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Stability of properties a and [ under absolute
sums of Banach spaces

JAAGUP KIRME

ABSTRACT. We study the stability of properties  and 8 under absolute
sums of two real Banach spaces. We prove that if N is an absolute
normalised norm on R? whose unit sphere is polygonal, then X &y Y
has property a whenever both X and Y have property «, and similarly
for property .

We also obtain partial converse results. For property «, if (1,0) is
an extreme point of Bz y) and X &y Y has property «, then X has
property a. For property 3, if (1,0) is not an extreme point of B2 )
and X @&xn Y has property 3, then X has property 3. As corollaries, we
recover the finite £;- and ¢..-cases and obtain corresponding equivalence
results.

1. Introduction

Bishop and Phelps proved in [I] that norm-attaining functionals are dense
in the dual of every Banach space. Motivated by the corresponding question
for operators, Lindenstrauss introduced properties A and B in [2]. Later,
Schachermayer defined the stronger properties « and (3 in [4].

In the present paper we study the behaviour of properties @ and 8 under
absolute sums of two real Banach spaces. Our main interest is in determining
when these properties pass from the summands to the sum, and when one
may recover the property of a summand from the corresponding property of
the sum.

Our first main result shows that polygonal absolute norms provide a com-
mon framework for positive stability results. More precisely, if NV is an abso-
lute normalised norm on R? whose unit sphere is polygonal, then X ®xY has
property a whenever both X and Y have property «, and likewise X &y Y
has property § whenever both X and Y have property 8. In particular, this
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recovers the finite ¢1- and f.-cases. Geometrically, the ¢1-case corresponds
to the situation where the coordinate points are extreme, whereas the £..-
case corresponds to the complementary geometry in which they fail to be
extreme.

Our second main theme is the converse direction. Here the geometry of
the coordinate points (1,0) and (0, 1) in Bg2 ny becomes important. On the
a-side, if (1,0) is an extreme point of B(g2 y) and X @&y Y has property a,
then X has property a. On the f-side, if (1,0) is not an extreme point of
Bg2, ) and X@NY has property 3, then X has property . Combining these
converse results with the forward stability theorems, we obtain equivalence
results in the corresponding geometric settings. It would be interesting to
determine to what extent these results extend beyond the polygonal case
and to more general absolute sums.

The paper is organised as follows. Section 2 contains the relevant defi-
nitions and the basic geometric facts on absolute norms and absolute sums
that will be used later. In Section 3, we deal with property «a, proving hered-
itary results for £i-sums, forward stability under polygonal absolute sums,
and partial converse results. Section 4 treats property § in a parallel way.

2. Preliminaries

Throughout the paper, all Banach spaces are real and non-trivial. For
a Banach space X, we denote by Bx and Sx its closed unit ball and unit
sphere, respectively. When discussing the quadrants of R2?, we consider
the axes to be part of the adjacent quadrants, i.e. we define quadrants
nonstrictly.

For a subset A of a vector space, we denote by aconv(A) its absolute
convex hull and by aconv(A) its closed absolute convex hull. If I is an index
set, then —I denotes a disjoint copy of I, with its elements written as —¢ for
1€1.

We next recall the two geometric properties studied in this paper.

Definition 2.1. A Banach space X is said to have property « if there
exist a family
{(J,‘Z,ZL‘:) 11 € I} C Sx X Sx«
and a constant A € [0, 1) such that:
(i) xf(x;) =1 for every i € I;
(ii) |z} (x;)| < A whenever 4,5 € I and i # j;
(iii) aconv({z; :i € I'}) = Bx.

Definition 2.2. A Banach space Y is said to have property 8 if there
exist a family

{(yi,y}) :i €I} C Sy x Sy-
and a constant A € [0,1) such that:
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(1) yf(yi) = 1 for every i € I;
(ii) |y (y;)| < X whenever 4,5 € I and i # j;
(iii) for every y € Y, [[y|| = supe; 45 ()]-

We now recall the notion of an absolute norm on R?.
Definition 2.3. A norm N on R? is said to be absolute if
N(a,b) = N(|a|,|b]) for all (a,b) € R2.
It is said to be normalised if
N(1,0) = N(0,1) = 1.
A norm N on R? is polygonal if its unit sphere S(®2,N) is a polygon.

If N is an absolute normalised norm on R? and X, Y are Banach spaces,
then the absolute sum X ®xn Y is the vector space X X Y equipped with the
norm

1@, y)ll 5y = Nl lyl])-
For every absolute normalised norm N on R?, one has

(@, b, < N(a,b) <||(a,b)||, for all (a,b) € R?.
In particular,

N(a,0) =|a] and N(0,b)=|b| for all a,be€ R.

