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Cohomologies and linear deformations of relative
Rota–Baxter operators on pre-Jacobi–Jordan

algebras

Sylvain Attan and Nabil Oro Djibril

Abstract. The cohomology theory of relative Rota–Baxter operators
on pre-Jacobi–Jordan algebras is introduced. The cohomological ap-
proach is used to study linear deformations of relative Rota–Baxter op-
erators. In particular, the notion of Nijenhuis elements is introduced to
characterize trivial linear deformations.

1. Introduction

Pre-Jacobi–Jordan algebras are recent algebraic structures in the area of
non-associative algebras, very close to Jacobi–Jordan algebras and blending
ideas from pre-Lie algebras. They are an important subclass of the class
of Jacobi–Jordan-admissible algebras studied in [4], where various construc-
tions of these algebras are provided. In recent years, some researchers have
become interested in the study of these algebras. In this sense, the coho-
mology theory of pre-Jacobi–Jordan algebras is introduced [2] and is called
a zigzag cohomology, since the cochain complex consists of two sequences of
applications.

The notion of Rota–Baxter algebra was first introduced by Baxter in his
study of the fluctuation theory in probability [7]. Since then, much fur-
ther work on this notion has been done. Indeed, Baxter’s work was fur-
ther investigated by Rota and Cartier in [19],[8], respectively, and many
excellent results concerning Rota–Baxter algebras are obtained by Guo et
al. [14, 15, 16]. Later, Tang, Bai, Guo and Sheng [21] studied deforma-
tion theory and cohomology theory of relative Rota–Baxter operators on
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Lie algebras, with applications to Rota–Baxter Lie algebras in mind. Next,
relative Rota–Baxter operators on Leibniz algebras were studied in [20] and
their deformation and cohomology theories were obtained in [22]. Observe
that the deformation of algebraic structures began with the seminal work
of Gerstenhaber [12, 13] for associative algebras and it was followed by its
extension to Lie algebras by Nijenhuis and Richardson [17, 18]. In general,
deformation theory was developed for binary quadratic operads by Balavoine
[6]. Deformations of morphisms and O-operators (also called relative Rota–
Baxter operators) were developed in [1, 9, 10, 11, 21]. Up to now, there
was very little study about (relative) Rota–Baxter operators on pre-Jacobi–
Jordan algebras. Thus it is time to move in this direction by approaching
such a subject. More precisely, we are interested in the study of linear de-
formations of relative Rota–Baxter operators on pre-Jacobi–Jordan algebras
using the cohomological approach. For this purpose, we first define the coho-
mology of relative Rota–Baxter operators on these algebras. Then we study
linear deformations and introduce the notion of Nijenhuis elements associ-
ated to a relative Rota–Baxter operator, which can give rise to trivial linear
deformations.

The outline of the paper is as follows. In Section 2, we give some basic
notions and concepts, namely some properties of pre-Jacobi–Jordan algebras
and their representations. Here, the notion of matched pair of pre-Jacobi–
Jordan algebras is provided and a necessary and sufficient condition to obtain
it, is given. In Section 3, we introduce the notion of relative Rota–Baxter op-
erator on pre-Jacobi–Jordan algebra with respect to representation. Given a
relative Rota–Baxter operator, there is a natural pre-Jacobi–Jordan algebra
structure on the representation space. We define the cohomology theory of
a relative Rota–Baxter operator on a pre-Jacobi–Jordan algebra in terms
of the cohomology of the pre-Jacobi–Jordan algebra structure on the rep-
resentation space. In Section 4, we study the linear deformation theory of
relative Rota–Baxter operators on pre-Jacobi–Jordan algebras. Moreover,
we introduce the notion of Nijenhuis elements associated to a relative Rota–
Baxter operator, which gives rise to a trivial linear deformation of the relative
Rota–Baxter operator. Finally, we build a relationship between linear de-
formations of relative Rota–Baxter operators and linear deformations of the
underlying pre-Jacobi–Jordan algebras.

Throughout this paper, we work over the complex field C and all the
vector spaces are finite-dimensional.
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2. Preliminaries and matched pairs of pre-Jacobi–Jordan
algebras

In this section, we introduce the notion of a matched pair of pre-Jacobi–
Jordan algebras. Next, we prove that a matched pair of a given pre-Jacobi–
Jordan algebra gives rise to a matched pair of the corresponding sub-adjacent
Jacobi–Jordan algebras.

Definition 1. An algebra (A, ∗) is said to be a Jacobi–Jordan algebra if

x ∗ y = y ∗ x ( commutativity),

(x ∗ y) ∗ z + (y ∗ z) ∗ x+ (z ∗ x) ∗ y = 0, for all x, y, z ∈ A. (1)

Observe that (1) is called the Jacobi identity.

Now, we give the definition of a representation of the Jacobi–Jordan al-
gebra.

Definition 2 ([23]). A representation of a Jacobi–Jordan algebra (A, ∗)
is a couple (V, ρ) where V is a vector space and ρ : A → gl(V ) is a linear
map such that the following identity holds:

ρ(x ∗ y) = −ρ(x)ρ(y)− ρ(y)ρ(x), for all x, y ∈ A. (2)

The following result will be used later.

Proposition 1 ([5]). Let (A, ∗) be a Jacobi–Jordan algebra. Then (V, ρ)
is a representation of (A, ∗) if and only if the direct sum of vector spaces
A⊕ V turns into a Jacobi–Jordan algebra with the multiplication defined by

(x+ u) ⋄ (y + v) := x ∗ y + (ρ(x)v + ρ(y)u).

This Jacobi–Jordan algebra is called the semi-direct product of A with V
and is denoted by A⋉ V.

Definition 3 ([3]). Let (V, ρ) be a representation of a Jacobi–Jordan
algebra (A, ∗). A linear operator T : V → A is called a relative Rota–Baxter
operator of A with respect to ρ if it satisfies

T (u) ∗ T (v) = T
(
ρ(T (u))v + ρ(T (v))u

)
, for all u, v ∈ V . (3)

Observe that Rota–Baxter operators on Jacobi–Jordan algebras are rela-
tive Rota–Baxter operators with respect to the regular representation.

Proposition 2 ([3]). Let (A, ∗) be a Jacobi–Jordan algebra and (V, ρ) be
a representation of (A, ∗). Then, A ⊕ V is a representation of (A, ∗) under
the maps ρA⊕V : A → gl(A⊕ V ) defined by

ρA⊕V (a)(b+ v) := (a ∗ b) + ρ(a)v.

Define a linear map T : A ⊕ V → A, a + u 7→ a. Then T is up to a scalar
coefficient, a relative Rota–Baxter operator on A with respect to the repre-
sentation (A⊕ V, ρA⊕V ).
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Definition 4 ([3]). A matched pair of Jacobi–Jordan algebras consists of
two Jacobi–Jordan algebras (A, ∗) and (B, •) together with representations
ρ1 : A → gl(B) and ρ2 : B → gl(A) such that, for all x, y ∈ A, a, b ∈ B, the
following conditions hold:

ρ1(x)(u • v) + (ρ1(x)u) • v + (ρ1(x)v) • u
+ρ1(ρ2(u)x)v + ρ1(ρ2(v)x)u = 0, ∀(x, u, v) ∈ A⊗B ⊗B, (4)

ρ2(u)(x ∗ y) + (ρ2(u)x) ∗ y + (ρ2(u)y) ∗ x
+ρ2(ρ1(x)u)y + ρ2(ρ1(y)u)x = 0, ∀(x, y, u) ∈ A⊗B ⊗B. (5)

Such a matched pair is denoted by (A,B, ρ1, ρ2).

Theorem 1 ([3]). Let (A, ∗) and (B, •) be Jacobi–Jordan algebras. Then
(A,B, ρ1, ρ2) is a matched pair of Jacobi–Jordan algebras if and only if
(A⊕B, ⋄) is a Jacobi–Jordan algebra, where

(x+ u) ⋄ (y + v) := (x ∗ y + ρ2(u)y + ρ2(v)x)

+(u • v + ρ1(x)v + ρ1(y)u).

