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The connected niche graphs of split tournaments
LE XuaN HUNG

ABSTRACT. The niche graph of a digraph D has V(D) as the vertex
set and an edge uv if and only if (u,w) € A(D) and (v,w) € A(D), or
(w,u) € A(D) and (w,v) € A(D) for some w € V(D). In this paper,
we find out the characteristics of the connected graph G and the split
tournament D = ST'(I U K, A) when G is the niche graph of D.

1. Introduction

In this paper, we consider both undirected and directed graphs.

First some concepts in undirected graphs. All graphs considered in this
paper are finite undirected graphs without loops or multiple edges. If G is
a graph, then V(G) and E(G) (or V and E in short) will denote its vertex-
set and its edge-set, respectively. |V (G)| and |E(G)| (or |V| and |E| in
short) are called the order and size of the graph G, respectively. The set
of all neighbors of a subset S C V(G) is denoted by Ng(S) (or N(S) in
short). Further, for W C V(G) the set W N Ng(S) is denoted by Ny (.5). If
S = {v}, then N(S) and Ny (S) are denoted shortly by N(v) and Ny (v),
respectively. For a vertex v € V(G), the degree of v (resp., the degree of v
with respect to W), denoted by deg(v) or d(v) (resp., degy, (v) or dy (v)), is
|Ng(v)| (resp., |[Nw(v)|). Let G and H be two graphs. If V(H) C V(G) and
E(H) C E(G), then we say that H is a subgraph of G, and write H C G.
The subgraph of G induced by W C V(G) is denoted by G[W]. If all the
vertices of G are pairwise connected by an edge then G is complete. A
complete graph on n vertices is denoted by K,,, and K3 is called a triangle.
A set of vertices is stable if no two of its elements are adjacent. The stable
set of order n is denoted by I,,. A path is a non-empty graph P = (V, E) of
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form V = {xg,x1,..., 21}, F = {xor1, 2122, ..., 2812k}, Where the x; are
all distinct. The number of edges of a path is its length, and the path of
length k is denoted by Pr_1. If P = xg...x5_1 is a path and k > 3, then
the graph C' = P + x,_1x¢ is called a cycle. The length of a cycle is its
number of edges (or vertices), the cycle of length & is denoted by Cj. Recall
that if any two vertices of a graph can be joined by a path, then the graph
is said to be connected, otherwise it is disconnected. A maximal connected
subgraph of a graph G is a component of G. An acyclic graph, one not
containing any cycles, is called a forest. A connected forest is called a tree.
Let Gy = (W4, E1), Go = (Va, E3) be two graphs such that V3 NV, = 0. We
call G1 and Go isomorphic, and write G1 = (9, if there exists a bijection
f: Vi = Vi with wv € Ej if and only if f(u)f(v) € Es for all u,v € Vj.
Unless otherwise indicated, our graph-theoretic terminology will follow [2].

Next we recall some concepts in directed graphs. Let D be a digraph.
Then the vertex set and the arc set of D are denoted by V(D) and A(D) (or
by V and A for short), respectively. A vertex v € V' is called an out-neighbor
of a vertex u € V' if (u,v) € A. We denote the set of all out-neighbors of u by
N} (u). The out-degree of u € V, denoted by df(u), is [N}, (u)|. Similarly,
a vertex w € V is called an in-neighbor of a vertex u € V if (w,u) € A. We
denote the set of all in-neighbors of u by N (u). The in-degree of u € V,
denoted by dp,(u), is [Ny (u)|. If W C V, then the subdigraph of D induced
by W is denoted by D[W]. In addition, other concepts in directed graphs
are fully presented in [I].

Cohen [5] introduced the notion of competition graph while studying preda-
tor prey concepts in ecological food webs. The competition graph of a di-
graph D is the graph having the vertex set V(D) and an edge wv if and only
if (u,w) € A(D) and (v, w) € A(D) for some w € V(D). Cohen’s empirical
observation that real-world competition graphs are usually interval graphs
has led to a great deal of research on the structure of competition graphs
and on the relation between the structure of digraphs and their correspond-
ing competition graphs. In the same vein, various variants of competition
graphs have been introduced and studied, one of which is the notion of niche
graph introduced by Cable et al. [4].