The dual norm of N is the absolute normalised norm N* on R? defined
» N*(¢,d) =sup{|ac| + |bd| : N(a,b) <1}.
With this notation, one has the canonical isometric identification
(XonY) ' =X"on- Y™
Thus, if (2*,y*) € (X ®&n Y)*, then
1@, ) = N*(ll="[]; lly™[])-

We shall repeatedly use the following pruning lemma.

Lemma 2.4. Let X be a Banach space and let B C Bx satisfy
aconv(B) = Bx.
Then for every d > 0 one has
aconv({b e B :||b]| >1—-4}) = Bx.

Proof. 1t is enough to prove that every x € Sx belongs to the closure of
the absolute convex hull on the left-hand side. Fix x € Sx and € > 0, and

choose v > 0 so small that
v
- <eE.
v+ 5 €
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Since z € aconv(B), there exist by,...,b, € B and scalars aq, ..., a, such
that

n n
Z|ak| <1 and Ha:—Zakka <.
k=1 k=1

Set
J={kef{l,...n}:|bpll <1-6} and 7= |oxl.
keJ
Then
l-v< HZ by < Z |ag| [[br]
= Z|ak| 10| +Z|ak| 10|
k¢J keJ
<(1-7)4+7(1-=9)=1-96r,
hence
7
T< 5
Therefore,
o = agbg|| < [Jz - Zakka 11 oyl
k¢J keJ
<’y+Z|ak| bl §7+T<7+%<5.
keJ

Since each by, with k ¢ J satisfies ||bg|| > 1 — 0, the proof is complete. [

For polygonal absolute norms, we shall also use the following elementary
facts about supporting functionals.

Lemma 2.5. Let N be an absolute normalised norm on R? such that
S®z2,n) s polygonal. Then the first-quadrant part of Sgz ny s a polygonal
chain, and each edge of this chain admits a supporting functional (c,d) €
Sw2, Ny with ¢,d > 0 which takes the value 1 precisely on that edge and
strictly smaller values on all the remaining vertices of the chain.

Proof. The first-quadrant part of Sz y) is a compact polygonal chain.
Each edge lies on a supporting line of the polygon, and by absoluteness, we
may choose a supporting functional with non-negative coordinates. Since
the chain has only finitely many vertices, that functional can be chosen so
that it attains the value 1 exactly on the given edge and is strictly smaller
than 1 at all the remaining vertices of the chain. O
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Lemma 2.6. Let N be an absolute normalised norm on R? such that
Sw2,n) is polygonal, and let

(al, bl), ey (aR, bR)
be those vertices of Sz ny which lie in the first quadrant, listed in their
natural order along the boundary. Then for every r € {1,..., R}, one may
choose a functional (¢, d,) € S(w2, Ny with ¢, d, > 0 such that
crar + dpb. =1
and
cras + dybs <1 for every s € {1,...,R}\ {r}.
In other words, each first-quadrant vertex of the polygonal chain of Sz Ny

may be exposed by a supporting functional which is strictly smaller than 1 at
all the other first-quadrant vertices of that chain.

Proof. If (a,,b,) is a vertex, then it is the unique intersection point of
the two adjacent supporting lines. Any strictly positive convex combination
of the corresponding supporting functionals still supports the unit ball at
(ar,by), exposes that vertex, and is strictly smaller than 1 at all remaining
vertices of the chain. O

3. Property «

We begin with a hereditary fact for £1-sums which clarifies the place of the
finite absolute-sum results in the article. Although Propositions [3.1] and [4.1]
are essentially contained in the later equivalence results for £1- and f,.-sums
(Corollaries and derived from the main theorems, we state them
separately in order to emphasize that their proofs are direct and substantially
simpler than the proofs of the main theorems.

Proposition 3.1. Let

Z= <@XV>£1'

vyel’
If Z has property o, then X has property o for every v € I'.

Proof. Fix v € I' and set
v,=( P X77>£ .
ner\{r} '

Then Z is canonically isometric to
X,y D1 Y,y.
Now fix the witness family

{(zi,2]) i€ I} C Sz x Sy
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and constant A € [0,1) for property a of Z. Write
zi=(2;,y;) and 2 = (27,9;)
with z; € X, y; € Yy and z7 € X7,y € Y. Since
we have ||2f|| = max {||z}||, ||y}]|} = 1. Moreover,
1= 27 (2:) = @i () +yi () < i |l [+ 17 1wl < Nlwsll+lyall = [zl = 1.