Definition 5. Let (A, ·) be an algebra.

(i) The anti-associator of (A, ·) is the map defined by

Aasso(x, y, z) := (x · y) · z + x · (y · z), for all x, y, z ∈ A. (6)

(ii) A left pre-Jacobi–Jordan (left skew-symmetric) algebra is an algebra
(A, ·) satisfying

Aasso(x, y, z) = −Aasso(y, x, z), for all x, y, z ∈ A, (7)

i.e., the anti-associator is left skew-symmetric. Actually, (7) is equiv-
alent to

(x ∗ y) · z = −x · (y · z)− y · (x · z), for all x, y, z ∈ A, (8)

where x ∗ y = x · y + y · x, for all x, y ∈ A.
(iii) If the anti-associator is right skew-symmetric, i.e.,

Aasso(x, y, z) = −Aasso(x, z, y)

or equivalently

x · (y ∗ z) = −(x · y) · z − (x · z) · y, for all x, y, z ∈ A,

then the algebra is said to be a right pre-Jacobi–Jordan (right skew
symmetric) algebra.

Proposition 3. Let (A, ·) be a left pre-Jacobi–Jordan algebra. Then the
product, given by

x ∗ y = x · y + y · x, (9)

defines a Jacobi–Jordan algebra structure on A, which is called the associated
(or sub-adjacent) Jacobi–Jordan algebra of (A, ·) denoted by AC .
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Proof. For all x, y, z ∈ A, we prove (1) as follows

J(x, y, z) =⟲(x,y,z) (x ∗ y) ∗ z

=⟲(x,y,z)

(
(x · y) · z + (y · x) · z + z · (x · y) + z · (y · x)

)
=⟲(x,y,z)

(
Aasso(x, y, z) +Aasso(y, x, z)

)
= 0 ( by (7) ).

□

Definition 6 ([2]). A representation of a left pre-Jacobi–Jordan algebra
(A, ·) on a vector space V consists of a pair (ρ, µ), where ρ, µ : A → gl(V )
are linear maps satisfying

ρ(x ∗ y) = −ρ(x)ρ(y)− ρ(y)ρ(x), (10)

µ(y)µ(x) + µ(x · y) = −µ(y)ρ(x)− ρ(x)µ(y), (11)

for all x, y ∈ A, where x ∗ y := x · y + y · x.

Observe that condition (10) means that (V, ρ) is a representation of the
subadjacent Jacobi–Jordan of (A, ·). One can easily prove that (V, ρ, µ) is
a representation of a left pre-Jacobi–Jordan algebra (A, ·) if and only if the
direct sum A⊕V of vector spaces turns into a left pre-Jacobi–Jordan algebra
under the product

(x+ u)⊛ (y + v)

:= x · y + (ρ(x)v + µ(y)u), for all x, y ∈ A and u, v ∈ V. (12)

This left pre-Jacobi–Jordan algebra is called a semi-direct product of A and
V denoted by A⋉ V.

Let us prove the following.

Proposition 4. Let (V, ρ, µ) be a representation of a left pre-Jacobi–
Jordan algebra (A, ·) and (A, ∗) be its associated Jacobi–Jordan algebra.
Then (V, ρ+ µ) is a representation of (A, ∗).

Proof. Let (V, ρ, µ) be a representation of a left pre-Jacobi–Jordan algebra
(A, ·) and (A, ∗) be its associated Jacobi–Jordan algebra.

We know that A ⋉ V = (A ⊕ V,⊛) is a left pre-Jacobi–Jordan algebra
where ⊛ is defined by (12). Consider its associated Jacobi–Jordan algebra
(A⊕ V, ⋆), where ⋆ is a Jordan product using ⊛. Then we have

(x+ u) ⋆ (y + v) = (x+ u)⊛ (y + v) + (y + v)⊛ (x+ u)

= x · y + (ρ(x)v + µ(y)u) + y · x+ (ρ(y)u+ µ(x)v)

= x ∗ y +
(
(ρ+ µ)(x)v + (ρ+ µ)(y)u

)
.

From Proposition 1, we conclude that (V, ρ+µ) is a representation of (A, ∗).
□
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Definition 7. A matched pair of left pre-Jacobi–Jordan algebras consists
of two left pre-Jacobi–Jordan algebras A1 := (A1, ·) and A2 := (A2,⊤)
together with representations ρ1, µ1 : A1 → gl(A2) and ρ2, µ2 : A2 → gl(A1)
such that for all x, y, z ∈ A1, u, v, w ∈ A2 the following conditions hold:

ρ1(x)(u ⊺ v) = −ρ1(ρ2(u)x+ µ2(u)x)v − (ρ1(x)u+ µ1(x)u) ⊺ v

−µ1(µ2(v)x)u− u ⊺ (ρ1(x)v), (13)

µ1(x)(u⊛ v) = −u ⊺ (µ1(x)v)− v ⊺ (µ1(x)u)− µ1(ρ2(u)x)v

−µ1(ρ2(v)x)u, (14)

ρ2(u)(x · y) = −ρ2(ρ1(x)u+ µ1(x)u)y − (ρ2(u)x+ µ2(u)x) · y
−µ2(µ1(y)u)x− x · (ρ2(u)y), (15)

µ2(u)(x ∗ y) = −x · (µ2(u)y)− y · (µ2(u)x)− µ2(ρ1(x)u)y

−µ2(ρ1(y)u)x, (16)

where ∗ is the product of the sub-adjacent Jacobi–Jordan algebra AC
1 and ⊛

is the product of the sub-adjacent Jacobi–Jordan algebra AC
2 . Such matched

pair is denoted by (A1, A2, ρ1, µ1, ρ2, µ2).

Theorem 2. Let A1 := (A1, ·) and A2 := (A2,⊤) be left pre-Jacobi–
Jordan algebras. Then (A1, A2, ρ1, µ1, ρ2, µ2) is a matched pair of left pre-
Jacobi–Jordan algebras if and only if (A1⊕A2, ⋄) is a left pre-Jacobi–Jordan
algebra under the product ”⋄” given by

(x+ u) ⋄ (y + v) := (x · y + ρ2(u)y + µ2(v)x)

+(u⊤v + ρ1(x)v + µ1(y)u). (17)

Proof. Pick x, y, z ∈ A1 and u, v, w ∈ A2. By straightforward computa-
tions, we get

AassoA1⊕A2(x+ u, y + v, z + w)

= ((x+ u) ⋄ (y + v)) ⋄ (z + w) + (x+ u) ⋄ ((y + v) ⋄ (z + w))

= (x · y) · z + (ρ2(u)y) · z + (µ2(v)x) · z + ρ2(u ⊺ v)z + ρ2(ρ1(x)v)z

+ ρ2(µ1(y)u)z + µ2(w)(x · y) + µ2(w)ρ2(u)y + µ2(w)µ2(v)x+ (u ⊺ v) ⊺ w

+ (ρ1(x)v) ⊺ w + (µ1(y)u) ⊺ w + ρ1(x · y)w + ρ1(ρ2(u)y)w + ρ1(µ2(v)x)w

+ µ1(z)(u ⊺ v) + µ1(z)ρ1(x)v + µ1(z)µ1(y)u+ x · (y · z) + x · (ρ2(v)z)
+ x · (µ2(w)y) + ρ2(u)(y · z) + ρ2(u)ρ2(v)z + ρ2(u)µ2(w)y + µ2(v ⊺ w)x

+ µ2(ρ1(y)w)x+ µ2(µ1(z)v)x+ u ⊺ (v ⊺ w) + u ⊺ (ρ1(y)w) + u ⊺ (µ1(z)v)

+ ρ1(x)(v ⊺ w) + ρ1(x)ρ1(y)w + ρ1(x)µ1(z)v + µ1(y · z)u+ µ1(ρ2(v)z)u

+ µ1(µ2(w)y)u.