The niche graph of a digraph D, denoted by N(D), has V(D) as the
vertex set and an edge wv if and only if (u,w) € A(D) and (v,w) € A(D),
or (w,u) € A(D) and (w,v) € A(D) for some w € V(D). Bowser, Cable,
and Lundgren [3] studied the niche graphs of tournaments, Eoh, Choi, Kim,
and Oh [6] studied the niche graphs of bipartite tournaments, Eoh, Choi,
and Kim [7] studied the niche graphs of multipartite tournaments.

An oriented graph is a digraph with no cycle of length 2. A split tour-
nament is an oriented graph D = (V, A) with a partition V' = I U K such
that D[K] is a tournament, there are no arcs in the subdigraph D[I] and for
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every two vertices u € I, v € K exactly one of the arcs uv and vu is in A.
We will denote such a digraph by D = ST(I U K, A). This class of graphs
can be considered an extension of the tournament graph. There have been
many studies on the class of split tournaments, the most recent typical one
is the study of the existence of disjoint cycles with different lengths in this
class of graphs [g].

In this paper, we study the niche graphs of split tournaments D = ST (IU
K, A) for |K| > 2 which are connected. The niche graphs of split tourna-
ments come in many different forms, which makes it hard to give a general
characterization, if they are connected. Yet, we will determine the structure
of a split tournament when its niche graph is the complete graph or the
connected triangle-free graph. First, we determine the structure of a split
tournament D = ST'(I U K, A) when its niche graph is the complete graph
K, for positive integers n > |K| > 2. The main result obtained in this paper
is the following theorem.

Theorem 1. Let G = K,, be a complete graph. Then, there exists a split
tournament D = ST(I U K, A) with n > k = |K| > 2 such that G is the
niche of D if and only if k > 3.

Finally, we determine the structure of a split tournament D = ST'(I U
K, A) when its niche graph is a connected triangle-free graph. The main
result about such graphs is the following theorem.

Theorem 2. Let G be a connected triangle-free graph with n = |V (G)| >
3. Then there exists a split tournament D = ST(I U K, A) with n > k =
|K| > 2 such that G is the niche of D if and only if k € {2,3,4} and
(1) if k = 2, then G is isomorphic to a graph belonging to the set { Ps, Py, C5};
(ii) if k = 3, then G is isomorphic to a graph belonging to the set { Py, Cs};
(ii1) if k = 4, then G is isomorphic to the graph Cs.

2. Preliminary

For a digraph D, a digraph is said to be the converse of D and denoted
by D if its vertex set is V(D) and its arc set is {(u,v)|(v,u) € A(D)}.

By the definition of niche graphs, the following observations are immedi-
ately true.

Observation 1. For a digraph D, the niche graph of D and the niche
graph of 3 are the same.

Observation 2. Let D be a digraph and D' be a subdigraph of D. Then
the niche graph of D’ is a subgraph of the miche graph of D.

Observation 3. For a digraph D, if the niche graph of D is K,,-free,
then df(u) <m —1 and d,(u) <m — 1 for each vertez u in D.
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It is easy to check that the following lemma is true.

Lemma 1. Let D be an orientation of K. Then the niche graph of D is
isomorphic to

P3, otherwise.

{Ig, if D is a directed cycle,

Bowser, Cable, and Lundgren [3] have shown that the complement of the
niche graph of a tournament is one of the following: a cycle of odd order, a
path of even order, a forest of odd order consisting of two paths, a forest of
even order consisting of three paths, or a forest of four or more paths. By
this result, we have the following lemma.

Lemma 2. The niche graph of an orientation of K4 is connected.

Lemma 3. For |K| > 3, the niche graph of a split tournament D =
ST(IUK, A) is connected.

Proof. Let G be the niche graph of the split tournament D = ST(IUK, A).
Take two vertices x and y in G. It suffices to show that  and y are connected
in G.

First, suppose that z € K and y € K. Since |K| > 3, we may take z € I
and w € K\ {z,y}. Let D; be the subdigraph of D induced by {z,y, z, w}.
Then D; is an orientation of K4. Thus, by Lemma [2| the niche graph of Dy
is connected. By Observation [2, the niche graph of D; is a subgraph of G
and so x and y are connected in G.

Now, suppose that among two vertices x and y there is one vertex be-
longing to K and one vertex belonging to I. Without loss of generality, we
may assume that z € K and y € I. Again, since |K| > 3, we may take
z,w € K\ {z}. Let Dy be the subdigraph of D induced by {z,y,z, w}.
Then D, is an orientation of K4. Thus, by Lemma |2 the niche graph of Dq
is connected. By Observation [2, the niche graph of D; is a subgraph of G
and so z and y are connected in G.

