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Abundant families of exact wave solutions for the
time-fractional Estevez—Mansfield—Clarkson
equation
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ABSTRACT. The Estevez—Mansfield—Clarkson (EMC) equation is ana-
lytically modified to incorporate conformable time-fractional derivatives.
This equation serves as a significant model in mathematical physics, op-
tics, and the study of shape evolution in liquid droplets. In this work,
the EMC equation is solved using the Jacobi elliptic function expan-
sion method. Various solitary wave solutions such as dark and bright
solitons, and multi-wave solutions are derived in terms of rational, hy-
perbolic, and trigonometric functions. The physical behavior of these
solutions is illustrated graphically through contour plots, as well as 2D
and 3D visualizations. To confirm the accuracy of the solutions, numer-
ical simulations are conducted. The study concludes with a discussion
of the results and final remarks.

1. Introduction

Research on nonlinear partial differential equations (NLPDEs) has ad-
vanced through various computational and theoretical approaches with di-
verse applications. The study of these kinds of equations is crucial to un-
derstanding a wide range of physical phenomena in a wide range of scientific
fields, such as electrical circuits [34) [39], biological mathematics [36} [37], op-
tical fiber technology [28], 23], plasma physics and fluid mechanics [27, 20],
and more. For example, Abdelrahman and Alkhidhr [I] developed a ro-
bust solver providing closed-form solutions for various classes of NLPDES,
with applications spanning physics, fluid mechanics, biology, engineering,
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economics, astrophysics, and laser technology. Various methods exist to
get NLPDE results. Among these methods, we include the modified di-
rect algebraic methodology [§], the modified Khater scheme [4], the gen-
eralized Kudryashov scheme [7], the innovative (G’/G)-expansion approach
[15], and the extended mapping scheme [29]. However, the extension of
NLPDESs to the fractional case has drawn attention to include memory or
long-range effects, for which different methods have been developed to ob-
tain their solution. Several numerical methods can be found [14], among
which homotopy analysis stands out [10]. It is also possible to find ana-
lytical methods to find exact solutions to the fractional NLPDEs. More
specifically, the sub-equation method effectively solves nonlinear time frac-
tional PDEs by employing fractional complex transformations to convert
them into ordinary differential equations, with fractional derivatives defined
in Jumarie’s modified Riemann-Liouville sense [6], the improved (G’/G)-
expansion function method demonstrates efficiency in solving time- and
space-fractional derivative equations, including the foam drainage equation
and nonlinear KdV equation [12]. Similarly, the (G’/G)-expansion method
successfully generates exact solutions for time-space fractional differential
equations, with applications to fractional Burgers’ equation [40]. Addition-
ally, a transformation-based approach converts nonlinear fractional para-
bolic PDEs into systems of fractional differential equations, enabling exact
solution generation for equations generalizing Burgers, Murray, and Fisher
equations [I1].

In particular, the Jacobi elliptic function expansion (JEFE) method has
proven to be a powerful tool for solving NLPDESs and constructing exact and
periodic solutions, including shock wave solutions and solitary wave solutions
[19, 31]. This method has been used to obtain exact solutions of mKdV and
Benjamin-Bona—Mahoney (BBM) equations [20]. An extended version of
JEFE has been applied to construct exact solutions of nonlinear wave equa-
tions [41l [30]. Another extension of the method is proposed to derive three
types of periodic wave solutions, including Jacobi elliptic sine, cosine, and
third elliptic function solutions [13]. More recently, the JEFE has been used
to obtain optical solitons and other solutions for a coupled system of non-
linear Biswas—Milovic equation with Kudryashov’s law of refractive index
[17]. Of course, the JEFE method has also been applied in the case of frac-
tional NLPDESs, for example, in the fractional extension of KdV and BBM
equations [42], also in the sense of Jumarie’s modified Riemann-Liouville de-
rivative [33], Rahman et al. [25] applied the method to space-time fractional
equal-width and Wazwaz—Benjamin—-Bona—Mahony models using fractional
beta-derivatives, obtaining diverse structural solutions with applications in
nonlinear optics, solid states, fluid mechanics, and shallow water dynamics.
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In this work, we are interested in the Estevez—Mansfield—Clarkson (EMC)
equation, which was originally proposed in 1997 [2I] by reducing the (241)-
dimensional shallow water wave equation. The EMC equation is a signifi-
cant mathematical model with applications in mathematical physics, optics,
shape formation in liquid drops, optical fiber communications, and image
processing, where the multiple exp-function technique has been used to ob-
tain wave solitons, including 1-soliton, 2-soliton, and 3-soliton structures
[16]. Some techniques have been used to solve the EMC equation, such as
sine-Gordon expansion [I§] or Lie Symmetry Analysis [3]. The integrable
(141)-dimensional version of the EMC equation can be written as [21]

