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Closed-form expressions for polylogarithmic
integrals and related harmonic sums

ALI OLAIKHAN

ABSTRACT. This paper derives closed-form expressions for a class of
five-parameter polylogarithmic integrals, expressed in terms of the poly-
logarithm and Lerch transcendent, and reducible (under admissible pa-
rameter choices) to Riemann and Hurwitz zeta values. The paper further
obtains closed forms for related linear Euler-type sums and BBP-type
series. All results are established using purely real-analytic methods.

1. Introduction and preliminaries

Let R denote the set of real numbers, Z<q the set of non-positive integers,
Z>1 the set of positive integers, and Zx>o the set of integers greater than or
equal to 2.

For p € Z>1 and b = %1, we define

k
1
H;(fl), = Z P H;(Cz), = Hyp, (1)

where b = 1 corresponds to the kth generalized harmonic numbers of order
p, denoted by H ,ip ), and b = —1 corresponds to the kth generalized skew-

harmonic numbers of order p, denoted by F,&p ). We also define

O(p) _ Z ot 0(1) -— 0 (2)
k,b ( kb * k,bs

Received January 31, 2026.
2020 Mathematics Subject Classification. Primary 11M06, 11M35, 26B15; Secondary
33B15, 42A70, 65B10.
Key words and phrases. BBP-type series, Euler-type sums, harmonic numbers, Lerch
transcendent, polylogarithmic integrals, skew-harmonic numbers.
https://doi.org/10.12697/ACUTM.2026.30.09
155



156 ALI OLAIKHAN

where b = 1 yields the kth generalized odd harmonic numbers of order p,

denoted by O,(cp ), and b = —1 yields the kth generalized odd skew-harmonic

numbers of order p, denoted by 6,(5;).

A recent paper [14, Theorems 5.1 and 5.13] presented closed-form expres-
sions for the four-parameter linear Euler-type sums

o0 (p) o0

cHG a* o))
Z ka & Z ki 7
k=1 k=1

where p,q € Z>1, a = +£1, and b = £1. Note that ¢ # 1 when a =b =1 to
ensure the two sums converge. The first sum is restricted to the case where
p + ¢ is odd, whereas the second sum requires b = (—1)Pt4~1,

In the present paper, we extend these results by giving closed-form ex-
pressions for the corresponding five-parameter sums (see Corollaries and

3 A Hy 3 o)
ka ka )
k=1 k=1
together with several BBP-type series (see Corollaries and @
S @ EDY S @rEny
(a")" Hy, TG (a™)"H,} : o
Pt = (nk+j)" o Z (2nk +2j - 1)
o) n 1 2n (_1) j—1

®) - ®)
20 Z(an—n+2j—1)q’ and ;O’f Z(4nk—2n+2j—1)q’

k=1 j=1 j=1
where n € Z>;. A BBP-type series takes the general form

IESITE
" L T
—t ot (nk + j)
where t,r,n € Z>1 and (hy,...,h,) € Z™. This type of series is named after
Bailey, Borwein, and Plouffe, who first discovered the BBP formula for the
constant 7 [2],

[e.e]

1 4 2 1 1
().
— 16"\ 8k+1 8k+4 8k+5 8k+6

Their discovery encouraged many researchers to explore new BBP-type for-
mulas for other mathematical constants, see [1I, 3, [4}, [6], 17, 20, 22| 23].

The Euler-type sums and BBP-type series derived in this paper follow
from establishing connections with the polylogarithmic integrals (see Theo-

rems (3| and

1 1 q—1 Li n 1 1 q—1 Li 2n
/ og (.’IJ) I;D(bx ) dx and / og (':U) 1p(b$ ) d.fL',
0 1—ax 0 1—ax?
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which are respectively related to the integrals (see Theorems [1| and

00 q—1 : n 0o q—1 : 2n
/ log?™*(x) Liy(bx )d:c and / log?*(x) Li,(bx )d:v,
0 z(1 — ax) 0 1—ax?

where Li, denotes the polylogarithm function defined in .

The closed-form expressions for the integrals and sums discussed above are
given in terms of the Lerch transcendent and some related special functions.
The Lerch transcendent is defined by [18] p. 194]

n

O(x,s,t) = Z T

S
= (n+1)

(t ¢ Z<o; s € R when |z| < 1; s > 1 when |z| =1),
where only the case |x| = 1 is considered in this work, since x always appears
in the forms a, b, a"b, or ab™, with a = £1, b = £1, and n € Z>;. This
function generalizes several well-known special functions:
the generalized (or Hurwitz) zeta function

[e.e]

1
t) = — = P(1, 5,

C(S’ ) ,r;) (n + t)s ( 78’ )7
the generalized eta function [15, Eq. (25.11.35)]

W =3 S o =2 (o[ ) (),

n=0
the polylogarithm function

Lis(x) = Z = x®(x,s,1), (3)

n=1

the Riemann zeta function

()=~ = a(1,5,1),

ns
n=1
the Dirichlet eta function
= (-1
77(5) = Z ns = (I)(_1757 1)7
n=1
the Dirichlet lambda function
> 1 1
M) =D o = 23@(1,5, ) ,
= (2n+1) 2

and the Dirichlet beta function

B(s) = i (2(7:); _ 2_5<I><—1,s, ;) .

n=0



158 ALI OLAIKHAN

In particular, 3(2) is Catalan’s constant, denoted by G. The Dirichlet eta
and Dirichlet lambda functions are related to the Riemann zeta function via

n(s) = (1- 21_5) C(s) and A(s) = (1-27%)((s).