Equality hence holds throughout and, therefore, for every i € I with ||z;|| >
0, one has

lzill =1 and a7 (z;) = |||
Let P, : Z — X, be the coordinate projection. Since ||P,|| = 1 and
P,(Bz) = Bx,, condition (iii) for property a in Z gives
Bx., = Py(Byz) = Py(aconv({z; : i € I})) C aconv({; : i € I}).
The reverse inclusion is obvious because x; € By for all 4, so in fact
aconv({z; : i € I}) = By,
Choose v € ((14A)/2,1) and define
IL={iel: |z >v}.
Applying Lemmato the set {z; : i € I} C Bx, with 0 = 1—v, we obtain
aconv({z; : i € I,}) = Bx,.
In particular, I, # @. Set

and
A ={xj i€y} C Sx:.
We claim that these sets witness property a of X,.
For condition (iii), every element x; with ¢ € I, belongs to aconv(A,)
because
T

[l

x; = ||zil| and 0 < ||z < 1.

Hence
Bx., = aconv({wz; : i € I,}) C aconv(A,) C Bx,,

so aconv(A,) = Bx.,,.
Condition (i) holds because for i € I, we have

w( Ti
() -
N
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Finally, for condition (ii), let 4,j € I, with ¢ # j. Then
A2 2 (z5)] = |@i (25) + yi (y;)| = |27 (@5)] = [w3 ()]

> Jaj ()] = [ly;ll = |27 (25)] = (1 = |l ])-
Since ||z;]| > v > (1 + X)/2, it follows that

. 1+ A
|z} ()| <A+ 1— |zl < A+1-v< —5
Therefore,
()| - e < ey
[l 1] v

Condition (ii) thus holds with constant p. Therefore X, has property a. [
We now turn to the finite absolute-sum results.

Theorem 3.2. Let N be an absolute normalised norm on R? such that
Sw2,n) s polygonal. If X andY have property c, then X &n Y has prop-
erty o.

Proof. Fix witness families
{(zi,x}):i eI} C Sx x Sx» and  {(y;,y}):j€J} C Sy x Sy-

for property a of X and Y with respective constants Ax, Ay € [0,1).
We now use the polygonal structure of the first-quadrant part of Sz n)
to construct a witness family for X &y Y. Let

E={(ar,b,):r=1,...,R}

be the set of such vertices of S(g2 ny which lie in the first quadrant, numbered
in the natural order along the boundary from (1,0) to (0,1), so that

a;>--->ap and b <--- <bpg.

Note that (1,0) and (0,1) need not themselves be in this set. Thus, if
by > 0, then the first boundary edge is the line segment joining (1,0) to
(a1,b1), whereas if by = 0, then necessarily (a1,b;) = (1,0). Similarly, if
ar > 0, then the last boundary edge is the line segment joining (agr,br) to
(0,1), whereas if ar = 0, then necessarily (ag,br) = (0,1).

For each r € {1,..., R}, choose a supporting functional (¢;,d;) € Sz ny
with ¢,,d, > 0 such that

crar +dpbr =1
and
cras +dybs <1 forevery s e {l,...,R}\ {r}.
Such a choice is possible thanks to Lemma Moreover, we choose these
functionals so that
ar >0 implies cqa, >0



208 JAAGUP KIRME

and
b, >0 implies d.b. > 0.
This is possible by taking at (a,,b,) a strictly positive convex combination
of the two adjacent supporting functionals.
Define a signed copy of the witness family of X by setting

IF=TU(-I).
For i € I*, put

xi, ifiel, . xy, ifiel,
zi = o and z; = . o
—x_y;, ifie—I, —z*. ifie -1

17
Fix ig € I, jo € J. For each r € {1,..., R}, define
I*xJ, ifab, >0,
=-=1< Ix{j}, ifa, >0,b, =0,
{ip} x J, ifa, =0, b, >0.
Note that a, = b, = 0 is impossible due to their selection.
Now define

[1]

={{=(ri,j):1<r <R, (4,j) € 5}
and for each r € {1,..., R}, define
Ar = {(arzi,bry;) : (4,5) € Er} C Sxayy,
Al = {(crz;‘,d,«y;) 1 (i,9) € ET} C Sxany)*
For £ = (r,i,j) € E, let
ue = (arzi, bry;) and uZ = (¢r2], dry;-‘).
We claim that the family
{(u§,u2) €€ E} C Sxany X Sxayy)*
witnesses property a of X ®&n Y. Let
A={uc: £ €=} and A" ={uf: £€E}.
Condition (i) is immediate from the definitions. Indeed, for every £ € =
one has
ug(ue) = 1.
We next verify condition (ii). Let P = {r:1 <r < R, a,b, > 0}. In the

following definitions, the maximum over the empty set is understood to be
0. Define

