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Lacunary strong Riesz summability

FATIH NURAY

ABSTRACT. In this paper, we introduce a new class of sequence spaces
Né% by combining lacunary block structures with Riesz-type weighted
means of order k. This construction extends the classical notion of lacu-
nary strong convergence to a higher-order weighted setting. We establish
several inclusion relations between the classical strong Riesz summabil-
ity method of order k£ and the corresponding lacunary space NQ(ZZC in the
spirit of Freedman-type comparisons. The sharpness of the obtained con-
ditions is illustrated by appropriate counterexamples. Basic topological
properties of the new spaces are also discussed.

1. Introduction and preliminaries

Lacunary summability methods have played an important role in the the-
ory of strong convergence since the pioneering work of Freedman et al. [3],
who introduced the space Ny of lacunary strongly convergent sequences. On
the other hand, Riesz means [I1] provide a flexible weighted summability
method that generalizes Cesaro summability and admits higher-order exten-
sions. For a comprehensive treatment of summability methods we refer to
[, 5] and [2].

The purpose of this paper is to localize Riesz means of order k within
lacunary intervals. To the best of our knowledge, no previous study has
combined lacunary block structures with higher-order Riesz kernels. The
resulting method yields a new summability process that simultaneously re-
flects localization, weighting and order effects. Related studies on strong
summability can be found in [6] and [7], while lacunary statistical conver-
gence aspects are explored in [9], [13], and [10].
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Let 0 = (k,) be a sequence of positive integers with kg = 0. It is called
lacunary if
hy =k, —kr_1 —> 00 (r — 00).
The lacunary intervals determined by 6 are denoted by
Ir = (k’l‘—17 kr]

Throughout the paper, given positive sequences (4, ) and (B,) the notation
A, =< B, means that there exist constants C7,Cy > 0 such that

C1B, < A, < (3B, for all sufficiently large r.

Beyond their intrinsic interest, lacunary summability methods provide a
natural framework for studying localized averaging processes, where global
information may fail to detect oscillatory or sparse phenomena. Such lo-
calization effects arise naturally in Tauberian theory, matrix domain inves-
tigations of sequence spaces, and in the study of convergence of operator
sequences where non-uniform behavior is present.

On the other hand, Riesz-type means allow flexible weighting and higher-
order regularization, which play an important role in summability theory and

Fourier analysis [15]. By combining lacunary block structures with higher-

order Riesz kernels, the spaces Ng(k% capture simultaneously localization,

weighting, and order effects. This interaction leads to new phenomena that
are invisible in both the purely lacunary and purely classical settings and
motivates a detailed comparison between classical and lacunary strong Riesz
summability.

The present work goes beyond a routine lacunary modification of classical
strong Riesz summability. Unlike the classical strong Riesz method, which
relies on a single global normalization over the entire initial segment, we
introduce a genuinely blockwise framework in which the Riesz regulariza-
tion is reinitialized on each lacunary interval. This localized construction
yields the new spaces Ne(f?i, where convergence is tested independently on
successive lacunary blocks via weighted kernels of order k. As a consequence,
the proposed method captures convergence phenomena arising from tempo-
rally heterogeneous or intermittently irregular behavior that are invisible to
global Riesz averages. The sharp distinction between the classical and lacu-
nary settings is further highlighted through precise inclusion theorems and
counterexamples of Freedman—-Sember—Raphael [3] type.

2. The space Ne(,k})z

Let A = (\,) be a strictly increasing sequence of real numbers such that
An — 00. Define the Riesz increments

pi =X — A1 >0 (221)
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Definition 1. Let k£ > 0 be a fixed integer. For » > 1 and ¢ € I,. define
the lacunary Riesz kernel of order k by

PON ( Ak, — Ai )k
or )\kr - Akr‘—l

The associated block weights are
(k) (k)

wiJ‘ . p’L7

and the total weight of the r-th block is

(k) (k) Mo =N \"
AR =" =) <> (A = Aiz1).

icl, i€l, Ay = Ak
Throughout the paper, we assume that Agk) > 0 for all r, which is auto-
matically satisfied under the above assumptions.