Finally, suppose that z and y belong to I. Take a vertex z € K. Then x
and z are connected in G, y and z are connected in G. Therefore  and y
are connected in G. U

A stable set of a graph is a set of vertices no two of which are adjacent. A
stable set in a graph is mazimum if the graph contains no larger stable set.
The cardinality of a maximum stable set in a graph G is called the stability
number of G, denoted by a(G).

Lemma 4. For |K| > 2, the niche graph of a split tournament D =
ST(I UK, A) has stability number at most 3.
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Proof. Let G be the niche graph of a split tournament D = ST(IUK, A).
Suppose, to the contrary, a(G) > 4. Then we may take a stable set of size
4 in G. We denote it by {z1,x2, z3,z4}.

First, suppose that |I N {z1,z2,x3,24} > 3|. Since |K| > 2, we may
take a vertex x5 € K, x5 ¢ {x1,x2,x3,24}. Since D is a split tournament,
{z1, 22, 23,24} C N} (25)UNp (z5). Therefore [N (x5)N{x1, x2, x5, 24 }| > 2
or [N (w5) N {x1, T2, 23,24} > 2. Yet, each of N (25) N {z1, 22, 3, 74} and
Np (x5) N {1, 22,23, 24} forms a clique in G, which is a contradiction to the
assumption that {x1,z2,z3, x4} is a stable set of G.

Now, suppose that |IN{z1, z2, 23,24} < 2|. Hence there are two elements
in {x1, %2, x3, x4} belonging to K. Without loss of generality, we may assume
that 4 € K. Then {z1,z2,23} C N} (z4) U Np(24) and so |NJ(z4) N
{z1,29, 23} > 2 or [Ny (24) N {1,292, 23} > 2. Since each of N (z4) N
{z1, 22,23} and N (x4)N{x1, x2, 23} forms a clique in G, {x1, 22, 23} cannot
be a stable set of G, which is a contradiction. This completes the proof. [

From the above lemma, the following corollary immediately follows.

Corollary 1. For |K| > 2, the niche graph of a split tournament D =
ST(IUK, A) has at most three components.

Lemma [3 tells us that, for a disconnected graph G and a split tournament
D = ST(IUK,A) with |[K| > 2, if G is a niche graph of D, then |K| = 2.
In addition, the niche graph of a split tournament D = ST (I U K, A) has at
most three components for |K| > 2 by Corollary

3. Proof of Theorem (1]

Now we prove Theorem

Suppose that there exists a split tournament D = ST(I U K, A) with
n > k = |K| > 2 such that G is the niche of D. Let I = {uj,ug,...,un},
K = {v1,va,...,vt}. Then n = m+ k. By Lemma it is not difficult to
verify that n > 4. Suppose, to the contrary, that k = 2. Since N (D) = K,
u1 and ug are adjacent in N(D), and so have a common out-neighbor or
a common in-neighbor in D. By Observation [l we may assume that they
have a common out-neighbor and, by symmetry, we may assume that vy is
a common out-neighbor of u; and ug. Then, since v; and u; are adjacent in
N(D), (vi,v2) € A. Thus N (v2) 2 {v1,u1,u2}. On the other hand, since
vy and wuy (respectively, ug) are adjacent in N (D), they have a common
out-neighbor or a common in-neighbor in K. Yet, v3 has no out-neighbor in
K, so vy and uy (respectively, us) have a common in-neighbor that must be
vi. If m =2, then A = {(vi,u1), (v1,u2), (v1,v2), (u1,v2), (u2,v2)}. Since v
has only out-neighbors and v9 has only in-neighbors, they are not adjacent
in (D), which is a contradiction when m = 2. If m > 3, then it is not
difficult to verify that (v1,u;), (u;,v2) € A for every i = 3,...m. So, v; and
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v9 are not adjacent in N (D), which is a contradiction to the assumption
that N (D) = K,,. Thus, k > 3.