thxxY + anYDth + CLDxxYDtY + DttY = 0, (1)

where D is the usual partial derivative operator, x and ¢ are the spatial
and temporal variables respectively, here a is a free real parameter. Re-
cent research has extensively investigated fractional variants of the EMC
equation. Multiple studies have employed different analytical methods to
derive exact wave solutions for time-fractional EMC equations with var-
ious fractional derivative definitions. Ahmed et al. [2] utilized the Sar-
dar sub-equation method to obtain soliton solutions, including dark-bright,
combined dark-singular, and periodic singular solitons for the conformable
fractional derivative version. Muhammad et al. [22] applied the modified
F-expansion method and logarithmic transformation to the beta fractional
form, extracting bright, dark, mixed, singular, and combined solitons, along
with multi-wave structures and breather waves. Qawaqneh and Alrashedi
[24] employed the modified extended direct algebraic method and improved
(G’/G)-expansion method for the truncated M-fractional EMC equation,
obtaining kink, bright, and singular wave solutions with stability analysis.
Yasmeen et al. [38] focused on optical fiber applications, deriving expo-
nential and trigonometric solutions for wave propagation in communication
Systems.

On the other hand, the conformable fractional derivative has emerged
as an important alternative to classical fractional derivatives like Riemann—
Liouville and Caputo derivatives. Cenesiz and Kurt [9] demonstrated the
practical utility of conformable fractional derivatives by successfully solving
two and three-dimensional time fractional wave equations, showing that this
approach is simpler and more effective than classical fractional derivative
methods for complicated solutions. Toplama [35] extended the theory by in-
troducing a new directional derivative approach using conformable fractional
derivatives, reformulating fractional partial derivatives and defining frac-
tional gradient, curl, and divergence operators. Additionally, Shpakivskyi
[32] generalized the concept to finite-dimensional commutative associative al-
gebras, establishing connections between -monogenic and monogenic func-
tions while proposing new fractional derivative definitions for algebra-valued
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functions. Recently, a time-conformal fractional version of the EMC equa-
tion has been solved by the Sardar sub-equation method [2].

In this work, we focus on finding a set of exact solutions of the (1+1)-
dimensional integrable EMC equation in its conformal time fractional ex-
tension by the JEFE method, taking as a basis, said equation can be
expressed in the form

D?D,prY +aD,YD!D,Y + aD,,YD'Y + D¥y =0, (2)

where D? is a conformal fractional differential operator and f is the corre-
sponding fractional order derivative. The manuscript is organized as follows.
Section 2 presents the application of the Jacobi elliptic function expansion
method to general time-conformal fractional NLPDESs, including a brief re-
view of the properties of Jacobi elliptic functions. Section 3 shows the defini-
tion of the conformal fractional derivative and its most important properties.
Section 4 obtains a set of hyperbolic and trigonometric solutions to the con-
formal fractional EMC equation by applying the JEFE method. Section 5
shows a sample of the graphical behavior of some of the obtained solutions
in terms of contour plots and 2D and 3D visualizations. Finally, a brief
conclusion is given.

2. The Jacobi elliptic function expansion method

In this section, we present the JEFE method applied to general time-
conformal fractional NLPDESs, which can be expressed as

F(Y,D’Y,D,Y,D?*Y,D,,Y,..) =0, (3)

where F' is a polynomial of Y. Subsequently, we propose the transformation
ct?

Y(z,t) = M(x), where x=kz+ e (4)

Here ( is a fractional order derivative, £ and ¢ are real parameters. By
putting into and applying the fractional conformal derivative prop-
erties (see Section 3), we get

B(M,M',M", M",..) =0, (5)

where B is a polynomial of M.