From the above relationships, we conclude that for any valid choice of
the five parameters, the Lerch transcendent reduces to Riemann zeta and
Hurwitz zeta values, as illustrated by the examples in Section

All of the theorems and corollaries derived here appear to be new. How-
ever, several special cases have previously been established (see, for example
[5l 6, [7, 18, @, 111, [13), 16} 19, 21]).

2. Lemmas

Lemma 1. Let p € Z>1, ¢ = %1, and |x| < 1. Then

(4)

s ® & _ cLiy(cx)
Z Hk ¥ = ?
pt ) 1—=x

(i2)
> Liy(z) — Lip(—2x))
0P (cr2)F — cx (Lip P
Z eler) 2(1 — ca?) ’
k=1
where H,(gpg and O,(fg are respectively defined in and , and Li, denotes
the polylogarithm function.

Proof. Rearranging the double sum terms according to

o k SIS
Zzakbn = Zzakbn,

k=1n=1 n=1k=n
we obtain
0o oo k n—1 00 a1 o0
C C
E,ngpil‘kZEE ;ngE E zF
k=1 k=1n=1 n=1 k=n

B i b e i (cz)"  cLip(cx)
N nw l1l-z 11—z nw  1l-z
n=1
This completes the proof of part (i). The proof of part (ii) follows similarly:

> ok m—1 o0 m—1 o
(P) ( nre2)F — ¢ cx2)F = ¢ cx2)F
;Ok,c( ) ZZ (2m—1)p( ) Z (gm_l)pkg( )

k=1m=1 m=1
B 2m—1)Y 1—cz? 1—ca? (2m —1)¥
m=1 m=1
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m

i (1— (=)™ o (Lip(z) — Lip(_x))_

mp 2(1 — cx?)

B cx
- _ or2
2(1 —cx )m:1

U
Lemma 2. Let ¢ = +1 and s € (0,1). Then

o0 s—1 o0 o1
dr = -2 Li "
/0 T, 42 ;} igr(c)s™ ™,

where Liy, is the polylogarithm function. This integral must be viewed as the
Cauchy principal value when ¢ = 1.

Proof. The proof follows by taking ¢ = £1 in [10, Entry 3.222.2],

/OO LA {(C)Slﬂcot(ws) ¢ <0, @
0

T+c S~ ese(ms) c>0,

and then expanding the cotangent and cosecant functions into their series:

o0

meot(ms) = =2 Lig(1)s™ ", |s| < 1, (5)
r=0
o0

mwese(ms) = _2ZL12T(_1)SQT_1’ ls| <1, (6)
r=0

where is given in [I8, p. 271, Eq. (18)], and (6]) follows from employing
in the trigonometric identity csc(x) = cot(x/2) — cot(x). O

Remark 1. In Lemma the r = 0 term of the summation )7, produces
Lig(c). In the case ¢ = 1, this becomes Lig(1), which is interpreted as —1/2
via the analytic continuation of the Riemann zeta function,

1

Lip(1) = ¢(0) = 5

We note that Mathematica also returns —1/2 when evaluating Li, (1) in the
limit » — 0. This interpretation is used throughout this work for every
occurrence of Lig(1).

Lemma 3. Let g € Z>1, s,r >0, c==£1, and ¢ # 1 when ¢ =1. Then

Las~Nogt™Y(z) . (=1)7 (g —1)! s
[ =D (g, 2).

¢ q,—
r

1—cx” rd
where ® is the Lerch transcendent.

Proof. The proof proceeds by expanding ﬁ into its Maclaurin series,
interchanging the order of summation and integration (justified by uniform
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convergence) and then applying the integral identity [13, Eq. (1.36)]

! ~1)7 g - 1)!
/ 2" Nog? Hx)da = (=1) Tq(q ) , (r>0,q€Z=1). (7)
0
O
Lemma 4. Let q € Z>1, ¢ = +1, and s/r € (0,1). Then
% 5—1]pgd—1 —1)4 g —1)!
/ v log" (z) . (=1D)" (¢—1) 0(c, ¢, 5,7),
0 1—ca" rd
where
s r—s
@(Cv Qasar) = (I)(C>Q7 ;) —|—C(—1)q(1)<07 q, r > ) (8)

and ® denotes the Lerch transcendent. This integral must be viewed as the
Cauchy principal value for the case (q,c) = (1,1).