Conversely, suppose that & > 3. Then let D = ST(I U K, A) be any
split tournament with I = {uy,u2,...,un}, K = {vi,ve,...,v;} and arc set
includes the following arc set (the remaining arcs have an arbitrary orienta-
tion):

A=A UA3U A3

A = {(vl,vi) | 2<1< k}U{(vl,ui) | 1< < m},
Az = {(v2,v3), (v3,04), -+, (Vk—1,V8) },

A3 = {(Ukia Ul), (ula U2)a ceey (Uk:a um)a (um; UQ)}-
Since v1 is a common in-neighbor of the remaining vertices, so the set
{va, ..., vk, u1,u2, ..., uy} forms a clique in N'(D). Moreover, since v; (re-
spectively, u;) has at least one out-neighbor in {va, ..., vk, ur, ua, ..., up} for

each 2 < i < k (respectively, 1 < j < m), vy and v; (respectively, u;) have
a common out-neighbor in D, and so they are adjacent in A/(D). Therefore
N (D) is a complete graph K.

The proof of Theorem [I]is complete.

4. Proof of Theorem (2|

First we prove some lemmas to serve the proof of Theorem

Let G be a graph. Two vertices u© and v of G are said to be true twins if
they have the same closed neighborhood. We may introduce an analogous
notion for a digraph. Let D be a digraph. Two vertices v and v of D are
said to be true twins if they have the same open out-neighborhood and open
in-neighborhood.

Lemma 5. Let D = ST(1 UK, A) be a split tournament for k = |K| > 1
such that N'(D) is connected. Then N (D) contains no induced path of length
5, that is, N (D) is Ps-free.

Proof. Suppose, to the contrary, that /(D) contains an induced path P
of length 5. Let P = z1z9z3242576. Take v € K. Then Nj)(v) U N, (v)
contains at least five vertices in V(P). Therefore N} (v) or N, (v) contains
at least three vertices in V(P). Since each of N} (v) and N, (v) forms a
clique in N'(D), the subgraph of /(D) induced by V(P) contains a triangle,
which contradicts the choice of P as an induced path of N (D). O

Corollary 2. Let D = ST(I UK, A) be a split tournament for |K| > 2.
Then each component of N (D) has diameter at most 4.

Using Theorem (I, we determine the structure of a split tournament D =
ST(I UK, A) when its niche graph is a path P, or a cycle C), for positive
integers n > |K| > 2.
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Lemma 6. Let G = P, be a path with n vertices. Then there exists a
split tournament D = ST(I U K, A) with n > k = |K| > 2 such that G is
the niche of D if and only if (n,k) € {(3,2),(4,2),(4,3)}.

Proof. Suppose that there exists a split tournament D = ST(I U K, A)
withn > k = | K| > 2 such that G is the niche of D. Let I = {uy, ua,...,umn},
K = {v1,va,...,vp}. By Lemma 5, n = m + k < 5. Thus we only need
to show that (n,k) is neither (5,2), (5,3) nor (5,4). We denote P; by
x1292324w5. Since N (D) = Ps, N (D) is triangle-free and so, by Observa-
tion [3 every vertex of D has in-degree at most two and out-degree at most
two in D. First, assume that z2 € K. Then N}, (22)UNp (22) = V(D) \ {22},
so d} (z2) = 2 and dp(z2) = 2. By Observation |1} we may assume that z;
is an out-neighbor of zo in D. Since N} (22) forms an edge in N(D), 21
is adjacent to a vertex in P5; other than zs and we reach a contradiction.
Therefore x5 must belong to I. By symmetry, z4 € I. So k < 3. Now
suppose that k = 3. Then z1, 23,25 € K. Therefore df(z2) + dp(z2) = 3
and so df (x2) = 2 or dj(z2) = 2. By Observation |1, we may assume that
df(z2) = 2. Then the out-neighbors of x5 in D are adjacent in N'(D). How-
ever, the possible out-neighbors of x5 in D are x1,x3, x5, no two of which
are consecutive on P5. Hence we have reached a contradiction and so k = 2.
Then it is not difficult to verify that d},(u) = dp(u) =1 for all u € I. By
symmetry, we only need to consider two cases: z1,z3 € K or x1,x5 € K.
First let us consider z1,z3 € K. Then I = {x9,24,25}. By Observation
we may asumme that (z1,23) € A. Since x4 and x5 are adjacent on
P, ($4,$1), (.21?5,.1‘1) € A or (.271,:B4), (.2131,.1‘5) e A If ($4,£L'1), ($5,$1) e A
(respectively, (z1,x4), (1, 25) € A), then x3 and x4 are not adjacent on P
(respectively, x3 and x5 are adjacent on Pj), a contradiction. Now let us
consider the case z1,z5 € K. Then I = {x9,z3,24}. By Observation
we may asumme that (x1,25) € A. Since z3 and x4 are adjacent on Ps,
(z3,21), (z4,21) € A or (z1,23), (v1,24) € A. If (z3,21), (x4,21) € A (re-
spectively, (x1,x3), (x1,24) € A), then z4 and z5 are not adjacent on P;
(respectively, z3 and x5 are adjacent on Ps), a contradiction.

