X,b € Y such that (z,) converges to a in (X,dx) and (y,)
to b in (Y, dy).

We show that ((xy,y,)) converges to (a,b) in (X x Y,dxy). Let W be a
generalized open set in (X x Y, u(dxy)) containing (a,b). Then there exist
(p,q) € X xY,6 > r such that (a,b) € By, ((p,q),d6) C W. Consequently
a € By, (p,d) and b € Bg, (q,0). Since (z,,) converges to a and (y,) converges
to b, there exist k1, ko € N such that z,, € By, (p,6) for every n > k; and
Yn € Ba,(q,0) for every n > ko. Set k = max{ki, k2}. Then (z,,yn) €
Bi,, ((p,q),6) C W for every n > k. Therefore ((xy,yn)) converges to (a,b)
in (X xY,dxy). Thus (X x Y,dxy) is complete. O

Similar chains of arguments yield the following results that we state with-
out proof.

Theorem 9. Let (X, dx) and (Y, dy) be g-quasi metric spaces of the same
index r. Then (X xXY,dxy) is G-complete if and only if (X,dx) and (Y, dy)
are G-complete.

Theorem 10. Let (X,dx) and (Y,dy) be g-quasi metric spaces of the
same index r. If (X xY,dxy) is weakly G-complete then (X, dx) and (Y, dy)
are weakly G-complete.

Theorem 11. Let (X,dx) and (Y,dy) be g-quasi metric spaces of the
same index r. If (X XY, dxy) is (strongly) Lebesgue then (X, dx) and (Y, dy)
are (strongly) Lebesgue.
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