The basic concept underlying this strategy is to increase the possibility of
solving the auxiliary ODE , in order to generate as many Jacobian elliptic
solutions as possible for the main problem. Let us consider the following
nonlinear ODE

¥ (x) = VPY(x)* + Qv (x)? + R, (6)

where ¢/ = %, X = Y(z,t) and R,Q, and P are constants. Different
solutions of the equation @ can be consulted in Table These solutions
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are expressed in terms of the Jacobi elliptic functions: sny = sn(x, k), cny =
— in(x)

cn(y, k) and dny = dn(x, k), their corresponding combinations: ij(x) = 00
in(lx), here k (0 < kK < 1) is

the modulus. In addition, the following identities can be useful:

where i, j = s, ¢, d, and their inverses ni(y) =

sn2x + cn2X =1,
dn?y + x%sn?y =1,

d
—sny = cnydny,
dx

d
—ocny = —snydny,
dx

—dny = —r%snycny.
dx
When the restrictions are imposed on k, as Kk — 0 and x — 1, the
Jacobi elliptic functions are transformed into trigonometric and hyperbolic
functions which are listed in Table 2
Now, let us define the function M (x) as the finite series of the Jacobi
elliptic functions

N
M(x) =Y wi(x). (7)
j=0

In this way, the nonlinear ordinary equation is satisfied by M(x), where
the constants to be obtained are w; (j = 0,1,2,--+-,N). The integer N in
can be computed by taking into account the highest-order linear terms

d* M
O( ):N+v, v=20,1,2,3, -,

dz?
and the highest-order nonlinear terms
a'M
O(Mf‘ g ) =(r+1)N+v, v=0,1,2,3,---, r=1,23,---
z

This process is known as the balancing rule.

Taking into account equations and @ and setting all of the power
coefficients () to zero, the set of nonlinear algebraic equations for w; (j =
0,1,2,3,---, N) is thus obtained. The system of equations is solved by setting
all of the values for (), R, and P in @ according to Table|l} Then the exact
solution of equation is obtained.

3. Fractional-order derivative

In this section, we define the conformal fractional derivative and mention
some of its most important properties [5].
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P Q R Y
1 K2 —(1+ &%) 1 sn,cd
2 —rK? 2k%2 — 1 1— k2 cn
3 -1 2 — k2 K2 —1 dn
4 1 —(1+ K?) K> ns,dc
5 1— k2 2k2 — 1 — K2 nc
6 K2 —1 2 — K2 -1 nd
7 1 — K2 2 — K2 1 sc
8 | —Kk%2(1—k2%) | 262 -1 1 sd
9 1 2 — K2 1 — K2 cs
10 1 262 —1 | —k%(1 — K?) —ds
2\2
11 _Tl ”22': 1 77(12” ) kenFdn
1 —2K2+41 1
12 X i, 2 ; 1 i, ns¥cs
13 Th % 74: ncFsc
14 i al ;2 % nsFds
15 Lo K2 =2 £ snFicn, —2
4 2 4 ) T r2enron
16 1 1-2+? 1 kenFidn : SSnnchn
1 2 1 +udn, 5
17 w2 K22 1 sn
1 2 1 1Fd
18 K2—1 K241 K2—1 ﬁnn
1 2 1 1
19 1—k2 K241 —r241 :E,;lsn
4 2 4 1Fsn
20 (1*:;2)2 K241 % . sn
2
01 K 2 h ncqrilcn
4 2 4 V1—k2Fdn

TABLE 1. Solutions of equation @ for the specifically se-
lected values of P, ), and R.

case |k — 1|k —0

1 | sny | tanhyx sin x
2 | eny | sech x cos X
3 | dny | sech x 1

4 | cdy 1 cos X
5 | sdy | sinhy sin
6 | ndy | coshy 1

7 | dey 1 sec y
8 | ncy | coshy sec y
9 | scx | sinhy tan x
10 | nsy | cothy csc Y
11 | dsy | csch x csc Y
12 | csx | csch x cot x

TABLE 2. Jacobi elliptic functions for k — 1 and x — 0.
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Definition 1. Let ¢ : [0,00] — R be a differentiable function. The
definition of conformable derivative of order 3 is
t1P + ) —q(t
D(a)(t) = timg LD 2 )

e—0 €

for all t > 0, and g € (0, 1].