Proof. Using fooo f(z)dx = fol f(x) dm+floo f(z) dz, and then making the
substitution 2 — 1/z in the second integral, we find

00 3711 q—1 1 5711 q—1
/ ¥ Hog? " (x) dm:/ ¥ Hog?™ () e
0 0

1—cx” 1—ca”

1 r—s—ll q—1
—l—c(—l)q/ cal S CO
0

1—cx"

The proof follows from Lemma [3 O

Remark 2. By substituting (g, ¢, z") = (1, 1, y) into the integral in Lemma
and then applying the case ¢ < 0 from , we obtain

o(1,1,s,r) = 7rcot<E) , °e (0,1).
r r
This validates the case (¢,¢) = (1,1) in the identity (8], noting that its
right-hand side must be considered as the limit as ¢ — 1 when ¢ = 1.

Lemma 5. Letn € Z>1, q € Z>2, a = +1, b= =1, and y € (0,1). Then

/000 log?! () ( 1 1 ) dz = —(¢ — 1)! (1 + (-1)%) Lig(a)

T l—am_l—byzz:"

13 —2k
2(—-1)(qg — 1)! log? .
AR R L),

k=0

where Liy, is the polylogarithm function, and |-] is the floor function. This
integral must be understood as the Cauchy principal value when b= 1.
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Proof. Differentiating under the integral sign yields

o0, q—1
/ og?™ (z) 1 1 de
0 x l—azx 1-0bya"

9511 0o ,.s—1 00 s—1
= lim —— / ’ d:v—/ T _dz). 9)
s—0 08171 \ Jy 1—ax o 1—byxn
This differentiation is justified by the dominated convergence theorem for

0 < R(s) < 1 and a # 1 when the first integral, and for 0 < R(s) < n when
the second integral. Applying Lemma [2]in the first integral, it follows that

o0

/ooo f_s_ax :—2ZL12 )s == (1+ (=1)") Lig(a)s" " (10)

r=0

Making the change of variable x = (é)l/ ™ in the second integral and then
using Lemma [2| we get

00 xsfl s 0 5 o1
_ —-= —2r 7 r—
[Tt = o s

Expanding y into its Maclaurin series as ) o M, whose ra-
dius of convergence is 0o, and so there is no restrlctlon on log(y) or s, and
then applying the special case of the Cauchy product for two convergent
series [13, Eq. (2.67)]

00 00 00 5]
(zfmsf) (zgmms%):z S° e - 2g(2h) |
r=0 r=0

—s/n

r=0 \ k=0
we find
. 00 ot 3] ok
> g5t log"™""(y) 1
P r—— L b T 11
/0 T— by Z o (r —2k)! iz (b) | 5 (11)

Plugging and into (9), we have

*®log? () 1 1 R
— dr = lim ——
0 x 1—ax 1-—byz" s—0 05471

1\ r—2k
o M N e e CIE
k=0
7o)
_llﬁ%asq 1Zf = (¢ D'f(a).
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The last step follows from differentiating term by term (¢ — 1) times with
respect to s and then evaluating the limit when s approaches zero. ([l

Lemma 6. Let p € Z>y, c==+1 and x € (0,1). Then

c LJlogp 2 (x
L%@m)+(—DPL5<;>—-2§: Lmﬂ)
7=0

[ SIS

where Li, denotes the polylogarithm function, and |-] represents the floor
function. Only the real part of Liy(c/x) is considered when c = 1.

Proof. The case ¢ = —1 follows from Lewin [12, Eq. (7.20)] by adding and
subtracting the j = 0 term. For the case ¢ = 1, the result follows by dividing
both sides of the dilogarithm identity

1 1
Lia(t) + m%) Lo +2Lh), e,

(see [13, Eq. (1.106)]) by t, and then repeatedly integrating the resulting
relation over the interval ¢t € (z,1). O

3. Main results

Theorem 1. Letn € Z>1, p,q € Z>3, a = %1, and b = £1. Then

/Oologq l(x) Lip(bmn) do — — (1 n (_1)q) (q B 1)!Liq(a) Lip(anb>
0 z(1 —ax)

+ M Z (p ta-2j - 1) Ligj(b) Lip4q—2;(a™b)

nd = p—1
n—1 ¢
(g —1)! k-1
s 0 3 M G USROS AY
j=1 k=1

where Liy, is defined in , ® denotes the Lerch transcendent, and © is
given in . Considering the Cauchy principal value (PV) of the integral
when a = 1 is unnecessary, since the singularity at x = 1 is suppressed by
the logarithm. Indeed,

log?—1 -1, ¢g=2,
Jim 1087 (@) _ (12)
el 1—x 0, ¢>2.
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Proof. Employing the integral form of the polylogarithm [I3) p. 35]

1 1 p—1
(=1)p—1 / Zi)gzy(y)dy, 2| <1,
Lip(2) = ——747° 1, op-1 p €Lz, (13)
—_ | logP =2
(p—1) PV/ Mdy, 2> 1,
o 1—=zy

which guarantees that the polylogarithm yields a real value when z > 1, we
may write

* log?™! (z) Li,(ba™) .
/0 z(1 — ax) d

p lb 2" 1oed™ 1 logP—1
/ / og?™" (x)log? " (y) dy dz.