Yo = max{cyas +dybs : 1 <r,s <R, r#s},
v1 = max {¢;a,Ax + dyb, : 7 € P},
Y2 = max {cya, + dyby Ay : r € P},
v3 = max {|—c,a, + dyby| : 7 € P}.
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All these constants are strictly smaller than 1:

e 79 < 1 by the choice of the supporting functionals;
e 71 < 1 and 72 < 1 because

crar +dybr =1, Ax, Ay <1, and cra.,d.b. > 0;
e if a,.b,. > 0, then ¢.a, > 0 and d,.b, > 0, so
|=crar + dpbr| < crap +dpby = 1,
hence v3 < 1.
Set

A = max {70,71,72, 73, Ax, Ay } < L.
Take two distinct elements of A, say

u=(arz,bry;) € Ay and v = (ayzy,byyj) € Ay

We estimate the value of the functional from A} corresponding to u on the
point v.

If r # 7/, then
}(CTZ;(a dry;)(ar’zi’v br’yj’)} < crap + dpby <0 < 1.
Assume now that r = /. Consider first the case a,.b. > 0. If j # j/, then

(2, vy} ) (arzin, bryyr)| < crar + debrdy <72 < 1.
If j = j' and 7' # i, then there are two subcases. If i’ # —i, then
|(cr2f, drys) (arzir, bry;)| < crapAx + deby <1 < 1.
If // = —i, then
(cr2f, dvy ) (arz—i, bry;)| = |—crar + dyby| < 3 < 1.
If a, > 0 and b, = 0, then j = jg is fixed and 4,7’ € I. For i # 7/,
(cr2f s dry; ) (arzir, 0)] = craplz] (zy)| < Ax < 1.
If a, = 0 and b, > 0, then similarly i = iq is fixed and j, 5’ € J. For j # j/,
(crai, dry;) (0, bryyr)| = drbrlyj (y)| < Ay < 1.

Condition (ii) thus holds with constant .
It remains to verify condition (iii). Let

C={x;:iel}CSxy and D={y;j:jeJ}CSy.
Since X and Y have property «,
aconv(C) = Bx and aconv(D) = By.

Because aconv(A) is a closed absolutely convex subset of Bxg,y, it is
enough to show that
Sxeyy C aconv(A).
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We will now verify condition (iii). For this, we first establish two elemen-
tary claims.

Claim 1. If r € {1,..., R} is such that a,.b, > 0, then for every u € aconv(C)
and every v € aconv(D), one has

(aru, byv) € aconv(A4,).

Proof of Claim 1. Write

n m
u = E oz, and v = E By,
k=1 =1
where

n m
Z|ak| <1 and Z|Bl| <1
k=1 =1

Since C' and D are non-empty, we may enlarge these representations, if
necessary, by adding cancelling pairs to arrange that

n m
D loxl=1 and Y |8 =1.
k=1 =1

Indeed, if >, |ag| < 1, choose any ip € I and replace the representation
of u by

n n n
1-— | 1-— o
A AL > ST b > S

i0 9 109

and similarly for v.
Discarding zero-valued coefficients if necessary, we may assume that oy, #
0 and B; # 0 for all k,l. Then

(aru, byv) Zzakﬂz sign (o, ( gn(ﬁl)) arTi,, bryjz>-

k=11=1 Slgn(

Indeed, the first coordinate of the right—hand side is

Z Z vy sign (o s1gn = Z Z o By sign(Br) aray,

k=11=1 k=11=1

m
- zak(z 1 Yo, = art
k=1 =1

and similarly, the second coordinate is

ZZakﬁz sign(ag) bryj, = Zﬁz<z |Ozk|> v Yi, = bro.
=1

k=11=1
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Moreover,
n m n m
DD lawpisign(ar)l = laxl Y14 =1.
k=1 1=1 k=1 I=1

Since a,b, > 0, we have =, = I* x J, and therefore
sign (/)
sign (o)
for every k,l. Hence (a,u, b,v) € aconv(A,). O

Qr Ty, , bT‘yjl> € AT

Claim 2. For every u € aconv(C) one has (u,0) € aconv(A;), and for every
v € aconv(D) one has (0,v) € aconv(Ag).