Theorem 1. Let ¢ and n are B differentiable functions at a point t > 0
with B € (0,1]. Then

DP(Cxp+m+q) =p*D(C) +q+D(1),Yp,q € R;
o DA(tY) =uxt""P Vu € R;
DP(¢) = ¢ DP(n) +n* DP(C);
DB _ mDP(Q-GDP ().
n 772 I
DB(p) =0, for all constant functions q(t) = p;
if q is differentiable, then DB (C)(t) = t'78 % %&t).

4. Solution of the model

Now, we apply the JEFE method to the conformal fractional version of
the EMC equation . By substituting the transformation into we
get the ODE

M + 2ack* M'M" + k3 eM™ = 0.
If we integrate this equation and set the integration constant as zero, the
resulting ODE is

AEM' + ack? M + B3eM™ = 0.
Now let M’ = H. Then
A H + ack*H? + k*cH” = 0. (8)

If we apply the balancing procedure to the equation , where the solution
H is written in terms of the sum @, the result is

H(x) = wo + with(x) + wath(x)?, 9)

where wy, w1, wy are constants. Substituting @ and its derivatives in ,
we get the following set of algebraic equations:

ackag + Pwo + 2k Rwy = 0,

2ack*wow; + 2wy + ck3Quy = 0,

ack‘Qw% + 2ack‘2w0w2 + Pwy + 4ck3Qw2 =0,
2ack:2w1w2 + 2ck3Pw1 =0,

ack?®w3 + 6¢k3Puwy = 0.
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The corresponding solution is:

2 (/W7 (Q7 = 3PR) + akQ)

2 )

Wy = —
a

w1 = 07
6kP
Wy = ————,
a
4k?\/a%k? (Q? — 3PR)
C =
a
With these results and the solutions for different values of P, @ and R from
Table |1} it is possible to obtain an abundant set of solutions of type @

In the following cases, we construct hyperbolic or trigonometric solutions
according to Table

Case 1. When P = k%, Q = — (,%2 + 1), R =1, ¥(x) = sn(x, k), if K =1,
then sn(y, k) = tanh() and the corresponding solution is

2 k K2V a2k2tP8
Yi(z,t) = — = (Va?k? — 2ak ) — ok tanh? |k + 45220 ]
a? a af

Case 2. When P = —r2, Q = 2k?>—1, R=1—k2,¥(x) = cn(x, k), if K = 1,
then cn(x, k) = sech(x) and the corresponding solution is

2 k k*V a2k2t8
Yo(z,t) = — = (Va?k? +ak) + Ok sech? ko + 4= Y20 ]
a? a a3

Case 3. When P=—1,Q =2 — x%, R=k%2— 1, 9¢(x) =dn(x, k), if c = 1,
then dn(x, k) = sech(x) and the corresponding solution is

2 6k K2V a?k?t°
Ys(z,t) = — = (Va2k2 + ak) + — |[sech? | kz + LAl
a? a af

Case 4. When P =1, Q = — (/@'2 + 1), R = x% (x) = ns(x, k), if & = 1,
then ns(x, k) = coth(x) and the corresponding solution is

: 2/ a2k248
n(x’t):_*z(m—%k) = com? (kz:+4k‘”/ﬂ7t>].
a a a

Case 5. When P =1, Q = — (/{2 + 1), R = r2, (x) = ns(x, k), if & = 0,
then ns(y, k) = csc(x) and the corresponding solution is

k2 a2k2tP >]

a

ap

csc? (kzx +4
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Case 6. When P =1—k2, Q = 252 —1, R = —k2, ¥(x) = nc(x, k), if K = 0,
then nc(x, k) = sec(x) and the corresponding solution is

2 6k k2 a2k2tP
Yo(z,t) = — = (\/a2k2 - ak:) - sec? (kx + 4%)] .