(1 —az)(1l — bya™)
Swapping the order of mtegratlon (justified by Fubini’s theorem) we have

* log?™!(z) Li,(ba™) .
/0 o0 —azn) ¢
NG L L. I L Y )
= (P—l)!/o log? ™! (y) (/0 (= an)(L ~ byar) dx) dy. (14)

By applying partial fraction decomposition for several values of n € Z>1, we
observe a recurring structure that holds for ¢ = +1 and b = +1,

n n L)’
x __a ( 1 _Zj:o( ))’ (15)

(1 —az)(1—byax") 1—a™y \1—ax 1 — byan

from which it follows that
0o n—1 q—1
/ 2" Hog?™* (z) e
o (1—ax)(1-—byz™)
o a” /OO log?~!(x) o Z?;ol (az)’ dz
_1—a"by 0 T 1—ax 1 — byz™

To avoid divergence, we separate the j = 0 term and then change the order
of integration and summation. This yields

/oo xnfllogqfl(x) L
o (1= az)(1 = byan)
n 00 q—1
__a / log?™*(x) I 1 da
1—a™by J T 1l—azx 1-—byx™

27 Hog?™ 1 x)
(1
11— a”by Z / 1 — byx™ dz. (16)
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Performing the substitution 2 = ty~/" in the rightmost integral, applying
the binomial expansion to logq_l(ty—l/ ,

log?™! (ty—%) :<log(t) - logrfy))q_l
(1 )

and then employing Lemma [4] we find

Mgt ) ) () g 1) 00 k)
/0 d >

1 — byan N nd —k)!

y v log?*(y).

(17)

k=1
Substituting Lemma [5| and into , we conclude
e n—1j q—1 g — 1)
/ e W) gy = =Dy 1y Liy(a)
0

1 —azx)(1 — bya™) 1 — anby
n(_1\9—1 - 'L%J . ‘
_2a ( 1) (q 1) LIQJ(b.) lOgQ*Zj(y)
ni(1 — a™by) = (q —25)!
a"(—1)7 g — 1)V 2K @ O, k,jon) s i
_ @Ok, jin) i1 gk .

Plugging into and then using Lemma the conclusion follows. [
Theorem 2. Letn € Z>1, p,q € Z>3, a = %1, and b = £1. Then

/oologql(a:) Li, (bz?") dr — _M(l + a(—1)7) Li,(a™b) <I><a,q, 1)
0

1— ax? 29 2

a1t —1 o< —k—1\ .
TR 2k b q ZZ <p+ 1 >a3(—1)k O(b, k,2j — 1,2n)
: k=1

n — 2 1
Xq)(anb’pﬂ_k’nH),

2n

where Li, is defined in , ® denotes the Lerch transcendent, and © is
given in . Considering the Cauchy principal value (PV') of the integral
when a = 1 is unnecessary, since the singularity at x = 1 is suppressed by
the logarithm, see ((12)).

Proof. Following the previous proof, we write

o0, q—1 Li. (b 2n
/ og (.1') 1]’( €z ) d.:U
0

1 — ax?
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(- /1 o /°° bz’ log? ™! (x)
= log? dr ) dy. (19
e WU T a0 0
Replacing = with 2?2 in and (j,n) with (25 — 1,2n) in , we obtain,
respectively,

55271 . a” 1 . Z?:l (a:EQ)j_l
(1 —ax?)(1 —byx?") 1 —amby \ 1 — az? 1 — byx?n
and
e 2j—21 q—1
/ 2V log? ()
0 1 — byx?n

1
:(1)‘1 Z bk2j—12n) st ).

Yy 2 Iog
k=

Employing the latter two identities, and then Lemma [4] it follows that

/°° ( 22Mog? (2) a" g =D (A +a(=1)7) o <a7 . 1)
0

dz =
1—ax?)(1-— bya:Q”) v 24(1 — a"by)

- aZ2(r:)1>(ql —(Z"_byl Z & 12 o, k 2‘7 = 2n)y‘2§5110gq"“(y)- (20)
7=1

The proof is finalized by plugging into and then using Lemma O

Theorem 3. Letn € Z>1, p,q € Z>2, p+ q odd, a = £1, and b = *1.
Then

/1 log?™! () Liy,(bz™) 4
0

1—ax

a(q — 1(3! Lip+q<b)

— g (1 + (_1)(1) (q - 1)' Liq(a) Llp(a"b) + W

2
alg— 1y

ptq—2j—1
nd

) Ly 0) L)

+q—25 -1\ _5:_. .
+a(q—1)!”pz<p P >” % Lig;(b) Lip+q—2;(a)

qu <p+q b 1)«#‘(—1)’“@(%]’, n)
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where Lij, denotes the polylogarithm function, ® represents the Lerch tran-
scendent, © is described in (8), and |-] is the floor function.