Definition 2 (Strong lacunary Riesz convergence of order k). A sequence
x = (x;) is said to be strongly lacunary Riesz convergent of order k to L if

The class of all such sequences is denoted by Ne(kj)%.

3. Structural analysis and special cases

The construction of the space N, ék% allows for a flexible recovery of several
classical summability methods. In the base case where k = 0, the lacunary
Riesz kernel simplifies to a constant factor %( ) =1. Consequently, the total
block weight becomes the snnple difference of the Riesz weights:

= D= = Ay

i€l

)

In this setting, the space Ne( 1 reduces to the classical space of strong lacu-
nary Riesz convergence. If we further assume the arithmetic weight sequence
An = n, then p; = 1 and the space Ne(f)})z coincides with the original space Ny
introduced by Freedman et al. [3].

For higher orders k > 1, the kernel s ) introduces a localized weighting

l T
mechanism. It acts as a polynomlal decay factor within each lacunary block
I, assigning larger weights to the initial indices and vanishing at the right
endpoint ¢ = k,.. This specific structure facilitates a higher-order regulariza-

tion of the sequence.
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F1GUrRE 1. Normalized decay of the lacunary Riesz kernel
within a block. Using the normalized position t = (i —
ky_1)/(ky — ky_1), the kernel becomes 2 (t) = (1 — t)¥, in-
dependent of the specific lacunary sequence and the weights
A. Larger k increases the localization effect toward the be-
ginning of each lacunary interval.

4. Topological properties

Theorem 1. The space Nék}% s a linear space over C.

The proof follows directly from the linearity of the weighted block averages
and is therefore omitted.

Theorem 2. The functional

1 (k)
g(x) = sup Y " wy, |l
! ( NG ,

T i€l

)

(k
defines a paranorm on NQ’R.

Proof. Non-negativity and absolute homogeneity follow immediately from
the definition: g(z) >0, g(0) =0, and g(ax) = |a|g(x) for all a € C.
For subadditivity, since wl(-fj,) >0,

1 k 1 k

A D e bt il < S ),
el T el

and taking sup, yields g(x +y) < g(x) + g(y).

To show that g(z) = 0 implies x = 0, fix an arbitrary index 7 € N. Because
k., — oo as r — oo, there exists an index r such that ¢ < k,.. For this r, we
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have i € I, and, moreover,

k
(k) Ak — Ai )
[P " Saa N BN}
o (AkT = Ak

since A is strictly increasing and ¢ < k, implies \; < Ag,.. Consequently,

w® — %i(f")pi > 0. If g(z) = 0, then, in particular,

wnro
Zw]TkC]’ _0

7” jGIT

(k ) > 0, we must have

and since all terms in the sum are nonnegative and w;
x; = 0. As i was arbitrary, x = 0.

Finally, continuity of scalar multiplication follows from
g(anx) = |an‘g($) —0

whenever «,, — 0. Thus ¢ is a paranorm on Nék})?. O

5. Inclusion results

Lemma 1. Let 0 < k < h. Assume that the block normalizations satisfy

the uniform ratio bound
AP
Sup —~

Sup Agh) < 0. (1)

Then ® o
Ny < Ny,
Proof. Fix z € Ni*) with N{*) —limz; = L. For i € I,, define
M — Ai
Qjp =
r )\kr - )\kr—l

Because A is increasing and ¢ < k., we have 0 < a;, < 1. Since the function
t — t* is decreasing on [0,1] for @ > 0, the inequality 0 < k < h implies
al. < ai-fr for all ¢ € I.. Hence

7,7
> alpilwi— LI <Y af, il — L.

i€l i€l
Dividing by A,(ﬂh) and using yields
A(k)
(h Zazrp”xl_ ‘ (h ’ Zazrpl‘x’b_L|
7“ el A 7" zel

Taking lim, -, and using x € Ngk})%, the right-hand side tends to 0 because
the first factor is uniformly bounded. Therefore x € Ne( ) O
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Remark 1. Lemma shows that the expected order inclusion Néfg C NO(Z%
(k < h) holds once the block normalizations are comparable in the sense
of . Without such a comparability assumption, an inclusion in either
direction cannot be concluded from the pointwise inequality aZT < aﬁr alone,
since both the numerator and the denominator depend on k.