Switching x+u and y+v in the above expression of AassoA1⊕A2(x+u, y+
v, z+w), we obtain AassoA1⊕A2(y+ v, x+u, z+w). Next, after rearranging
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terms, we obtain

AassoA1⊕A2(x+ u, y + v, z + w) +AassoA1⊕A2(y + v, x+ u, z + w)

=
(
AassoA1(x, y, z) +AassoA1(y, x, z)

)
+
(
AassoA2(u, v, w)

+AssoA2(v, u, w)
)
+
(
µ1(z)µ1(y)u+ µ1(y · z)u+ µ1(z)ρ1(y)u

+ ρ1(y)µ1(z)u
)
+
(
µ1(z)µ1(x)v + µ1(x · z)v + µ1(z)ρ1(x)v

+ ρ1(x)µ1(z)v
)
+
(
µ2(w)µ2(v)x+ µ2(v ⊺ w)x+ µ2(w)ρ2(v)x

+ ρ2(v)µ2(w)x
)
+
(
µ2(w)µ2(u)y + µ2(u ⊺ w)y + µ2(w)ρ2(u)y

+ ρ2(u)µ2(w)y
)
+

(
ρ1(x ∗ y)w + ρ1(x)ρ1(y)w + ρ1(y)ρ1(x)w

)
+
(
ρ2(u⊛ v)z + ρ2(u)ρ2(v)z + ρ2(v)ρ2(u)z

)
+
(
ρ1(y)(u ⊺ w)

+ ρ1(ρ2(u)y + µ2(u)y)w + (ρ1(y)u+ µ1(y)u) ⊺ w + µ1(µ2(w)y)u

+ u ⊺ (ρ1(y)w)
)
+
(
ρ1(x)(v ⊺ w) + ρ1(ρ2(v)x+ µ2(v)x)w + (ρ1(x)v

+ µ1(x)v) ⊺ w + µ1(µ2(w)x)v + v ⊺ (ρ1(x)w)
)
+
(
µ1(z)(u⊛ v)

+ u ⊺ (µ1(z)v) + v ⊺ (µ1(z)u) + µ1(ρ2(u)z)v + µ1(ρ2(v)z)u
)

+
(
ρ2(u)(y · z) + ρ2(ρ1(y)u+ µ1(y)u)z + (ρ2(u)y + µ2(u)y) · z

+ µ2(µ1(z)u)y + y · (ρ2(u)z)
)
+
(
ρ2(v)(x · z) + ρ2(ρ1(x)v

+ µ1(x)v)z + (ρ2(v)x+ µ2(b)x) · z + µ2(µ1(z)v)x+ x · (ρ2(v)z)
)

+
(
µ2(w)(x ∗ y) + x · (µ2(w)y) + y · (µ2(w)x) + µ2(ρ1(x)w)y

+ µ2(ρ1(y)w)x
)
.

From (7), (10) and (11), we get

Aasso(x+ u, y + v, z + w) +Aasso(y + v, x+ u, z + w)

=
(
ρ1(y)(u ⊺ w) + ρ1(ρ2(u)y + µ2(u)y)w + (ρ1(y)u+ µ1(y)u) ⊺ w

+ µ1(µ2(w)y)u+ u ⊺ (ρ1(y)w)
)
+
(
ρ1(x)(v ⊺ w) + ρ1(ρ2(v)x+ µ2(v)x)w

+ (ρ1(x)v + µ1(x)v) ⊺ w + µ1(µ2(w)x)v + α2(v) ⊺ (ρ1(x)w)
)

+
(
µ1(z)(u⊛ v) + u ⊺ (µ1(z)v) + v ⊺ (µ1(z)u) + µ1(ρ2(u)z)v
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+ µ1(ρ2(v)z)u
)
+
(
ρ2(u)(y · z) + ρ2(ρ1(y)u+ µ1(y)u)z

+ (ρ2(u)y + µ2(u)y) · z + µ2(µ1(z)u)y + y · (ρ2(u)z)
)
+
(
ρ2(v)(x · z)

+ ρ2(ρ1(x)v + µ1(x)v)z + (ρ2(v)x+ µ2(v)x) · z + µ2(µ1(z)v)x

+ x · (ρ2(v)z)
)
+
(
µ2(w)(x ∗ y) + x · (µ2(w)y) + y · (µ2(w)x)

+ µ2(ρ1(x)w)y + µ2(ρ1(y)w)x
)
.

Hence (7) holds in A1 ⊕A2 if and only (13), (14), (15) and (16) hold. □

Proposition 5. Let (A1, A2, ρ1, µ1, ρ2, µ2) be a matched pair of left pre-
Jacobi–Jordan algebras A1 := (A1, ·) and A2 := (A2,⊤). Then (A1, A2, ρ1 +
µ1, ρ2+µ2) is a matched pair of sub-adjacent Jacobi–Jordan algebras AC

1 :=
(A1, ∗) and AC

2 := (A2,⊛).

Proof. We know that (A1, ρ2, µ2) and (A2, ρ1, µ1) are representations of
left pre-Jacobi–Jordan algebras (A2, ⊺) and (A1, ·), respectively. From Propo-
sition 4, (A1, θ2 := ρ2 + µ2) and (A2, θ1 := ρ1 + µ1) are representations of
sub-adjacent Jacobi–Jordan algebras AC

2 and AC
1 , respectively. Next, pick

x, y ∈ A1 and u, v ∈ A2. Then by straightforward computations, after rear-
ranging terms and using (13), (14), we obtain

θ1(x)(u⊛ v) + (θ1(x)u)⊛ v + (θ1(x)v)⊛ u+ θ1(θ2(u)x)v + θ1(θ2(v)x)u

=
(
ρ1(x)(u ⊺ v) + ρ1(ρ2(u)x+ µ2(u)x)v + (ρ1(x)u+ µ1(x)u) ⊺ v

+ µ1(µ2(v)x)u+ u ⊺ (ρ1(x)v)
)
+
(
ρ1(x)(v ⊺ u) + ρ1(ρ2(v)x+ µ2(v)x)u

+ (ρ1(x)v + µ1(x)v) ⊺ u+ µ1(µ2(u)x)v + v ⊺ (ρ1(x)u)
)
+
(
µ1(x)(u⊛ v)

+ u ⊺ (µ1(x)v) + v ⊺ (µ1(x)u) + µ1(ρ2(u)x)v + µ1(ρ2(v)x)u
)
= 0.

Hence we have (4). Similarly, we compute

θ2(u)(x ∗ y) + (θ2(u)x) ∗ y + (θ2(u)y) ∗ x+ θ2(θ1(x)u)y + θ2(θ1(y)u)x

=
(
ρ2(u)(x · y) + ρ2(ρ1(x)u+ µ1(x)u)y + (ρ2(u)x+ µ2(u)x) · y

+ µ2(µ1(y)u)x+ x · (ρ2(u)y)
)
+
(
ρ2(u)(y · x) + ρ2(ρ1(y)u+ µ1(y)u)x

+ (ρ2(u)y + µ2(u)y) · x+ µ2(µ1(x)u)y + y · (ρ2(u)x)
)
+
(
µ2(u)(x ∗ y)

+ x · (µ2(u)y) + y · (µ2(u)x) + µ2(ρ1(x)u)y + µ2(ρ1(y)u)x
)
= 0

(by (15) and (16)).

Thus, we get also (5). □
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3. Representations and cohomologies of relative
Rota–Baxter operators on left pre-Jacobi–Jordan algebras

In this section, we consider the notion of left (resp. right) pre-Jacobi–
Jordan algebra first introduced in [5] as left-skew-symmetric (resp. right-
skew-symmetric) algebra. We study their relationships with Jacobi–Jordan
algebras in terms of relative Rota–Baxter operators of Jacobi–Jordan alge-
bras. Finally, representations and cohomologies theories of relative Rota–
Baxter operators on pre-Jacobi–Jordan algebras are introduced and studied.