Proof. We begin with employing [;° f(z) dz = fol f(@)dz + [[° f(x)dz,

/O" log?™! () Liy (bz™) do — /1 log?™! () Liy(bz™) da
0 0

(1 — ax) z(1 — ax)
o ], qg—1 Li.(bx™
[l
1 (1 — ax)
Write x(liax) = 14+ % in the first integral, substitute z — 1/z in the

second, and then set (—1)? = (=1)P~", since p + ¢ is odd, we obtain

/°° log?™! () Liy(bz™) do — /1 log?™! () Liy(bz™) da
0 0

z(1 — ax) x

+a/01 log"” () <Lip(bx") — (—1)"Li, (;)) da. (21)

1—ax

For the first integral on the right-hand side, expand Li,(bz™) in series as
given in , revert the order of integration and summation, and then use
the integral to find

/1 log?~1(z) Li, (bz™) q (=) (g —1)!
0

. z= — Lipq(b). (22)

Substituting the results from Theorem [1{ and into , we reach

/olm <Lip(b$”> — (1) Li, (;)) dz

— (14 (~1)%) (g - 1)! Lip(a") Liy(a) + ((q_;)”' Lipeq(b)

) 1> Lig; (b) Lip4q—2;(a"b)
. w izq: <p+ q—k— 1>aj(_1)k O(b,k,j,n)

><<I><a”b,p+q—k, ny) . (23)
n

From Lemmas [6] and [3] with p + ¢ odd, it follows that

/01 w (Lip(bx") +(=1)" Lip<;n>> da
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2 |
—2a(g—)? Y (p + qq _21] 1>n_2j Lia (b) Lipsg_o;(a). (24)

The result then readily follows on combining with . This completes
the proof. O

Corollary 1. Let p,q,n € Z>1, a = +1, b==%1, ¢ # 1 when a =1, and
P+ q odd. Then

00 ak H(P)

nkp b ~ ~ b L; n
;kq 5(1 + (—1)7) Lig(a) Liy(b) + TanIPHJ(ab )
S pta-2i-1\
— b(—n)* ( 1 )”_% Li;(ab™) Liptq—2;(b)
j=0 P
(=1)"b 2] P+q—2j—1
Lig; (ab™) Liy 1o o;

+ np ]0< qg—1 > ig;(ab™) Lipt4—25(a)
—1)Pab A (p+q—k—1),; .
+( 221) ZZ(p Z—l >b7(—1)k@(ab k,j7,n)

j=1 k=1

where Hg;c)b is defined in , Li, denotes the polylogarithm function, ®
represents the Lerch transcendent, © is described in , and |-] is the floor
function.

Proof. Using the integral form of 1/m? given in , we have

pm—1 nk

H;p,;bzz _me ! ((p Al / 2™ Yogh ! (z) da

m=1
nk
(())/logp1 bemldx
m=1
N xnk
(( _)1) / logp_l(:n)-libbidx. (25)

Multiplying this by a¥/k?, considering the summation over integers k > 1
and then changing the order of integration and summation, we obtain

i FHY, (_1)p—1/ log? ™! ( ia ab" ”)’“ =
1 ka (p — 1)‘ 0 1—bx 1
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_ (=) M logP T (a)
N (p—l)!/o 1—bx

—1)P7t 1 logP!(x) Li,(ab™z™
:bLiq(a)Lip(b)—((pl_)l)!/ log (1)_th;( D) de. (26)

By substituting (¢, p, a,b) = (p, q, b, ab™) in Theorem [3| we obtain the result
of the integral appearing in and the proof is complete. U

(Lig(a) — Lig(ab"z™)) do

Remark 3. Tt is valid to take (p,q,b) = (1,2¢,1) in Corollary [1} since in
this case the first term containing the factor Li,(b) is canceled by the term

q
arising from thi{) This cancellation follows from applying the summation
identity
J L4+
f(25) =5 1+ (-1 Z £(24),

J=0

L

[S]5)

N | =

which, upon noting that Hgk) 1 = Hpg, yields

— a* Hy, 1 —4qLig(a)
k2a 2n

n—1

a . n—j
+%ZIG(G717J7”) (G 29, —— )

]:

Corollary 2. Letp,qn € Z>1,a==+1,b==+1,p# 1 whenb=1,q#1
when a =1, and p+ q odd. Then

Ligg+1(a) — n4 Zn 2 Ligj(a) ¢(2¢ — 25 + 1)
k=1

k@ N~ @ ab : :
> (@) HY, 2 kg 5 (L4 (=1)%) Lig(a) Lip(b)
k=1 J=1
ab . n (—1)%ab 2! p+q—25—-1\_. , ...
= 5q Viptg(a"0) = —— JZ:; b1 Lig;(a™b) Lip1q—2;(b)

_92i_1 .
rann S (P T ) Ly @) Ly 20

J=0 ¢-1
n—1 ¢q
(=1)%a prqg—k—1\ o
- 2nq Z p_ 1 a](_l)k@(a kah]?n)
j=1 k=1
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where H](Cp) 1s defined in , Li, denotes the polylogarithm function, ® rep-

resents the Lerch transcendent, © is described in , and |-| is the floor
function.