Conversely, suppose that (n,k) € {(3,2),(4,2),(4,3)}. Let Dy, Do, and
D3 be the split tournaments D = ST(I U K, A) in Table 1| corresponding to
the pairs (n,k) = (3,2),(4,2), (4,3), respectively. It is easy to check that
N(Dl) = P3, N(Dg) = P4, and N(Dg) = P4.

This completes the proof. O
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TABLE 1. The graphs D;, Dy and Ds.

The graph The vertex-set | The arc-set
D=STIUK,A)|IUK A

D, I={w}, A = {ujvy, ujve, v1v2},

((n, k) = (3,2)) | K ={vi,va}

D, I = {ur,uz}, A = {u1v1, u1ve, v1ug, Vouz, v1ve }
((n,k) = (4,2)) | K ={v1,va}.

Ds I'={u}, A = {u1v1, u1v2, v3u1, v1v2, V1V3,
((n,k) =(4,3)) | K = {v1,v2,v3}. | vov3}

Lemma 7. Suppose that N' (D) is a connected triangle-free niche graph of
a split tournament D = ST(I U K, A) with |I| =m and |K| =k > 2. Then
ke {2,3,4} and

(1) if k=2, then1 <m < 3;

(13) if k=3, then 1 <m < 2;

(tit) if k =4, then m = 1.

Proof. If k > 5, then 5 < df,(v) + dp(v) for each vertex v in D, which
contradicts Observation Thus k < 4. Let I = {uj,ug,...,un}, K =
{’Ul, V2, ..., Uk}.

(i) If k = 2, then d};(v1) +dp(v1) = m+1. By Observation m+1<4.
Thus 1 <m < 3.

(i4) If k = 3, then d},(v1) +dp(v1) = m+2. By Observation m+2 < 4.
Thus 1 <m < 2.

(i31) If k = 4, then d;(v1) +dp(v1) = m+3. By Observation m+3 < 4.
Thus m = 1. [l

Lemma 8. Let G = C,, be a cycle with n vertices. Then there exists a
split tournament D = ST(I U K, A) with n > k = |K| > 2 such that G is
niche of D if and only if (n, k) € {(5,2), (5,3),(5,4)}.

Proof. Suppose that there exists a split tournament D = ST(I U K, A)
with n > k = |K| > 2 such that G = C,, is the niche of D. Let [ =
{ui,ug, ..., um}, K ={v1,va,...,v5}. By Lemma n=m+k <5. Thus
we only need to show that (n, k) ¢ {(3,2), (4,2), (4,3),(6,2),(6,3),(6,4),(6,5)}.
By Lemmal 7 (n,k) ¢ {(6,2), (6,3),(6,4),(6,5)} and by Lemmal[l] (n,k) #
(3,2). Suppose that (n,k) € {(4,2),(4,3)}. Since N(D) = Cy, N(D) is
triangle-free and so, by Observation (3, every vertex of D has in-degree at
most two and out-degree at most two in D. First let us consider the case
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(n,k) = (4,2). We will show that A (D) can have at most 3 edges. It will
follow that it cannot be Cy. Since the in-degree and the out-degree in D of
each vertex is at most 2 and their sum is at most 3, each vertex gives rice to
at most one edge of N (D) between two of its neighbors. But u; and ug can
only give rise to the same edge (v1,v2). The assertion follows.

Now let us consider the case (n,k) = (4,3). In this case the split tour-
nament is a tournament. The assertion follows by the result of [3] stated
before Lemma [2

Conversely, suppose that (n,k) € {(5,2),(5,3),(5,4)}. Let D4, D5, and
Dg be the split tournaments D = ST(I U K, A) in Table [2] I corresponding to
the pairs (n,k) = (5,2),(5,3),(5,4), respectively. It is easy to check that
N(D;) = C5 for each i = 4,5, 6.

This completes the proof. O

TABLE 2. The graphs Dy, D5 and Dg.