Corollary 1. Let 0 < k < h and assume there ezists 6 € (0,1) such that

. 1 k
1I>1{im E a;,pi > 0. (2)
= A er,

ai,'rzé

Then holds, and hence Ne(k}{ - N(y;%.

Proof. For indices with a;, > ¢, we have a?r > §h—k afr. Therefore,

D SURED SRR P

i€ly i€l i€ly
ai,'rzfS ai,rzd
. (k)
Divide by A" to get
A
>0 —= Z ak p;
k) — k o, Y
A A
ai,rzd

and by the right-hand side is bounded below by a positive constant.
Hence sup, Agk) / Agh) < 00, i.e. holds. Now apply Lemma (|

5.1. A Freedman-type comparison between classical strong Riesz

(k)

means and N, . We establish inclusion relations between the lacunary

space Ne(]% and a natural classical strong Riesz space of order k, in the

spirit of the classical comparison results of Freedman—Sember—Raphael [3]
for strong Cesaro and Njy.

Throughout, let A = (\,) be strictly increasing with \,, — oo, and p; :=
Ai — Ai—1 > 0. We also assume \g = 0 for convenience.

Definition 3 (Classical strong Riesz method of order k). Fix an integer
k>0. Forn>1and 1 <1i<n, define

k k
0 () L ()

WT(Lk) = Z ag’]z? ;.
i=1

Set
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A sequence x = (x;) is said to be strongly Riesz convergent of order k to L,

R(K)
and we write x —> L, if

k)Zampl|xl—L|—0

n—oo Wn =1
Denote by R¥) the class of all sequences possessing this property.
This definition is classical and goes back to Riesz [I1] (see also Hardy [5]).

Remark 2. For n =k, and i € I, = (k,_1, kr], we have the exact relation

k k
a(k) —_ >\kr Ak'r 1 )\k'r — C(k’) %(k)
i Ak, — )\kr 1 ro

( =)

> al pi =Yl b= DA,

i€l i€l

where

Consequently,

5.2. From classical strong Riesz to lacunary strong Riesz.

Theorem 3 (Classical-to-lacunary inclusion). Fiz k > 0 and assume
there exists C' > 0 such that, for all r > 1,

AR CUNCE (3)
Then
k
R*) N9(7 1)%.

(k)
Proof. Let x R L Using Remark [2| and positivity of the weights, for
each r we obtain

Z pl’xl L’ Zalkrpl’xl L’< Zazk p2|xi_L|'
r

7“ zEI 7’ ZEI

Divide and multiply by W,gf) to get

(k)
Z%“«plm'z - | =

= Zawwz L}
T ZEI, CT AT) W(T )

By . the first factor is uniformly bounded, and the second factor tends to
(k>
(k
0 along n =k, smcexLL Hencex——%L O
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Remark 3. Condition is a weighted analogue of the classical bounded-
ness condition on lacunary ratios in the Cesaro case. It prevents the classical
normalization W( ) from being excessively large compared to the effective
contribution of the last lacunary block.

5.3. Counterexamples and sharpness (general k£ and general \). In
this subsection, we show that the additional assumptions imposed in the
Freedman-type comparison theorems cannot, in general, be removed. All
examples are given for arbitrary & > 0 and a general strictly increasing
sequence A = (\,) with A, — oc.

Recall that p; = A; — A\;_1 and

PO ( Ak, — i )k
or )\kr - )\kr—l
Proposition 1 (Classical strong Riesz but not Ne(ﬁ%). Let 0 = (k) be

lacunary and assume that A satisfies (Ag). Suppose that there exists a sub-

sequence (1;) such that
Ak = Nk,

Ak

4 —0  (j—o0). (4)
i

Fiz any § € (0,1) and, for each j, choose an index i; € I, = (kr,—1,kr,]
satisfying

Mo — N
. >4 5
>\ij - )\krj—l N ( )
Define x = (z;) by
)\kr- — )\kr
T =, x; := 0 for all other i.
pi;

(k)
Then z 2> 0, but z ¢ Ne(kl)%.