Proof. Replacing (c,z) with (b,a™z™) in part (i) of Lemma [1} we get

i (an)k H(P) xnk _ bLip(anbxn)
k,b 1 — aghgn ’
k=1
from which it follows that
Lip(a™bx™)  Liy(a"ba™) 1—a"z"

1—azx 1—amz? 1—azx

n

=0 (@ EP Y @i g (27)

k=1 j=1
Multiplying this by log?~!(z), and then integrating for € (0,1), we obtain

i (an)k H(p Zn: al—1 _ b(—l)q—l /1 10gq_1(1:) Lip(aann) .
k=1 o j=1 (nk+5)*  (a=D! Jo 1—ax

Taking b = a"b in Theorem [3| delivers the result of the integral appearing in
the latter identity and completes the proof. [l

Corollary 3. Letn € Z>1, p,q € Z>2, and p+ q odd. Then

o n 1
ZOl(gp) Z . 7
— = (2nk+2j—n—1)

:% (1+ (=17 {2C(q)A(p) +1(q) [Lip((—l)") _ Lip((_l)n_l)} }
g L3 .
_ (4»,13 jz_:o (p + (;_21] — 1> {C(Qj) [C(p +q—2j)— Lip+q—2j((—]_)n)i|

= 20) [0+ 0= 20) + Tipsa-(-1" )] |

+ (—n)PFO <p+ Qq__213 = 1)n—2j>\(2j)>\(p tg—2j) - (g:bgq
X jz_llé <p+;:lf_ 1>(—1)k{®(1,k,j,n) [@(17p+q_ nn—j>
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—(—1)3'*”@((— )", p+aq—k, n)] +O(=1,k,j,n)x

(msanigd) (e )

where O,(Cp) = anzl W’ Li, denotes the polylogarithm function, ¢ is
the Riemann zeta function, n is the Dirichlet eta function, A is the Dirichlet
lambda function, ® represents the Lerch transcendent, © is described in ,

and |-| is the floor function.

Proof. Setting (c,z) = (a™,z™) in part (i) of Lemma [1 we have

k: 1 A0 p2nk—n _ Lip(x”) —Lip(—x”)
QZ Okan = 1 — gnx2n )

from which it follows that
Lip(2™) — Lip(—a™)  Lip(a™) — Liy(—2™) 1—a"a?"

1 — ax? a 1 — anx?n 11— aa?
E—1 k— J—
=23 (@) o e (aa?)
k=1 j=1

Multiplying this by log?~!(z), then integrating for € (0,1), we find

j—1

(k-1 o) N @’
D (a") Ok’a”; 2nk +2j —n—1)°

k=1
(1" [T log" ! () (Lip(a") — Lip(—2™))
- 2(qg —1)! / 1 — ax? de. (28)

From , setting a = 1 yields

1
ZO Z (2nk+2j —n—1)7

-1 - s (e : n
Gy @) (Lpa") ~Lip(=a") 4 0
2(q —1)! 1—22

Combining the cases a = £1 in Theorem [3| leads to

/1 log?™! () Liy(bz™) e
0

1—z2

- %(1 + (=1)")(g = D'¢(g) Lip(b) +n(q) Lip((=1)"b)]

<p+q—23—1

-1 > Li?j(b) [Lierquj(b) - Lip+q*2j((_1)nb)]
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+q—27 -1\ _,: . .
+(q—1)!”pz<p qq_lj )” % Ligj (D) A(p + ¢ — 25)

D 3) Dl (S T

X {@(b,pﬂ—k,”;j) - (—1)j+"®((—1)"b,p+q—k n”)}

By substituting b = £1 in the latter identity, we obtain the results of the
two integrals appearing in and the proof is complete. ([l

Theorem 4. Let n € Z>1, p,q € Zsa, b= +1, and a = (=1’ Then

110gq_1($)Lip(bx2”) __a(q—l)! 1P L (g a 1
/ do= -2 0 oLy @ ()

1 — ax? 2¢+1
(q— 1P < fpyg—2j—1 L o ,i 1
a" (g — 1) = (g —k—1\ <
7j=1k=1 p
2n —27+1
x@(a"b,mq—k, noSE )
2n

where Lij, denotes the polylogarithm function, ® represents the Lerch tran-
scendent, © is described in (§), and |-| is the floor function.