Case 7. When P =1— k2, Q =2 —r% R =1, ¢¥(x) = sc(x, k), if K = 0,
then sc(x, k) = tan(x) and the corresponding solution is

2 k kv a2k2t8
Y7(z,t) = — = (Va?k? + 2ak ) — ok tan? | kx + 44— 0 |
a? a af

Case 8. When P =1, Q =2 — k%, R =1 — 2%, ¢(x) = cs(x, k), if & = 1,
then cs(x, k) = csch(y) and the corresponding solution is

2./ 721248
}/S(x’t) = - 32 (\/W—I—ak) — % [CSCh2 <k$+4ka\//87t)] .
a a a

Case 9. When P =1, Q =2 — k2%, R=1— 2%, ¥(x) = cs(x, k), if K = 0,
then cs(, k) = cot(x) and the corresponding solution is

2 6k K2V a2k2t?
Yo(z,t) = — = (Va2k? + 2ak ) — — |cot? | kz + Pl Ay b
a? a a3

Case 10. When P =1, Q =2x> -1, R = —&? (1 — /12), P(x) = —ds(x, k),
if K = 1, then ds(x, k) = csch(x) and the corresponding solution is

2 k k2vV a2k2tP
Yio(z,t) = — = (Va2k2 + ak:) — 6— [CSCh2 (ka: + 4;%)] .
a

Case 11. When P=1,Q =2xk> -1, R = K? (1 — I€2), P(x) = —ds(x, k), if
k =0, then ds(x, k) = csc(x) and the corresponding solution is

2 k k2/a2k2tP
Yi(et) = - 5 (\/a2k2 - ak:) - % csc? (ka: + 42,3)] .

Case 12. When P = —1, Q = 1 (k®+1), R = —1% (1—/12)2, P(x) =
ken(x, k) + dn(y, k), if £ = 1, then cn(y, k) = sech(x), dn(x, k) = sech(x)
and the corresponding solution is

2 k k2Va2k2t?
Yig(z,t) = — — (v a’k? + ak:) + ok sech? (kzw + 4%)] .
a a a
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Q=35 (1-28%), R= 1, 9(x) = cs(x, k) +ns(x, K),
ns (X, k) = coth(x) + csch() and the corresponding

Case 13. When P = %
if kK =1, then cs(x, k) +
solution is

2 /1 k
o= 2 (v )

a? \ 4
2
3k k2 a2k2tP k2Va2k2t?
— - |coth | kx + ————— | +csch | kx + ————
aB af
Case 14. When P =1, Q = % (1 —2x?), R = 4, P(x) = es(x, k) +ns(x, ),
if kK = 0, then cs(x, k) + ns(x, k) = cot(x) + csc(x) and the corresponding

solution is

2 /1
Y14(5Cat):_2(4va2k2+a2k>

a
3k k2vV a2k2¢8 k2vVa2k2tP

— — |cot | ke + ———— | +csc | kx + ——
2a af af

Case 15. When P = 1 (1-x?%), Q = 3 (k®*+1), R = 1 (1 - &%), ¥(x) =
nc(x, k) + sc(x, k), if &K = 0, then nc(x, k) + sc(x, k) = sec(x) + tan(y) and
the corresponding solution is

2 /1 k
Yis(@,t) = — 2 <4 Va?k? + a2>

2
3k k2vVa2k2t8 k2V a2k2¢08
— — |(tan({kx + ———— | +sec | ko + ———
2a aB af

Case 16. When P = 1, Q = % (k> —2), R = &, ¢(x) = ds(x, k) +ns(x, k),
if kK =1, then ds(x, k) + ns(x, k) = coth(x) + cs ) and the corresponding
solution is

2 /1 k
Yw(l’,t) = — — ( a2k2 — C;)

a’ \ 4
2
3k k2 a2k2t8 k2Va2k2tP
- — COth k'x + — + CSCh kl’ + —
2a aB af

5L () = ds(x, k) +us(x, k),

Case 17. When P = iQ—l(Q—Q),R ,
k) + K sc(x) and the corresponding

if kK = 0, then ds(x, ) = csc(x) +
solution is

csc? (kx4 4

k2 a2k2t8
af )|
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Case 18. When P = ”— = 5(K*=2), R =, ¥(x) = sn(x, k) +
ien(x, k), if kK = 1, then sn(X, k) +icn(x, k) = tanh(x) + isech(x) and the
corresponding solution is

2 /1 ak
Yig(w,t) = — 2 <4 a’k? — 2)

3k k2Va2k2tP k:2\/ a2k‘2tﬂ
— — |tanh | kx + ——
2a af
1
1

Case 19. When P = 1, Q = 1 (1-2x%), R =
idn(x, k), if K = 1, then ken(y, k) + zdn(x, ) = sech
corresponding solution is