Proof. Step 1: failure of lacunary strong Riesz convergence. For r = rj,
the block I, contains exactly one nonzero term, located at ¢ = 7;. By ,

— 2\ k
%(k) = 7)\]{?7‘ )\Zj > (Sk
T Akr - Akr—l B

Therefore,
M, — ks

L) k
5 3l = L ) > 0k e
A( i€l A( ) g ’ A7(«)
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Since 0 < %(k) <1 for all i € I, we have

AP =N p <7 pi = Ak = e

i€l i€l
Hence 1
k k
ND) Z %Z(,T)Pi‘xi| > 0" >0,
AT i€l

so the lacunary strong Riesz means cannot converge to 0. Thus z ¢ Ne(k})%.
Step 2: classical strong Riesz convergence to 0. Fix j and set n = k.
The numerator of the classical mean has exactly one nonzero term:

n
k k
> aft)pilxi| = az(j,)n pij|zi; |-
i=1

. k )\n*)\i- k
Using az(»j’)n = (Tj) and pj;|xi;| = Ay — )\ijfl, we get

n )\n_)\l k
Daliolei = (52 =, ) < (o =2,
i=1 "

since 0 < a(k) < 1.

ij,n —
On the other hand, by Lemma [2[ (which holds under (A3)), there exists
¢ > 0 such that Wék) > ¢\, for all n. Therefore
1 " (k) 1 An — )\k"r~—1
W Zai,npﬂfci’ < o )\7] —0
i=1

n n

by . Hence x ﬂ 0. g

Remark 4. Proposition [I| shows that, in general, the implication

R® c N

fails without an additional hypothesis linking the global classical normaliza-
tion W,gf) to the local weight concentrated on the last lacunary block.

Indeed, the construction places a single spike inside I, so that the la-
cunary mean captures it with a uniformly positive contribution (because
%Z(’f,) stays bounded away from 0 on a fixed interior portion of each block),
whereas the classical strong Riesz mean at n = k,, normalizes by a quan-
tity of order )\ij and therefore washes out the spike precisely under .
Consequently, a comparability condition of the form (or any equivalent
control preventing the last block from being negligible relative to the full
initial segment) is not merely technical but genuinely necessary. This is the
natural weighted analogue of the classical lacunary—Cesaro phenomenon in
the sense of Freedman—-Sember—Raphael [3].
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5.4. From lacunary strong Riesz to classical strong Riesz.

Definition 4 (A mild regularity assumption on \). We say that A = (\,,)
satisfies the doubling condition (Ag) if there exists a constant D > 1 such
that

Aoy, < D), for all n € N. (6)

Remark 5. Condition (Ag) is a standard doubling-type regularity assump-
tion. Iterating @ yields Aom < D™ A1, and hence A\, = O(nlog2 D) asn — 0o.
In particular, (Ag) rules out exponential growth and faster, while it is satis-
fied by many classical choices of weights in summability theory (e.g. A, = n?,
regularly varying sequences, and other polynomial-type regimes).

Lemma 2 (A uniform lower bound for W) under (Ag)). Assume (Ag).
Fiz k > 0 and define

Ai \F -
agﬁ) = <1 - )\*) ; WP = > af—fffpi, Pi =Ai — Xi—1.

" i=1
Then there exists a constant cx, > 0 (depending only on k and D) such that

W) > ¢\,  foralln eN. (7)

Proof. Fix n > 2 and let m = |n/2]. Since A is increasing,
W =3 alp:
i=1

For 1 <i <m, we have \; < \,,,. Since n < 2m + 1 < 4m for all m > 1, the
doubling condition applied twice gives

>\n < )\4m < D2)‘m

Hence
Am Am 1
<1 d — > —.
Moo .~ D?
Therefore,
)\i )\m
-2 >1-2m >
An An D?
Consequently,

" 1\ & 1\
W,§>z<1—m> Zpi—(l—D2> Am.