Proof. Employing [ f(z) dz = fo z)dz+ [ f(z) dz, and then letting
x + 1/z in the second 1ntegral we obtaln

/°° log?™ ! () Liy (bz?™) da
0

1 — ax?

- /01 m (Lip(bx2") +a(—1)1 Lip<xgn>> dz.

Recalling the result from Theorem |2, then substituting a(—1)? = (—1)""1,
we get

Alblg:g) (Lip(b:c2")_( )lep< b >>dx

a(qg—1)! . 1
=M 0 )Ly 2 (o )
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a1 —1 G —k—1\ .
TR b q ZZ (p+q )a”(—l)k@(b, k,2j —1,2n)
j=1k=1
on —2j + 1
X <I><a”b,p+ q—k, 7127;7—1—) . (30)

From Lemmas |§| and |3 with a = (=1)P"77! one has

' ]qufl(x) : 2n . b
/0 1_7&%2 <L1p(b$ )+ (_1)17 L1p<x2n>> dx
alg =) S (p+a—25—1\ _o; . 1
:TZ n 2]L12j(b)<I> a,p—i—q—2j75 . (31)

Summing and delivers the stated result and completes the proof.
O

Corollary 4. Let p,q,n € Z=1, a = +1, b= (=1)P"" " and ¢ # 1 when
a=1. Then

> a” Og;g)b 1

. 1
SO (1 (<1 Ligla) cb(b,p, 2)
k=1
—92i—1 . 1
(p a2 )nzﬂ Liyj(ab™) @ (bm +q — 2j, 2)
b

=0
Yo~ (P q—k—1Y\ & " '
pzz V(—-1)"O(ab" k,2j — 1,2n)

where Ofﬁgb is defined in , Li, denotes the polylogarithm function, ®
represents the Lerch transcendent, © is described in , and |-| is the floor
function.

Proof. Following the same technique as used in , we find

nk m—1 p—1 1 o\ nk
() _ b _ (=1 / p—1,y L= (b=?)
Onk,b = WLZ_l (2m — 1)p - (p — 1)‘ . log (JE) 1 — b2 d.fCa

and consequently

00 ak O(p) _1\p—1 1 1 p—1 Li n .20
Z nk,b i Li ( ) <b,p, 1) _ ( 1) / 0g ($) lq(2ab x ) dx.
g 20 2) (-1 J 1— b
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Setting b = ab™ in Theorem 4] gives the result of the integral appearing in
the latter identity and completes the proof. ]
Remark 4. The case (p,q,b) = (1,2¢, 1) in Corollary [is valid for the same

reason as explained in Remark |3l In this situation, noting that Ofllk) 1 = Onk,
we obtain

o] k 2 q—1
a® Oy n=4 DY . 1
T N n~* Ligj(a) ® 1,2q—2j—|—1,§
k=1 7=0
n .
a . 2n—25+1
+% El@(a,l,2j — 1,2n)<1><a,2q, 2n>
]:

Corollary 5. Let p,q,n € Zs1, b = 1, a = (=1)P™1, p £ 1 when
b=1, and q # 1 when a=1. Then

al=1 b 1

S @V HE S gy = g (- L0 2 (a5 )

k=1 j=1
M—nyt% p+q—25—1 . 1
- n~% Ligj(a"b) ®{ a,p +q — 24, 5
20 = q—1 2
LNy R A § '
* 2((2n))q ZZ < 1 )aj(_l)k O©(a"b, k,2j — 1,2n)
=1 k=1 p
X@(b,p+qk’2n_2j+l>’
2n

where H,&p) 1s defined in , Li, denotes the polylogarithm function, ® rep-

resents the Lerch transcendent, © is described in (§)), and |-] is the floor
function.

Proof. Replacing = with z2 in yields

o

. n
Lll])-(a”bxzn) —b Z (an)k: H;E;pg Z ajflenk+2jf2'
—ar )
k=1 =1

Multiplying this by log?~!(z), then integrating for 2 € (0,1), we obtain

[e%S) n j—1 1 q—1 11 q—1 Li ny, 2n
Z(an)k H](gpl)) a : .= ( ) 'b/ og (aj) IP(QQ L )dSU
"5 (2nk+2j—1) (g—1! Jo 1—ax

k=1

Substituting b = a"b in Theorem [] produces the result of the integral ap-
pearing in the latter identity and completes the proof. O
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Remark 5. In Corollary [b| we stated that p # 1 when b = 1. However,
this restriction can be relaxed when n = 1, since in this case the first term

containing the factor Li,(b) is canceled by the k = ¢ term in the double sum

P > #_;- This cancellation, noting that H,(:% = Hy, yields

o ()*H, _ log(2) g 1
2 (2k+1)7 — 201 ®<(_1) 4 2)

k=1

— L Lig((-1)) @ <(_1)q’ ¢+ L ;>

(-1)7 &=

(—DFe((-1)%,k,1,2) C(q —k+1, ;) .