Definition 8. Let (V, ρ, µ) be a representation of a left pre-Jacobi–Jordan
algebra (A, ·). A linear map T : V → A is called a relative Rota–Baxter
operator of A associated to (V, ρ, µ) if it satisfies

T (u) · T (v) = T

(
ρ(Tu)v + µ(Tv)u

)
, for all u, v ∈ V. (18)

Note that Rota–Baxter operators on a left pre-Jacobi–Jordan algebra of
weight 0 are relative Rota–Baxter operators with respect to the regular rep-
resentation.

Example 1. Consider the 2-dimensional real left pre-Jacobi–Jordan al-
gebra (A, ·) given with respect to a basis {e1, e2} by

e1 · e1 = e2.

Then T =

(
x a
y b

)
is a relative Rota–Baxter operator on (A, ·) with respect

to the regular representation if and only if

T (ei) · T (ej) = T (T (ei) · ej + ei · T (ej)) , i, j = 1, 2. (19)

From (19), we obtain the following system (S) : x2 − 2xb = xa = a2 =
xa− ab = 0. Hence

(S) ⇐⇒ (a = x = 0, b ∈ R, y ∈ R) or (a = 0, x = 2b, y ∈ R).

Then, for all y, b ∈ R, Ty,b =

(
0 0
y b

)
and T ′

y,b =

(
2b 0
y b

)
are relative

Rota–Baxter operators on (A, ·) with respect to the regular representation.

Lemma 1. Let (A, ·) be a left pre-Jacobi–Jordan algebra and (V, ρ, µ) be
a representation of (A, ·). Then, A ⊕ V is a representation of (A, ·) under
the maps ρA⊕V , µA⊕V : A → gl(A⊕ V ) defined by

ρA⊕V (a)(b+ v) := a · b+ ρ(a)v, (20)

µA⊕V (a)(b+ v) := b · a+ µ(a)v. (21)

Proof. Let x, y, z ∈ A and v ∈ V . We have

ρA⊕V (x ∗ y)(z + v)
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(20)
= (x ∗ y) · z + ρ(x ∗ y)v
= −x · (y · z)− y · (x · z)− ρ(x)ρ(y)v − ρ(y)ρ(x)v

= −x · (y · z)− ρ(x)ρ(y)v − y · (x · z)− ρ(y)ρ(x)v

= −ρA⊕V (x)ρA⊕V (y)(z + v)− ρA⊕V (y)ρA⊕V (x)(z + v).

Similarly, we compute

µA⊕V (x · y)(z + v)

(21)
= z · (x · y) + µ(x · y)v = −(z · x) · y − (x · z) · y − x · (z · y)
− µ(y)µ(x)v − µ(y)ρ(x)v − ρ(x)µ(y)v (by (7) and (11) )

= −(z · x) · y − µ(y)µ(x)v︸ ︷︷ ︸−x · (z · y)− ρ(x)µ(y)v︸ ︷︷ ︸
−(x · z) · y − µ(y)ρ(x)v︸ ︷︷ ︸

= −µA⊕V (y)µA⊕V (x)(z + v)− ρA⊕V (x)µA⊕V (y)(z + v)

− µA⊕V (y)ρA⊕V (x)(z + v).

Hence the conclusion follows. □

Using the previous lemma and Proposition 2, we give the following exam-
ple.

Example 2. Let (A, ·) be a left pre-Jacobi–Jordan algebra and (V, ρ, µ)
be a representation of (A, ·). Consider the representation A⊕V of (A, ·) given
in the previous lemma and define the linear map T : A ⊕ V → A, a + v 7→
a. Then T is up to a scalar coefficient, a relative Rota–Baxter operator
of sub-adjacent Jacobi–Jordan algebra AC associated to the representation
(A⊕ V, ρA⊕V + µA⊕V ).

A relative Rota–Baxter operator of a pre-Jacobi–Jordan algebra turns into
a relative Rota–Baxter operator of its associated Jacobi–Jordan algebra as
we can see in the following result.

Proposition 6. Let T be a relative Rota–Baxter operator of a left pre-
Jacobi–Jordan algebra (A, ·) with respect to a representation (V, ρ, µ). Then
T is a relative Rota–Baxter operator of its associated Jacobi–Jordan algebra
(A, ∗) with respect to the representation (V, ρ+ µ).

Proof. Suppose that T is a relative Rota–Baxter operator of a left pre-
Jacobi–Jordan algebra (A, ·) with respect to a representation (V, ρ, µ). Pick
u, v ∈ V . Since T is a relative Rota–Baxter operator of a left pre-Jacobi–
Jordan algebra (A, ·) with respect to a representation (V, ρ, µ), we have
Tu, Tv ∈ A and

Tu ∗ Tv = Tu · Tv + Tv · Tu
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= T

(
ρ(Tu)v + µ(Tv)u

)
+ T

(
ρ(Tv)u+ µ(Tu)v

)
= T

(
(ρ+ µ)(Tu)v + (ρ+ µ)(Tv)u

)
.

Hence the conclusion follows. □

Proposition 7. A linear map T : V → A is a relative Rota–Baxter opera-
tor of a left pre-Jacobi–Jordan algebra (A, ·) with respect to a representation
(V, ρ, µ) if and only if the graph of T,

Gr(T ) := {(T (v), v) : v ∈ V },

is a subalgebra of the semi-direct product algebra A⋉ V.

Proof. Let u, v ∈ V. We compute

(Tu, u)⊛ (Tv, v) = (Tu · Tv, ρ(Tu)v + µ(Tv)u).

Hence

(Tu, u)⊛ (Tv, v) ∈ Gr(T ) ⇔ Tu · Tv = T (ρ(Tu)v + µ(Tv)u).

□

The next result says that a relative Rota–Baxter operator can be lifted
up the Rota–Baxter operator.

Proposition 8. Let (A, ·) be a left pre-Jacobi–Jordan algebra, (V, ρ, µ)

be a representation on it and T : V → A be a linear map. Define T̂ ∈
End(A⊕V ) by T̂ (a+v) := T (v). Then T is a relative Rota–Baxter operator

with respect to (V, ρ, µ) if and only if T̂ is a Rota–Baxter operator on A⊕V.

Proof. Let a, b ∈ A and u, v ∈ V. Then we have

T̂ (a+ u)⊛ T̂ (b+ v) = Tu⊛ Tv = Tu · Tv

and

T̂ (T̂ (a+ u)⊛ (b+ v) + (a+ u)⊛ T̂ (b+ v))

= T̂ (Tu · b+ ρ(Tu)v + a · Tv + µ(Tv)u)

= T (ρ(Tu)v + µ(Tv)u).

Hence

T̂ (a+ u)⊛ T̂ (b+ v) = T̂ (T̂ (a+ u)⊛ (b+ v) + (a+ u)⊛ T̂ (b+ v))

if and only if

Tu · Tv = T (ρ(Tu)v + µ(Tv)u).

□
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Proposition 9. Let (A, ∗) be a Jacobi–Jordan algebra and (V, ρ) be a
representation on it. If T is a relative Rota–Baxter operator with respect to
ρ, then (V, ·) is a left pre-Jacobi–Jordan algebra, where

u · v := ρ(T (u))v, for u, v ∈ V . (22)

Hence there exists an associated Jacobi–Jordan algebra structure on V given
by (9) and T is a morphism of Jacobi–Jordan algebras. In addition, T (V ) :=
{T (v)|v ∈ V } ⊂ A is a Jacobi–Jordan subalgebra of (A, ∗) and there is an
induced left pre-Jacobi–Jordan algebra structure on T (V ) given by

T (u) · T (v) := T (u · v), for u, v ∈ V .