Using again \,, < D?)\,,, we obtain

k
wik) > D=2 (1 - 12> An.
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1 k
Ck:D2<1__D2> .

Theorem 4 (Lacunary-to-classical inclusion along (k,)). Fiz k > 0 and
assume that A satisfies (Ag). Let 6 = (k) be lacunary and let x = (x;) be
N
bounded. If x SN L, then

k

. I & &

lim s >0l pila; — L =0.
k i=1

Thus holds with

0

Remark 6. The conclusion above is obtained only along the lacunary in-
k)

dices n = k. In general, Ne( f-convergence does not force R*)-_convergence
for all n.

Proof of the Theorem[)). Let M := sup,;|z; — L| < co. Fix e > 0. Since

NS Ng(kgz, there exists rg such that for all 5 > rq,
1 k
—i5 2 Ay plai — L] <. (8)
A] iEIj

Fix r > rg and consider the classical Riesz mean at n = k.. We decompose
the numerator into lacunary blocks:

k., r

k k
Do apile = L= > af pilai — L.
=1 j=1 iel;

For i € I, we have \; > )\kF and \; < )\kj, hence

1

. K
B) _ (M = AT (e = M\
Bike = ( Ak > N Ak, o

k
Z ag,k),.pim — L] < Aj, Zpim —L|

i€l =

Therefore,

(k)

Now split each block I; into a “good” part where a0 18 bounded below
and a small endpoint strip. Fix ¢ € (0,1/2) and define
Ak, — A
I;(6) = {z er . B 5} L Ji(6) = L\ L;(6).
Akj — Ak

For i € I;(6) we have %Z-(? > 6%, hence

> pilwi— L <67 Z%g;')pim — Ll <d"e Ag'k) (G = 70),
icl;(8) iel;
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by . For the endpoint strip we only use boundedness:
Z pilzi — L| <M Z Pi-
iGJj((S) iGJj((g)

But by definition of J;(0), every i € J;(§) satisfies A\; > Mg, — (Mg, — Ak, )-
Hence
Z pi = )\kj - )‘min Jj((;)—l S 6(>\k] - )\kj_1)'

iEJ]'((S)
Combining, for j > rg we obtain
ZP1|%—L| <6 +M(S()\ )\k )
i€l
Thus
S" 0l il — 1) < Ay (575 AP 4 MO0, — e, ) G2 0).
1€l
Summing over j = ry,...,r and adding the finitely many initial blocks j <
9, We get

ki r r
S al) pilai — LI < Co+ 7% 37 A3, A 4 M6 ST Ay Oy — Ay,
i=1 J=ro J=ro

where Cy := M Zk’"o ‘pi=M Akyy_1 is independent of r.

Now divide by W( ) By Lemma (under (Asg)) we have W,Ef) > kA,

Since 0 < %( ) <1 for all ¢ € I, we have

Z ]pz<zpz—>\k

i€l icl;
Also, 0 < A;, <1, s0

Z Aj AP Z = Mo = Meryy < My

Jj=ro Jj=ro
Similarly,
T
Z Ajzr()\kj - Ak]’—1) < M-
J=ro
Hence .
Co &% M
z piai— 1< S0 Ot My

Ck/\ Cl Cl

Letting r — oo glves C()/ ckAk,) — 0. Now choose § > 0 so small that
%6 < €. As e > 0 was arbitrary, we conclude that the right-hand side tends
to 0, completing the proof. O
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6. Conclusion

We introduced the lacunary strong Riesz spaces Nék}){ and investigated

their fundamental structural properties. Precise inclusion relations between
classical and lacunary strong Riesz summability were established under natu-
ral comparability and growth conditions. The necessity of these assumptions
was demonstrated by explicit counterexamples, showing that the obtained
results are essentially sharp.

The present approach provides a flexible setting for further investigations,
including Tauberian theorems for weighted lacunary methods and applica-
tions to convergence problems in matrix domains and operator theory. Our
present construction could also be extended to more general settings, in-
cluding double sequences [14], sequences of sets [4], and Fourier series [12],
where strong Riesz-type summability has recently attracted attention. These
directions will be addressed in future work.
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