The graph The vertex-set The arc-set
D=STIUK,A)|IUK A

Dy I'={ui,ug,uz}, |A={urvi,urve, viug, vaug, uzvi,
((n,k) = (5,2)) K = {v1,v2}. Vou3, V1V2 }

Ds I'={u1,us}, A = {uvy, vaur, u1v3, ugvy, v2uz,
((n,k) =(5,3)) |K ={v1,v20s}. V32, V1V2, V1V3, V3V2 }

Ds I = {u}, A = {ujvy, vouy, ugv3, v4u1, V13,
((n,k) = (5,4)) K = {v1,v2,v3,v4}. | 0104, V201, U3V2, U3V4, V42 }

Let G; with i € {1,2,3,4} be the graphs in Table

Lemma 9. Let G be a connected triangle-free graph with 3 < |[V(G)| <5
and stability number at most 3. Then the following claims are true.

1. Fach vertez in G has degree at most 3.

2. G is isomorphic to a path P; for some i € {3,4,5} or a cycle C; for
some j € {4,5} or the graph Gy, for some k € {1,2,3,4} given in Table @

Proof. 1. We prove this statement in the contrapositive. Suppose that
there exists a vertex x in G of degree at least 4. Then there exist four distinct
vertices x1, ra, T3, x4 which are adjacent to x in G. Since G is triangle-free,
x; and x; are not adjacent if ¢ # j. Therefore {z1,z2, 23,24} is a stable set,
which contradicts the hypothesis that G has stability number at most 3.
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2. It is not difficult to see that the graph is either a tree other than K 4,
a cycle Cy or Cs, or K3, or K>3 minus an edge. These possibilities other
than paths or cycles are listed in Table O

TABLE 3. The graphs G1,Go, G3 and Gy.

The graph The vertex-set | The edge-set

G =(V(G),E(G))|V(G) E(G)

G {v1,v2,v3,v4} | {v1v2, v2v3, v2vs}

G {v1,v2,...,v5} | {v1v2, V2U3, Vov4, V4V5 }

Gs {v1,v9,..., 05} | {v1v2, Vov3, V3V4, V4U5, V5V2 }

Gy {v1,v2,...,v5} | {v1v2, V1V3, Vov4, VU5, V3V4, V3U5 }

Now we will continue to prove Theorem [2]

Suppose that there exists a split tournament D = ST(I U K, A) with
k = |K| > 2 such that G is the niche of D. By Lemma k<4and n <5.
Thus, k € {2,3,4} and n < 5. First let us consider the case when G is a
path or a cycle. Then, by Lemmas [ and [§| G is isomorphic to Ps, Py, or
Cs when k = 2; G is isomorphic to Py or Cs when k = 3; G is isomorphic
to (5 when k = 4. Now let us consider the case G is neither a path nor
a cycle. By Lemma [4 and Corollary [2, G has stability number at most 3.
Therefore, by Lemma [9, G is isomorphic to the graph G given in Table
for some j € {1,2,3,4}. Since G is neither a path nor a cycle, there exists a
vertex x1 of degree at least 3 in G. If 1 has degree at least 4, then G 2 G;
for each 1 <4 < 4. Therefore x1 has degree 3. It follows that n > 4. Since
each of 1 and its neighbors has in-degree at most 2 and out-degree at most
2 by Observation [3 z; is adjacent to at most two vertices if df (z1) = 0 or
dp(x1) = 0, which is a contradiction. Therefore df;(z1) > 1 and d,(21) > 1.
If dl';(xl) = dp(x1) = 1, then x; has degree at most 2 for the same reason
as the previous one, which is a contradiction. Therefore dj,(z1) = 2 or
dp(x1) = 2 and dj,(z1) + dp(x1) > 3. By Observation |1, we may assume
that df (z1) = 2. Let N} (z1) = {22,23} and 24 € Ny (x1). If n = 4 then
G is isomorphic to the graph G1. But z2 and z3 are adjacent in G because
N} (z1) = {22, 23}, a contradiction. Thus, n = 5 and so G = Go, G = G
or G =2 Gy. Let x5 € V(G) \ {x1, 22,23, 24}. If Ny(21) = {x4,25}, then
425 € E(G). It follows that G — x1 has two separate edges xoxg and x4xs,
which cannot happen in any of Go, G3 and G4. Therefore we may asume
that N (x1) = {x4}. By a similar reasoning, either the in-neighborhood or
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the out-neighborhood of each vertex must have only one vertex. It follows
that z; € I for all 7, a contradiction.

Conversely, suppose that k € {2, 3,4} and the statements (), (i7), (7i7) are

true. From Lemmas [6] and [§] we can easily deduce what needs to be proven.

The proof of Theorem [2]is complete.
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