The corresponding associated Jacobi–Jordan algebra structure on T (V ) given
by (9) is just a Jacobi–Jordan subalgebra of (A, ∗) and T is a momorphism
of left pre-Jacobi–Jordan algebras.

Proof. Let u, v, w ∈ V and put u ⋆ v = u · v + v · u. Note first that
T (u ⋆ v) = T (u) ∗ T (v). We compute (8) using (22) and (2) as follows

(u ⋆ v) · w = ρ(T (u) ∗ T (v))w = −ρ(Tu)ρ(Tv)w − ρ(Tv)ρ(Tu)w

= −u · (v · w)− v · (u · w).

Therefore, (V, ·) is a left pre-Jacobi–Jordan algebra. The other claims follow
immediately. □

As an obvious consequence of Proposition 9, we obtain the following con-
struction of a left pre-Jacobi–Jordan algebra in terms of a Rota–Baxter
operator (of weight zero) of a Jacobi–Jordan algebra.

Corollary 1. Let (A, ∗) be a Jacobi–Jordan algebra and P be a Rota–
Baxter operator (of weight zero) on A. Then there is a left pre-Jacobi–Jordan
algebra structure on A given by

x · y := P (x) ∗ y, for all x, y ∈ A.

Proof. Straightforward. □

Corollary 2. Let (A, ∗) be a Jacobi–Jordan algebra. Then there exists a
compatible left pre-Jacobi- Jordan algebra structure on A if and only if there
exists an invertible relative Rota–Baxter operator of (A, ∗).

Proof. Let (A, ·) be a left pre-Jacobi–Jordan algebra and (A, ⋆) be the
associated Jacobi–Jordan algebra. Then it is obvious that the identity map
id : A → A is an invertible relative Rota–Baxter operator of (A, ⋆) with
respect to (A, ad).

Conversely, suppose that there exists an invertible relative Rota–Baxter
operator T of (A, ∗) with respect to a representation (V, ρ). Then Propo-
sition 9 says that there is a left pre-Jacobi–Jordan algebra structure on
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T (V ) = A given by

T (u) · T (v) = T (ρ(T (u))v), for all u, v ∈ V.

Setting T (u) = x and T (v) = y, we get

x · y = T (ρ(x)T−1(y)), for all x, y ∈ A.

This is a compatible left pre-Jacobi–Jordan algebra structure on (A, ∗). In-
deed,

x · y + y · x = T (ρ(x)T−1(y) + ρ(y)T−1(x))

= T (T−1(x)) ∗ T (T−1(y)) = x ∗ y.
□

Proposition 10. Let T : V → A be a relative Rota–Baxter operator on a
Jacobi–Jordan algebra (A, ∗) with respect to the representation (V, ρ). Define
a map ρT : V → gl(A) by

ρT (u)x := T (u) ∗ x− T (ρ(x)u), for all (u, x) ∈ V ×A.

Then the triplet (A, ρT ) is a representation of the sub-adjacent Jacobi–Jordan
algebra V C = (V, ⋆) associated with the left pre-Jacobi–Jordan algebra (V, ·)
defined in Proposition 9.

Proof. Let u, v ∈ V, x ∈ A. Observe that u ⋆ v = ρ(Tu)v + ρ(Tv)u and
T (u ⋆ v) = T (u) ∗ T (v). Hence, by straightforward computations, we obtain

ρT (u ⋆ v)x = (T (u) ∗ T (v)) ∗ x− T
(
ρ(x)ρ(Tu)v

)
− T

(
ρ(x)ρ(Tv)u

)
.

In addition, we get

ρT (u)ρT (v)x = Tu ∗ (Tv ∗ x)− Tu ∗ T (ρ(x)v)− T
(
ρ(Tv ∗ x)u

)
+ T

(
ρ(T (ρ(x)v))u

)
= Tu ∗ (Tv ∗ x)− T

(
ρ(Tu)ρ(x)v + ρ(T (ρ(x)v))u

)
− T

(
ρ(Tv)ρ(x)u+ ρ(x)ρ(Tv)u

)
+ T

(
ρ(T (ρ(x)v))u

)
(by (3) and (2) )

= Tu ∗ (Tv ∗ x)− T
(
ρ(Tu)ρ(x)v

)
+ T

(
ρ(Tv)ρ(x)u

)
+ T

(
ρ(x)ρ(Tv)u

)
.

Switching u and v in the above equation, we come to

ρT (v)ρT (u)x = Tv ∗ (Tu ∗ x)− T
(
ρ(Tv)ρ(x)u

)
+T

(
ρ(Tu)ρ(x)v

)
+ T

(
ρ(x)ρ(Tu)v

)
.

Hence, by (1), we obtain

−ρT (u)ρT (v)x− ρT (v)ρT (u)x = ρT (u ⋆ v)x,

i.e., (2) holds in (A, ρT ). □
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Proposition 11. Let T be a relative Rota–Baxter operator on a left pre-
Jacobi–Jordan algebra (A, ·) with respect to (V, ρ, µ). Define

u ·T v = ρ(Tu)v + µ(Tv)u, for all u, v ∈ V. (23)

Then (V, ·T ) is a left pre-Jacobi–Jordan algebra.

Proof. Denote by AassoT the anti-associator with respect to ·T and pick
u, v and w in V . We have

AassoT (u, v, w) +AassoT (v, u, w)

= (u ·T v) ·T w + u ·T (v ·T w) + (v ·T u) ·T w + v ·T (u ·T w)

(23)
= ρ(T (u ·T v))w + µ(Tw)(u ·T v) + ρ(Tu)(v ·T w) + µ(T (v ·T w))u

+ ρ(T (v ·T u))w + µ(Tw)(v ·T u) + ρ(Tv)(u ·T w) + µ(T (u ·T w))v

(18),(23)
= ρ(Tu · Tv)w + µ(Tw)ρ(Tu)v + µ(Tw)µ(Tv)u+ ρ(Tu)ρ(Tv)w

+ ρ(Tu)µ(Tw)v + µ(Tv · Tw)u+ ρ(Tv · Tu)w + µ(Tw)ρ(Tv)u

+ µ(Tw)µ(Tu)v + ρ(Tv)ρ(Tu)w + ρ(Tv)µ(Tw)u+ µ(Tu · Tw)v

=
(
ρ(Tu ∗ Tv)w + ρ(Tu)ρ(Tv)w + ρ(Tv)ρ(Tu)w

)
+
(
µ(Tv · Tw)u

+ µ(Tw)µ(Tv)u+ µ(Tw)ρ(Tv)u+ ρ(Tv)µ(Tw)u
)
+
(
µ(Tu · Tw)v

+ µ(Tw)µ(Tu)v + µ(Tw)ρ(Tu)v + ρ(Tu)µ(Tw)v
)

(10),(11)
= 0.

Therefore (V, ·T ) is a left pre-Jacobi–Jordan algebra. □

Corollary 3. Let T be a relative Rota–Baxter operator on a left pre-
Jacobi–Jordan algebra (A, ·) with respect to a representation (V, ρ, µ). Then
T is a morphism from the left pre-Jacobi–Jordan algebra (V, ·T ) to the initial
left pre-Jacobi–Jordan algebra (A, ·).

Proof. It follows from Proposition 11 and (18). □

Theorem 3. Let T be a relative Rota–Baxter operator on a left pre-
Jacobi–Jordan algebra (A, ·) with respect to a representation (V, ρ, µ). Define

ρT (v)x = Tv · x− T (µ(x)v), for all (x, v) ∈ A× V, (24)

µT (v)x = x · Tv − T (ρ(x)v), for all (x, v) ∈ A× V. (25)

Then (A, ρT , µT ) is a representation of the left pre-Jacobi–Jordan algebra
(V, ·T ).