Proof of Claim 2. We only prove the first statement; the second is analogous.
If by = 0, then (a1, b1) = (1,0) and
Ap ={(2:,0) :i € I},
so (u,0) € aconv(A;) is immediate.
Assume now that by > 0. Then a; = 1 and Z; = I+ x .J. Write

n n
u:Zakajik, Z|ak| <1.
k=1 k=1

Fix any jg € J. Then

n n

Qg
(U,O) == Z?(mlkablyjo) + T(_xikablyjo)g
k=1 k=1

and the sum of the absolute values of the coefficients is
n n
|k | |k |
— — <1
> 5t s
k=1 k=1
Hence (u,0) € aconv(Ay). O
We now prove that every point of Sxg,y belongs to aconv(A). Let

(x,y) € Sxe,y, meaning

N([[z]], llyl]) = 1.

Since N is absolute, we may work in the first quadrant of (R?, N'). We treat
the cases y = 0, © = 0, the boundary cases ||z|| = 1 or ||y|| = 1, and finally
the genuinely interior case 0 < ||z|], ||y|| < 1 separately.

If y = 0, then |[z|| = 1. Choose u € aconv(C) arbitrarily close to x. By
Claim 2, (u,0) € aconv(A;), and hence

(x,0) € aconv(A).

The case z = 0 is analogous.
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Assume next that = # 0, y # 0, and ||z|| = 1. Then the point (1, |Jy||) lies
on the first edge of the first-quadrant polygonal chain, that is, on the line
segment joining (1,0) and (a1, b1) = (1,b1). Thus there exists 6 € (0, 1] such
that

(L lyll) = (1 = 0)(1,0) + 6(1, 1),
so ||y|| = 0b1. Hence

(z,y) = (1 - 0)(z,0) + 0<x,b1HzH>.

Choose u € aconv(C) arbitrarily close to  and v € aconv(D) arbitrarily
close to y/||y||. By Claim 2, (u,0) € aconv(A;). Since b; > 0, Claim 1 also
gives
(u,biv) € aconv(A;).
Therefore
(1 —6)(u,0) +0(u,bjv) € aconv(A).
Moreover, one may choose this point to be arbitrarily close to (x,y). Thus
(x,y) € aconv(A).

The case ||y|]| = 1 is analogous, using the last vertex (ar, br) and Claim 2.
Finally, assume that

0<|lz|l<1l and 0<|ly]| <1.

Then (||z|],||ly]]) belongs to one of the compact line segments joining two
consecutive vertices of the first-quadrant polygonal chain of S(g2 ny. Hence
there exist r € {1,..., R — 1} and 6 € [0, 1] such that

(=l [1yll) = (ar, br) + (1 = 0)(art1, brg)-
Equivalently,

€ Yy x Yy
T,y) = 0<ar, br> +(1-46 (ar — b, )
(.9) Tl rln) T O ey

Choose u € aconv(C') arbitrarily close to z/||z|| and v € aconv(D) arbitrarily
close to y/||y||-
If a,b, > 0, Claim 1 gives

(aru, byv) € aconv(A,) C aconv(A).

If a,.b, = 0, then necessarily (a,,b,) = (1,0) (since r < R — 1), and Claim 2
applies instead. A similar argument applies to (ay41,br+1). Hence

O(aru,byv) + (1 — 0)(ar41u, byy1v) € aconv(A).
Moreover, one may choose this point to be arbitrarily close to (z,y). Thus

(x,y) € aconv(A).
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We have shown that
Sxe,yy C aconv(A).
Since aconv(A) is closed and absolutely convex, it follows that
aconv(A) = BxayY-

This proves condition (iii), and hence the family {(u¢, uf) : € E} witnesses
property a of X @&y Y with constant A < 1. ]

Corollary 3.3. If X and Y have property «, then both X &Y and
X @ Y have property a.

Proof. Apply Theorem [3.2] to the absolute norms
Ni(a,b) =|a|+ |b] and Ny(a,b) = max{|al,|b|}. O

The forward stability result above depends on a polyhedral description of
the unit sphere of (R?, N). In the converse direction, the relevant geometry
is different. Indeed, to recover a summand from an absolute sum, it is enough
to assume that the corresponding coordinate point of the unit sphere is an
extreme point. This yields a thin-slice phenomenon near that point, allowing
us to isolate vectors whose mass is concentrated in a single coordinate.

Lemma 3.4. Let N be an absolute normalised norm on R? such that (1,0)
is an extreme point of B2 ny. Then for every e > 0 there exists 6 € (0,¢)
such that, whenever (a,b) € S(r2 n) satisfies |a| > 1 — 6, we have [b| < e.

Proof. We argue by contradiction. Suppose that there exists eg > 0 such
that for every n € N, one can find (an,bn) € Sr2 n) with

1
lan| >1— - and |b,| > eo.

Since N is absolute, we also have (|an|,|bn|) € Sg2, Ny, so replacing (an, by)
by (|an|,|bn|) we may assume that a,, b, > 0 for all n.