2 (1 k\  3ik K2V a2k2t?
Yig(z,t) = — = <v<z2k:2 SR G [sech2 <k‘l’ + a)] .

a a af
Case 20. When P = i, Q = %(1—2/{2), R = %, P(x) = ken(y, k) +
idn(x, k), if K = 0, then ken(x, k) + idn(x, k) = ¢ and the corresponding
solution is

¥(x) = wen(x, k) +
X) + zsech( ) and the

~—

1 ak 3k
Yoo(z,t) =~ — (4 a?k? + 3 > ~ o
Case 21. When P = %Q:%(K )R—4,¢() %,ﬁ/{:l,
then dn(x, k) = sech(y),

is

sn(x, k) = tanh(x) and the corresponding solution

2a | gech (k:a: + K2va2k2h Vg;gk?tﬁ) +1

2
tanh kx+k2\/ﬁtﬁ
Ym(x,t):—j(lm_ak) 3k ( )

Case 22. When P = 1 (1-&?),

Srf(ryf{)'ﬁl, if K = 0, then cn(x, k) = cos(x), sn(x, k) = sin(x) and the corre-
sponding solution is
2
2 (1 ak\ 3k | cos (ke + EYEET )
Y22(m7t):_2<4 a2k2+2)—2 W .
a a Sln(k$+k\/akt>+1
Case 23.WhenP:i(1—/{) Q = s (H +1) R:%, P(x) =
sn(x,K)

St i & = 0, then en(x, k) = COS(X)7 sn(x, k) = sin(x), dn(x, x) =

1 and the corresponding solution is

55 2
2 1 ak 3k sin (kﬂ? + K2 a2k2tﬁ>

Yos(z,t) = — = < a’k? + )
a* \ 4 2) 2a ko + BV 4

cos(
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_ &t _1(.2_ _1 _ cn(x,k) :
Case 24. When P = -, Q = 3 (,‘i 2), R =7, 9%(x) it AT if
k = 1, then en(x, k) = sech(x), dn(x, k) = sech(y) and the corresponding
solution is

2\/a2k2¢8
You(z,t) = _2 <1 a’k? — ak) — %sech (/m + W) .

a? \ 4 2 2a 1G]

5. Graphical behaviour

In this section, we examine the graphical behavior of some previously ob-
tained exact solutions. In order to establish various physical characteristics,
we must draw the required answers in 3D, 2D and contour plots. The plots
appear in this order in each graph. These graphs provide more trustworthy
information about the behaviors of the solutions. Essentially, of the 24 cases
studied we can find three types of behavior: the dark soliton type, that is,
a solitary traveling wave with a well-defined minimum, exemplified by the
case Y1 (z,t) in Figure[l} the bright soliton type, which corresponds to a soli-
tary traveling wave with a well-defined maximum, as in the cases Y3(z,t),
Yio(x,t) and Yis(x,t), see Figures and |7} and the multi-traveling-wave
type as in the cases Y5(x,t), Y7(z,t) and Yi5(x,t), see Figures and [6]

6. Conclusion

In this work, we employ the JEFE method to obtain exact wave solu-
tions of a time-conformable fractional EMC equation. The study focuses on
a nonlinear partial differential equation (NLPDE) model that incorporates
fractional-order time derivatives, defined in the conformable sense. By ap-
plying a fractional traveling-wave transformation, the model is reduced to
an ordinary differential equation (ODE). The JEFE method is then used to
derive a variety of exact solutions, including hyperbolic and trigonometric
wave structures. This approach has proven to be highly reliable and effective
for solving a broad class of nonlinear differential equations. The analytical
solutions are further validated and visualized using Mathematica through
3D, 2D, and contour plots, which illustrate their physical significance and
provide deeper insight into the dynamical behavior of the solutions.
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FIGURE 1. Graphical behavior of Yj(z,t) with parameters
a=028=1k=—-02
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FIGURE 3. Graphical behavior of Yj(x,t) with parameters
a=028=1,k=—16.
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FIGURE 4. Graphical behavior of Y7(z,t) with parameters
a=02 6=1,k=06
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FIGURE 5. Graphical behavior of Yia(x,t) with parameters
a=001,8=1, k=0.06.
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FIGURE 7. Graphical behavior of Yig(x,t) with parameters
a=1,8=1,k=0.6.
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