Proof. If u, v ∈ V and x ∈ A, then we have

ρT (u ·T v + v ·T u)x+ ρT (u)ρT (v)x+ ρT (v)ρT (u)x



COHOMOLOGIES AND LINEAR DEFORMATIONS 109

(24),(23)
= (Tu · Tv) · x− T

(
µ(x)ρ(Tu)v + µ(x)µ(Tv)u

)
+ (Tv · Tu) · x

− T

(
µ(x)ρ(Tv)u+ µ(x)µ(Tu)v

)
+ Tu · (Tv · x)− T

(
ρ(Tu)µ(x)v

+ µ(T (µ(x)v))u+ µ(Tv · x)u− µ(T (µ(x)v))u

)
+ Tv · (Tu · x)

− T

(
ρ(Tv)µ(x)u+ µ(T (µ(x)u))v + µ(Tu · x)v − µ(T (µ(x)u))v

)
= (Tu · Tv) · x+ Tu · (Tv · x) + (Tv · Tu) · x+ Tv · (Tu · x)

− T

(
µ(x)ρ(Tu)v + µ(x)µ(Tv)u

)
− T

(
µ(x)ρ(Tv)u+ µ(x)µ(Tu)v

)
− T

(
ρ(Tu)µ(x)v + µ(Tv · x)u

)
− T

(
ρ(Tv)µ(x)u+ µ(Tu · x)v

)
(6)
= Aasso(Tu, Tv, x) +Aasso(Tv, Tu, x)

− T

(
µ(Tv · x)u+ µ(x)µ(Tv)u+ µ(x)ρ(Tv)u+ ρ(Tv)µ(x)u

)
− T

(
µ(Tu · x)v + µ(x)µ(Tu)v + µ(x)ρ(Tu)v + ρ(Tu)µ(x)v

)
(7),(11)
= 0.

Thus we deduce that

ρT (u ·T v + v ·T u)x+ ρT (u)ρT (v)x+ ρT (v)ρT (u)x = 0.

We have also

µT (u ·T v)x+ µT (v)µT (u)x+ µT (v)ρT (u)x+ ρT (u)µT (v)x

= x · (Tu · Tv)− T

(
ρ(x)ρ(Tu)v + ρ(x)µ(Tv)u

)
+ (x · Tu) · Tv

− T

(
ρ(T (ρ(x)u))v + µ(Tv)ρ(x)u+ ρ(x · Tu)v − ρ(T (ρ(x)u))v

)
+ (Tu · x) · Tv − T

(
ρ(T (µ(x)u))v + µ(Tv)µ(x)u+ ρ(Tu · x)v

− ρ(T (µ(x)u))v

)
+ Tu · (x · Tv)− T

(
ρ(Tu)ρ(x)v + µ(T (ρ(x)v))u

+ µ(x · Tv)u− µ(T (ρ(x)v))u

)
= (x · Tu) · Tv + x · (Tu · Tv) + (Tu · x) · Tv + Tu · (x · Tv)
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− T

(
ρ(x)ρ(Tu)v + ρ(x)µ(Tv)u

)
− T

(
µ(Tv)ρ(x)u+ ρ(x · Tu)v

)
− T

(
µ(Tv)µ(x)u+ ρ(Tu · x)v

)
− T

(
ρ(Tu)ρ(x)v + µ(x · Tv)u

)
(6)
= Aasso(x, Tu, Tv) +Aasso(Tu, x, Tv)− T

(
ρ(Tu · x+ x · Tu)v

+ ρ(Tu)ρ(x)v + ρ(x)ρ(Tu)v

)
− T

(
µ(x · Tv)u+ µ(Tv)µ(x)u

+ µ(Tv)ρ(x)u+ ρ(x)µ(Tv)u

)
(7),(10),(11)

= 0.

Therefore (A, ρT , µT ) is a representation of the left pre-Jacobi–Jordan alge-
bra (V, ·T ). □

Let T be a relative Rota–Baxter operator on a left pre-Jacobi–Jordan
algebra (A, ·) with respect to a representation (V, ρ, µ). Consider the new
pre-Jacobi–Jordan algebra (V, ·T ) and its representation (A, ρT , µT ). Based
on the zigzag complex developed in [2] for pre-Jacobi–Jordan algebras, we
obtain the following zigzag cochain complex

(C•(V,A) =

+∞⊕
k=0

Ck(V,A),A•(V,A) =

+∞⊕
k=0

Ak(V,A), d•ρT , δ
•
ρT
)

of the algebra (V, ·T ) with coefficients in the representation (A, ρT , µT ) where,
for all integers n ≥ 1,

Cn(V,A) := {f : V ⊗n → A : f is linear}
and

An(V,A)

is given by f ∈ An(V,A) if and only if f ∈ Hom(∧n−1V ⊗ V,A) and

f(u ∗T v, u1, · · · , un−1, w ·T un) + f(v ∗T w, u1, · · · , un−1, u ·T un)

+f(w ∗T u, u1, · · · , un−1, v ·T un) = 0,

for all (u, v, w, u1, · · · , un) ∈ V ⊗(n+3),

A0(V,A) = C0(V,A)

:= {x ∈ A : ρT (u ·T v)x+ ρT (u) ◦ ρT (v)x = 0, ∀u, v ∈ V }.
The two sequences of differential maps are given by linear maps

dnT : Cn(V,A) → Cn+1(V,A),

δnT : An(V,A) → Cn+1(V,A),
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where

dnT f(u1, · · · , un+1) =
n∑

i=1

ρT (ui)f(u1, · · · , ûi, · · · , un+1)

+
n∑

i=1

µT (un+1)f(u1, · · · , ûi, · · · , un, ui)

+

n∑
i=1

f(u1, · · · , ûi, · · · , un, xi ·T un+1)

+
∑

1≤i<j≤n

f(ui ∗T uj , u1, · · · , ûi, · · · , ûj , · · · , un+1),

δnT f(u1, · · · , un+1) =
n∑

i=1

ρT (ui)f(u1, · · · , ûi, · · · , un+1)

+
n∑

i=1

µT (un+1)f(u1, · · · , ûi, · · · , un, ui)

−
n∑

i=1

f(u1, · · · , ûi, · · · , un, ui ·T un+1)

−
∑

1≤i<j≤n

f(ui ∗T uj , u1, · · · , ûi, · · · , ûj , · · · , un+1),

with

δ0Tx(u) = d0Tx(u) := ρT (u)x+ µT (u)x, for all (x, u) ∈ A× V. (26)

Proposition 12 ([2]). With the above notations, for any integer n ≥ 1,
it holds that

dnρT ◦ δn−1
ρT

= 0.

Definition 9. Let T be a relative Rota–Baxter operator of the pre-
Jacobi–Jordan algebra (A, ·) with respect to a representation (V, ρ, µ). The
cochain complex (C•(V,A),A•(V,A), d•ρT , δ

•
ρT
) is called the cohomology com-

plex for the relative Rota–Baxter operator T.

The kth cohomology space of V with values/coefficients in A is given by
the quotient

Hk(V,A) := Zk(V,A)/Bk(V,A).

4. Linear deformations of relative Rota–Baxter operators on
pre-Jacobi–Jordan algebras

In this section, we use the cohomological approach to study linear de-
formations of relative Rota–Baxter operators. In particular, the notion of
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Nijenhuis elements is introduced to characterize trivial linear deformations.

First, let us give the following definition.

Definition 10. Let T be a relative Rota–Baxter operator on a left pre-
Jacobi–Jordan algebra (A, ·) with respect to a representation (V, ρ, µ) and
J : V → A be a linear map. If Tt = T + tJ is still a relative Rota–Baxter
operator on a left pre-Jacobi–Jordan algebra (A, ·) with respect to (V, ρ, µ)
for all t ∈ C, we say that J generates a linear deformation of the relative
Rota–Baxter operator T .