The unit sphere S(g2 ) is compact, hence after passing to a subsequence,
we may assume that

(am bn) — (av b) € S(RQ,N)'
Since a, — 1, we get @ = 1, and since b, > ¢q for all n, we get b > gy > 0.
Thus (1,b) € Sz, ny with b > 0.

Now
1 1

(1,0) = 5(1,6) + 5(1, -b),
and, by absoluteness of N, both (1,b) and (1, —b) belong to S(g2 y). Since
(1,b) # (1,—b), this contradicts the fact that (1,0) is an extreme point of

B(R27N).
Therefore, the stated implication holds for some § > 0. Replacing ¢ by
min {0, ¢} if necessary, we may also assume that § < e. O
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Proposition 3.5. Let X andY be Banach spaces and let N be an absolute
normalised norm on R? such that (1,0) is an extreme point of Bwe ny- If
X &N Y has property o, then X has property o.

Proof. Set
Z=X®NY.
Assume that Z has property «, witnessed by a family
{(zi,27) i € I} C Sz x Sz-,

with constant \g € [0,1), where z; = (z;,y;) and =z} = (z},y}).

Let

Px:7Z — X and Px(x,y)==zx.
Then
Bx = Px(Bz) = Px (aconv({z; : i € I})) C aconv({x; : i € I}).
The reverse inclusion is obvious because each z; belongs to Bx. Hence
aconv({z; :i € I}) = Bx. (1)

Choose € > 0 so small that
A +e
(1-¢)?
By Lemma there exists d € (0,¢) such that for every (a,b) € Sg2 n),

A= < 1.

la| >1 -0 = b <e.
Define

Ix={iel:||lx]>1-0}.
Since holds, Lemma yields

aconv ({z; : i € Ix}) = Bx. (2)
For i € Ix we have (||z;][, ||yil]) € Sr2,n) and ||z;]| > 1 — J, hence
lyll <e. (3)
For i € Ix define
. *
u; = i €Sx and u; = xi € Sx
[ 7]

We claim that the family
{(uz,uf) NS Ix} C Sx X Sx+
witnesses property a of X with constant A. Let

Ax ={u;:ie€lx} and Ay ={uj:ielx}.
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We first check condition (iii). By (2)), the set {; : i € Ix} already abso-
lutely generates Bx. Since for every i € Iy,

2= |zl o and 0<1—6 < |jag]| < 1,
[l
we have
{z; i€ Ix} Caconv(Ay).
Therefore
Bx =aconv({z; : i € Ix}) C aconv(Ax) C By,
SO

aconv(Ax) = Bx.
We now verify condition (i). Fix ¢ € Ix. Since z; = (z;,y;) € Sz and

*

zf = (x},y;) € Sz+, we have
1=z (z1) = @ () + i (v:)-
Also,
i (i) + yi (i) < A7 ] + yi Hlgall < 1,

because (|lz;]], [|yill) € Srz,ny and (||} ||, [|yf |]) € B(rz,n+)- Equality hence
holds throughout and, in particular,

i (wi) = [Ja || a3l

()
7 1]\ ll
We next record a useful lower bound. For ¢ € Ix, using and the trivial

estimate ||yf|| < 1, we get

U= ai(wi) + i (v) <1l + Nyi |l Nyl < 2711 + e,

Therefore

SO
ot = 1—e. (4)
Since § < g, we also have
||zi]l >1—0 >1—¢ forallielx. (5)
Finally, we verify condition (ii). Take distinct i,j € Ix. Then
|27 (23)] < Ao
and therefore
|2 (z5)] < 127 (25)] + lyi ()] < Ao+ llyi lHysll < Ao +e,
where we used . Combining this with and , we get

x5 <CCj > Ao +e€ < Ao +e€
[EAIRNIEA]

< < =A<
2}l llz5]] = (1 —¢)?
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Thus, all three conditions (i)—(iii) in the definition of property a hold for
the family {(u;,u}) : i € Ix}. Consequently, X has property a. O

Corollary 3.6. Let X and Y be Banach spaces and let N be an absolute
normalised norm on R? such that (0,1) is an extreme point of Bz ny- If
X &N Y has property o, then'Y has property «.

Proof. Apply Proposition [3.5 to the norm
N(a,b) = N(b,a)
and to the space Y &5 X, which is canonically isometric to X &y Y. O

Corollary 3.7. Let N be an absolute normalised norm on R? such that
S(r2,n) 18 polygonal and both (1,0) and (0,1) are extreme points of Bg2 n)-
Then

X ®NY has property o <= X and Y have property c.