Corollary 6. Letn € Z>1, p,q € Z>2, and p+ q even. Then
(-1’

ZO Z (4nk —2n +2j — 1)¢

i (1 (-17) 8la) [Lip(u)") = Tip((-1" )]
L3)
n)? ptag—2j—-1 95 . .
]Z; ( q- | >(2n) 2B(p+q — 2/)M24)
n+q n q . )
+ 271 Aen)t J;l; <p+ 5 1) (_1)k+]{@<1,k,2j — 1,2n)

M — 25+ 1
X <I><(—1)"7p+ q—k, n2nj+) +O(=1,k,2j — 1,2n)

n—27+1
x@((—l)”—l,wq—k,” it )}
2n

where O,E;p) = Zﬁpl W, Li, denotes the polylogarithm function, ¢ is

the Riemann zeta function, n is the Dirichlet eta function, B is the Dirichlet
beta function, X\ is the Dirichlet lambda function, ® represents the Lerch

transcendent, © is described in , and |-] is the floor function.
Proof. Taking (a,n) = (—1,2n) in results in

$ 003 S s
— p (4nk +2j —2n —1)?

(=" /1 log?™! () (Lip(a™") — Lip(-2”"))
1+ a2

x.

C2(qg—1)!
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Taking (a,b) = (—1,£1) in Theorem {|yields the results of the two integrals
appearing in the latter identity and completes the proof. ([l

4. Examples

To obtain results from all formulas in this work without encountering
divergence issues, it is important to use the following Mathematica code:
Unprotect [PolyLog] ;
PolyLogl[0, 1] = -1/2;
Protect[PolyLog] ;
thetall, 1, s_, r_] := Pi Cot[Pi s/r];
thetalc_, q_, s_, r_] := LerchPhilc, q, s/r] +
¢ (-1)"q LerchPhilc, q, (r - s)/r]l;
formulaExpression // FullSimplify

Example 1. Take (n,p,q,a,b) = (3,2,3,—1,—1) in Corollary [I] Then

(D) s3ri(8)  TsC(5) | mC(45) | (4 )
— k3 24 144 96/3 96/3
w4 w4,
96v/3 96v/3
Example 2. Take (n,p,q,a,b) = (3,2,3,—1,—1) in Corollary Then
s 2
Z(_l)kﬂj(f)< 1 - 1 S+ 1 3) _ _797T ¢(3)
et Bk+1)° (3k+2)°  (3k+3) 72

10957¢(5) | 7°¢(2,3) | 7°¢(2,3) |, 7¢(4,3) | w(C(4,2)
432 162v/3 162v/3 288v/3  288/3
Cm(2,5)  7C(25)  wC(43)  mC(4,5)
162v/3 162v/3  288v3  288V3
Example 3. Take (n,p,q) = (3,2,3) in Corollary [3l Then

> 1 1 1 67972¢(3)  31¢(5)
S o < 5+ - > = -
=1 (6k)"  (

6k —2)%  (6k+2)3 1728 432
53¢(2,2)  5m3¢(2,3)  17¢(4,3)  17n¢(4,3)  w((4,3)
2592v/3  2592V/3 11523 1152v/3 11523
m¢(4,8) 72,5 | 72,3
11523 25923 2592v/3
Example 4. Take (n,p,q,a,b) = (3,2,4,—1,—1) in Corollary [l Then

S0 e 1) 1T ) | w5 )

— k4 48 48 48 192v/3
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m((5, 13) | 405¢(6,5) 405¢(6,3) m((5. 1)  mC(5, 13)

192v/3 512 512 1923 1923
Example 5. Take (n,p,q,a,b) = (3,2,4,—1,—1) in Corollary Then
— 1 1 1 1337%G
Z(—l)kH,(f)< 1~ it 4> ==
P (6k+1)" (6k+3)" (6k+5) 648

B m™((3,75) ™3, 55) B m™((3, 13) N m((3, 15) N m¢(5, 3)
864v/3 864v/3 864v/3 864v/3 6912v/3
m((5,73) | 45¢(6,5) 45¢(6,%) mC(5.55) w5 53)

6912+/3 1024 1024 6912v3 69123
Example 6. Take (n,p,q) = (2,3,3) in Corollary @ Then

o (Lt 1 L L) L
;O’“ ((8k3)3 (8k71)3+(8k+1)3 8k +3)°) 256

_93m((5) | 37°((3,5) 373§ 373} 37%(3,3)

4 2048v/2 2048v2  2048v2 20482
15m%¢(4, %) 157%¢(4,2)  37%((4,%)  37%C(4,2) 37%C(4,3)
512 512 2048+/2 2048+/2 2048+/2

_3m%((4,§) | 3m¢(5.5) | 3mC(5,§)  3w((5,§) 3m¢(5,3)
2048+/2 2048v/2  2048V2  2048v2 20482
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