Observe that J generates a lineair deformation Tt = T + tJ of the relative
Rota–Baxter operator T if and only if, for all u, v ∈ V ,

Ju · Jv = J(ρ(Ju)v + µ(Jv)u), (27)

Tu · Jv + Ju · Tv = T (ρ(Ju)v + µ(Jv)u)

+J(ρ(Tu)v + µ(Tv)u). (28)

The equality (27) means that J is a relative Rota–Baxter operator on a left
pre-Jacobi–Jordan algebra (A, ·) with respect to (V, ρ, µ). The equality (28)
is equivalent to

ρT (u)J(v) + µT (v)J(u)− J(u ·T v) = 0,

i.e., J ∈ Ker(δ1T ).

Let us recall the following definition.

Definition 11 ([2]). Let (A, ·) be a left pre-Jacobi–Jordan algebra and
ω : A × A → A be a linear map. If, for any t ∈ C, the multiplication ·t
defined by

x ·t y = x · y + tω(x, y), ∀x, y ∈ A, (29)

also gives a left pre-Jacobi–Jordan algebra structure, we say that ω generates
a linear deformation of the left pre-Jacobi–Jordan algebra (A, ·).

The two types of linear deformations are related as follows.

Proposition 13. If J generates a linear deformation of a relative Rota–
Baxter operator T on a left pre-Jacobi–Jordan algebra (A, ·) with respect to
a representation (V, ρ, µ), then the product ωJ defined by

ωJ(u, v) = ρ(Ju)v + ρ(Jv)u, for all u, v ∈ V,

generates a linear deformation of the left pre-Jacobi–Jordan algebra (V, ·T ).
Proof. Suppose that J generates a linear deformation Tt of the relative

Rota–Baxter operator T and denote by ·t the corresponding left pre-Jacobi–
Jordan algebra structure associated to Tt. Then we have

u ·t v = ρ(Ttu)v + µ(Ttv)u = u ·T v + tωJ(u, v), for all u, v ∈ V.
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It follows that ωJ generates a linear deformation of (V, ·T ). □

Definition 12. Let T and T ′ be two relative Rota–Baxter operators
on a left pre-Jacobi–Jordan algebra (A, ·) with respect to a representation
(V, ρ, µ). A morphism from T ′ to T consists of a left pre-Jacobi–Jordan
algebras morphism ϕA : A → A and a linear map ϕV : V → V such that

T ◦ ϕV = ϕA ◦ T ′, (30)

ϕV ◦ ρ(x) = ρ(ϕA(x)) ◦ ϕV , for all x ∈ A, (31)

ϕV ◦ µ(x) = µ(ϕA(x)) ◦ ϕV , for all x ∈ A. (32)

In particular, if both ϕA and ϕV are invertible, then (ϕA, ϕV ) is called an
isomorphism from T ′ to T .

Proposition 14. Let T and T ′ be two relative Rota–Baxter operators on a
left pre-Jacobi–Jordan algebra (A, ·) with respect to a representation (V, ρ, µ)
and (ϕA, ϕV ) a morphism (resp. an isomorphism) from T ′ to T . Then ϕV is
a morphism (resp. an isomorphism) from the left pre-Jacobi–Jordan algebra
(V, ·T ′) to (V, ·T ).

Proof. Let u, v ∈ V . By (30)–(32), we have

ϕV (u ·T ′ v) = ϕV (ρ(T
′u)v + µ(T ′v)u)

= ϕV (ρ(T
′u)v) + ϕV (µ(T

′v)u)

= ρ(ϕA(T
′u))ϕV (v) + µ(ϕA(T

′v))ϕV (u)

= ρ(T (ϕV (u)))ϕV (v) + µ(T (ϕV (v)))ϕV (u)

= ϕV (u) ·T ϕV (v).

Thus ϕV is a morphism from the left pre-Jacobi–Jordan algebra (V, ·T ′) to
(V, ·T ). □

Definition 13. Let T be a relative Rota–Baxter operator on a left pre-
Jacobi–Jordan algebra (A, ·) with respect to a representation (V, ρ, µ). Two
linear deformations T 1

t = T + tJ1 and T 2
t = T + tJ2 of T are said to be

equivalent if there exists x ∈ C0(V,A) such that (IdA + tLx + tRx, IdV +
tρ(x)+ tµ(x)) is a morphism from T 2

t to T 1
t . In particular, a linear deforma-

tion Tt = T + tJ of a relative Rota–Baxter operator T is said to be trivial if
there exists x ∈ C0(V,A) such that (IdA + tLx + tRx, IdV + tρ(x) + tµ(x))
is a morphism from Tt to T .

Suppose that there exists x ∈ C0(V,A) such that (IdA+ tLx+ tRx, IdV +
tρ(x) + tµ(x)) is a morphism from T 2

t to T 1
t . Then IdA + tLx + tRx is a left

pre-Jacobi–Jordan algebras morphism of (A, ·) and (30)-(32) hold. Now
(IdA + tLx + tRx)(y · z) = (IdA + tLx + tRx)(y) · (IdA + tLx + tRx)(z) for
all y, z ∈ A, if and only if x satisfies

(x · y) · (x · z) + (x · y) · (z · x)
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+(y · x) · (x · z) + (y · x) · (z · x) = 0 for all y, z ∈ A, (33)

(x · y) · z + (y · x) · z + y · (x · z) + y · (z · x)
= x · (y · z) + (y · z) · x for all y, z ∈ A. (34)

By (30), we get
(T +tJ1)◦(IdV +tρ(x)+tµ(x))(v)=(IdA+tLx+tRx)◦(T +tJ2)(v), ∀v ∈ V ,
which holds if and only if x satisfies

J2 − J1 = T ◦ ρ(x) + T ◦ µ(x)− Lx ◦ T −Rx ◦ T = −∂T (x), (35)

J1 ◦ ρ(x) + J1 ◦ µ(x) = Lx ◦ J2 +Rx ◦ J2. (36)

Also, by (31), we obtain
(IdV + tρ(x)+ tµ(x))◦ρ(y) = ρ(y+ tLx(y)+ tRx(y))◦ (IdV + tρ(x)+ tµ(x)),
which holds if and only if x satisfies

ρ(x · y)ρ(x) + ρ(y · x)ρ(x)
+ρ(x · y)µ(x) + ρ(y · x)µ(x) = 0 for all y ∈ A, (37)

ρ(x · y) + ρ(y · x) + ρ(y)ρ(x) + ρ(y)µ(x)

= ρ(x)ρ(y) + µ(x)ρ(y) for all y ∈ A. (38)

Finally, (32) gives

(IdV + tρ(x) + tµ(x)) ◦ µ(y)
= µ(y + tLx(y) + tRx(y)) ◦ (IdV + tρ(x) + tµ(x)) for all y ∈ A,

which holds if and only if x satisfies

µ(x · y)µ(x) + µ(y · x)µ(x)
+µ(x · y)ρ(x) + µ(y · x)ρ(x) = 0 for all y ∈ A, (39)

µ(x · y) + µ(y · x) + µ(y)µ(x) + µ(y)ρ(x)

= µ(x)µ(y) + ρ(x)µ(y) for all y ∈ A. (40)

Note that (35) means that

J2 − J1 = −∂T (x).

Thus we have the following result.

Theorem 4. Let T be a relative Rota–Baxter operator on a left pre-
Jacobi–Jordan algebra (A, ·) with respect to a representation (V, ρ, µ). If two
linear deformations T 1

t = T + tJ1 and T 2
t = T + tJ2 are equivalent, then J1

and J2 are in the same cohomology class of H1(V,A).

Definition 14. Let T be a relative Rota–Baxter operator on a pre-Jacobi–
Jordan algebra (A, ·) with respect to a representation (V, ρ, µ). An element
x ∈ C0(V,A) is called a Nijenhuis element associated to T if x satisfies (33),
(34), (37), (38), (39), (40) and the equation

(Lx +Rx) ◦ T ◦ (ρ(x) + µ(x))− (Lx +Rx) ◦ (Lx +Rx) ◦ T = 0. (41)
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Denote by Nij(T ) the set of Nijenhuis elements associated to a relative Rota–
Baxter operator T.