Proof. The reverse implication is Theorem The forward implication
follows from Proposition [3.5] and Corollary O

Corollary 3.8. The space X @&1Y has property « if and only if both X
and Y have property c.

Remark 3.9. Proposition does not apply to f.-sums, since neither
(1,0) nor (0,1) is an extreme point of B(gz |.|_)-

4. Property [
We first record that summands inherit property 8 from their ¢o-sum.
Proposition 4.1. Let
Z = ( X ) .
Dx),
vel’
If Z has property B3, then X, has property 3 for every v € I.
Proof. Fix v € I' and set
v,=( P Xn)e .
ner\{~} =
Then Z is canonically isometric to
Xy Boo Yy
Assume that Z has property 5, witnessed by a family
{(zl-,z;‘) 11 € I} C Sz x Szx,

with constant A € [0,1). With respect to the decomposition Z = X, ® Y5,
write

zZi = (xivyi)v Z;lk = (‘T:ay:)
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Fix

o< (1)
and define

I,:={iel:|z;| > 6}.
For i € I, condition (i) of property § gives
U= i (ws) + i (i) < gl Nl + i | lyall < 7l + llyill = 1.

Therefore,

p (i) = [l7 [ il = ll27 1],
so |lz;]| = 1. For each i € I, we may hence define
x¥
’LLZ'::L'I'ESX,Y, uf: HxiH GSX;;.
(2

We claim that the family
(i) i€ L)

witnesses property 3 of X,.
Indeed, for every i € I,

wi(ri)
[Ea

uj (ui) =

so condition (i) holds.
Next, let ¢,5 € I, with ¢ # j. Since

|27 (25) + 47 ()| = 127 ()] < A,

we obtain
25 (@) S A+ [y ()l <A+ lyill = A+ 1 — [|lz7]]-
Hence . N . N

Thus, condition (ii) holds.
Finally, let x € X,. Since Z = X, ® Y, we have

1(, 0)[| = [l=|-
By condition (iii) for property g in Z,
[z]] = [[(z, 0)[| = sup |2{ (z,0)| = sup |z (z)|
i€l el
If i ¢ I, then ||z}|| <6, so for x # 0,
i (@)] < |27 || [|o]] < 0flz]| < |||
Therefore,

[ = sup |27 ()]
icl,
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Since z} = ||z}| u} and |z}| < 1,
]l = sup |27 (z)] < sup [u; (2)] < [|]-
1€y 1€l
Hence
]| = sup |u; ()]
1€1y

Condition (iii) therefore holds as well.
X, thus has property . Since v € I" was arbitrary, the proof is complete.
O

We now turn to the forward stability result for finite absolute sums.

Theorem 4.2. Let N be an absolute normalised norm on R? such that
Sw2,n) s polygonal. If X andY have property B, then X ®nY has property
B.

Proof. Fix witness families
{(xi,27) i eI} C Sx x Sx- and  {(y;,y}):je€J} CSy x Sy=
for property 8 of X and Y with respective constants Ax, Ay € [0,1).

We now use the polygonal structure of the first-quadrant part of Sige n)
to construct a witness family for X &Y. To do so, we consider the set E of
the vertices of the first-quadrant polygonal chain of S(g2 ny. More precisely,
let

E ={(up,vp)  k=1,...,K}
be the set of first-quadrant vertices of the polygonal chain Sz ), numbered
so that
UL > > UK and v < - < VUK.
We now augment this list, if necessary, with points from the axes. In par-
ticular, define a sequence

(a07b0)7 SRR (anbM)
of points of the first quadrant of Sz y) as follows:
e if (1,0) € E’, let (ap,bo) = (1,0); otherwise prepend the point (1,0)
to the list of vertices;
e if (0,1) € E', let (aps,bar) = (0,1); otherwise append the point (0, 1)
to the list of vertices;
e the remaining points are the vertices of E’ in their natural order.
Thus
apg=1, by =1,
and every point of the first-quadrant polygonal chain of Sz y) lies on one
of the line segments joining two consecutive points

(a’T’bT)v (aTJrl’bT‘Jrl)a TZO?""Mi]-'
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For each r € {0,...,M — 1}, choose a supporting functional (c,,d,) €
S(R27N)* with ¢, d, > 0 such that
Cray + drb'r‘ = 17 Crar41 + drbr+1 = 17
and
cras +dpbs <1 for every s ¢ {r,r+1}.
Now define the midpoint of the r-th edge by
Gp + Qry1 br + br—i—l

(my,nr) = ( 5 ) 5 ) € S(r2,N)-

Since consecutive vertices on the first-quadrant polygonal chain of Sy y)
are distinct, we have

m, >0 and mn, >0 for every r =0,..., M — 1.