The following lemma is very useful.

Lemma 2. Let T be a relative Rota–Baxter operator on a left pre-Jacobi–
Jordan algebra (A, ·) with respect to a representation (V, ρ, µ). Let ϕA :
A → A be a pre-Jacobi–Jordan algebras isomorphism and ϕV : V → V an
isomorphism of vector spaces such that (31)-(32) hold. Then, φ = φ−1

A ◦T◦φV

is a relative Rota–Baxter operator on the left pre-Jacobi–Jordan algebra (A, ·)
with respect to a representation (V, ρ, µ).

Proof. First, observe that

φ = φ−1
A ◦ T ◦ φV ⇐⇒ φA ◦ φ = T ◦ φV . (42)

Next, if u, v ∈ V , then we obtain

φ(u) · φ(v) =

(
φ−1
A ◦ T ◦ φV

)
(u) ·

(
φ−1
A ◦ T ◦ φV

)
(v)

( by the definition of φ)

= φ−1
A

(
T (φV (u))

)
· φ−1

A

(
T (φV (v))

)
= φ−1

A

(
T (φV (u)) · T (φV (v))

)
(since φ−1

A is a morphism)

= φ−1
A

(
T

(
ρ(T (φV (u)))φV (v) + µ(T (φV (v)))φV (u)

))
(by (18))

= (φ−1
A ◦ T )

(
ρ(T (φV (u)))φV (v) + µ(T (φV (v)))φV (u)

)
= (φ−1

A ◦ T )
(
ρ((T ◦ φV )(u))φV (v) + µ((T ◦ φV )(v))φV (u)

)
= (φ−1

A ◦ T )
(
ρ((φA ◦ φ)(u))φV (v) + µ((φA ◦ φ)(v))φV (u)

)
(by (42))

= (φ−1
A ◦ T )

(
ρ((φA(φ(u)))φV (v) + µ((φA(φ(v)))φV (u)

)
= (φ−1

A ◦ T )
(
φV ◦ ρ(φ(u))v + φV ◦ µ(φ(v))u

)
(by (31)-(32))

= (φ−1
A ◦ T ◦ φV )

(
ρ(φ(u))v + µ(φ(v))u

)
= φ

(
ρ(φ(u))v + µ(φ(v))u

)
.
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Therefore φ = φ−1
A ◦ T ◦ φV is a relative Rota–Baxter operator on the pre-

Jacobi–Jordan algebra (A, ·) with respect to a representation (V, ρ, µ). □

By (33)-(40), it is obvious that a trivial linear deformation gives rise to a
Nijenhuis element. Conversely, the following theorem shows that a Nijenhuis
element can also generate a trivial linear deformation.

Theorem 5. Let T be a relative Rota–Baxter operator on a left pre-
Jacobi–Jordan algebra (A, ·) with respect to a representation (V, ρ, µ). Then,
for any x ∈ Nij(T ), Tt = T + tJ is a trivial linear deformation of the relative
Rota–Baxter operator T , where J = −∂T (x).

Proof. Let T be a Rota–Baxter relative operator on a pre-Jacobi–Jordan
algebra (A, ·) with respect to a representation (V, ρ, µ). Pick x ∈ Nij(T ) and
v ∈ V. Then we have

Jv = −∂T (x)v
= −ρT (v)x− µT (v)x (by (26)),

i.e., by (24)–(25), we obtain

J = T ◦ ρ(x) + T ◦ µ(x)− Lx ◦ T −Rx ◦ T. (43)

Therefore

Lx ◦ J +Rx ◦ J
= Lx ◦ T ◦ ρ(x) + Lx ◦ T ◦ µ(x)− Lx ◦ Lx ◦ T − Lx ◦Rx ◦ T

+Rx ◦ T ◦ ρ(x) +Rx ◦ T ◦ µ(x)−Rx ◦ Lx ◦ T −Rx ◦Rx ◦ T
= (Lx +Rx) ◦ T ◦ (ρ(x) + µ(x))− (Lx +Rx) ◦ (Rx + Lx) ◦ T,

i.e., by (41), the following holds:

Lx ◦ J +Rx ◦ J = 0. (44)

From the relation Tt = T + tJ we compute

Lx ◦ Tt +Rx ◦ Tt = Lx ◦ T +Rx ◦ T + t(Lx ◦ J +Rx ◦ J),

i.e., by (44), we get

Lx ◦ Tt +Rx ◦ Tt = Lx ◦ T +Rx ◦ T. (45)

By Tt = T + tJ , we have also

Tt − T = tJ

= t

(
T ◦ ρ(x) + T ◦ µ(x)− Lx ◦ T −Rx ◦ T

)
(by (43) )

= t

(
T ◦ ρ(x) + T ◦ µ(x)− Lx ◦ Tt −Rx ◦ Tt

)
(by (45) ).



COHOMOLOGIES AND LINEAR DEFORMATIONS 117

Hence

Tt + tLx ◦ Tt + tRx ◦ Tt = T + tT ◦ ρ(x) + tT ◦ µ(x),
and therefore the following holds:(

IdA + tLx + tRx

)
◦ Tt = T ◦

(
IdV + tρ(x) + tµ(x)

)
. (46)

Now, let y, z ∈ A and t ∈ C. Then, by (33) and (34), we have

y · z + tx · (y · z) + t(y · z) · x = y · z + ty · (x · z) + ty · (z · x)
+t(x · y) · z + t2(x · y) · (x · z) + t2(x · y) · (z · x) + t(y · x) · z
+t2(y · x) · (x · z) + t2(y · x) · (z · x),

i.e., (
IdA + tLx + tRx

)
(y · z)

=

(
IdA + tLx + tRx

)
(y) ·

(
IdA + tLx + tRx

)
(z).

Next, by (37) and (38), we have

ρ(y) + tρ(x)ρ(y) + tµ(x)ρ(y) = ρ(y) + tρ(y)ρ(x) + tρ(y)µ(x)

+tρ(x · y) + t2ρ(x · y)ρ(x) + t2ρ(x · y)µ(x) + tρ(y · x)
+t2ρ(y · x)ρ(x) + t2ρ(y · x)µ(x),

i.e., (
IdV + tρ(x) + tµ(x)

)
◦ ρ(y)

= ρ
(
y + tLx(y) + tRx(y)

)
◦
(
IdV + tρ(x) + tµ(x)

)
.

Also, by (39) and (40), we compute

µ(y) + tρ(x)µ(y) + tµ(x)µ(y) = µ(y) + tµ(y)ρ(x) + tµ(y)µ(x)

+tµ(x · y) + t2µ(x · y)ρ(x) + t2µ(x · y)µ(x) + tµ(y · x)
+t2µ(y · x)ρ(x) + t2µ(y · x)µ(x),

i.e., (
IdV + tρ(x) + tµ(x)

)
◦ µ(y)

= µ
(
y + tLxy + tRxy

)
◦
(
IdV + tρ(x) + tµ(x)

)
.

For t sufficiently small, we see that IdA + tLx + tRx is a pre-Jacobi–Jordan
algebras isomorphism and IdV + tρ(x) + tµ(x) is an isomorphism of vector
spaces. Thus, by (46) we have

Tt =

(
IdA + tLx + tRx

)−1

◦ T ◦
(
IdV + tρ(x) + tµ(x)

)
.
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By Lemma 2, we deduce that Tt is a relative Rota–Baxter operator on the
pre-Jacobi–Jordan algebra (A, ·) with respect to the representation (V, ρ, µ),
for |t| sufficiently small. Hence J given by the equality (43) satisfies con-
ditions (27) and (28). It follows that, for any x ∈ Nij(T ), Tt = T + tJ
with J = −∂T (x) is a trivial linear deformation of the relative Rota–Baxter
operator T . □
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Calavi 01 BP 613-Oganla, Porto-Novo, Bénin

E-mail address: nabil.orodjibril@imsp-uac.org
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