Moreover, ¢,m, + d.n, = 1 for every such r.
Define a signed copy of the witness family of X by setting

It =T1uU(-1),
and for i € I,
i, ifiel, . x;, ifiel,
z; = o and z; = o
—x_y;, ifie—I, —x*,, ifie -1

Fix ig € I and jo € J. We now define the candidate family edge by edge,
according to which coordinates the supporting functional (¢, d,) sees. For

each r =0,..., M — 1, define an index set =, as follows:
I*xJ, ifed, >0,
= =1 Ix{jo}, ife, >0andd, =0,

{io} x J, if ¢, =0 and d, > 0.
Set

. 11

m
[1]

(ryi,j):0<r<M-1, (i,j) € E+}

—

i

and for £ = (r,14,7)
3

I

= (myzi,npy;) and UZ = (cTz;",dry;-‘).
For each r =0,...,M — 1, set
Ar = {(myzi,nry;) « (i,5) € Er} C Sxayy

and

A7 = {(erz] dry}) : (i,§) € Er} C Sixayy)--

We show that the family
{(ug,uZ) €€ E} C SX@NY X S(XEBNY)*

witnesses property 5 of X ®&n Y. Let

A={ug:£€E} and A*={ui:£eE}.



220 JAAGUP KIRME

Condition (i) is immediate from the definitions. Indeed, for every £ € =
one has

ug(ug) = 1.
We next verify condition (ii). Let P ={r:0<r <M —1, ¢d, > 0}. In
the following definitions, the maximum over the empty set is understood to
be 0. Define

Yo = max{c,ms +dyng : 0<r,s <M —1, r# s},
v1 = max {¢;myAx +dpn, i1 € P},
Yo = max {¢,m, + d,n; Ay : v € P},
~v3 = max {|—¢,m, + d,n,| : v € P}.
All these constants are strictly smaller than 1:

e If r # s, then at least one endpoint of the s-th edge does not belong
to the r-th edge. Hence, the supporting functional (¢,,d,) takes
strictly smaller values than 1 on at least one endpoint of the s-th
edge, and therefore also at the midpoint (ms,ns). Thus

crmgs +drmg < 1

and hence vy < 1.
e For every r € P, we have ¢, > 0, d. > 0, m,, > 0, and n,, > 0. Hence
both ¢,m, and d,n, are strictly positive. Since

crmy + dyny = 1,
we get
ermpAx +deny =1 —cmp(1—Ax) < 1
and
ermy + dpnpdy =1 —dpng (1 —Ay) < 1.
Thus 71 < 1 and 2 < 1. Moreover,
| = crmy + dpny| < ¢pmy + dpny = 1,

so y3 < 1.
Set
A = max {70, 71,72,73, Ax, Ay } < 1.
Take two distinct elements (r, 1, j), (r',i',j') € Z, then

(mrzi,npy;) € Ay and  (cpz, dr/y;f/) €A
If r # 7/, then
‘(CTZ;7 dry;)(mr’zi’v nr’yj’)} < ermp + dpngs < < 1.

Assume now that r = r'.
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Consider first the case ¢,d, > 0. If j # 5/, then
[(er27 s drys ) (M zi, npyyr)| < crmy + dpnp Ay < y2 < 1
If j = 7/ and i # ¢/, then there are two subcases. If i/ # —i, then
|(c,_z;k,dry;-‘)(m¢zi/,nryj)‘ <empAx +dpny <yp < 1.
If i/ = —i, then
(vt def) (M 2y mr)| = [ —eomy + dome] < 73 < 1.
If ¢, >0 and d, = 0, then j = jg is fixed and 4,7’ € I. For i # 7/,
(er2, 0) (e 2, metgio)| = exmy 2 ()] < Ax < 1.
If ¢, =0 and d, > 0, then 7 = i is fixed and j,j’ € J. For j # 7/,
(0, dryf) (merzig, nayjr) | = domir |y (yyr)| < Ay < 1.

Condition (ii) thus holds with constant .
It remains to verify condition (iii). Fix (z,y) € X@&nY. If (z,y) = (0,0),
there is nothing to prove, so assume ||(z,y)||ny > 0. Then

]| 1yl >
5 S S R2. N)-
<||<a:,y>uN [yl ) =7
Hence there exists r € {0, ..., M — 1} such that this point lies on the segment
joining (a,, b,) and (ay4+1,by41). Since (¢, d,) supports that segment, we get

[l]] lyll  _
T T - 1
I y)liv Ml y)ln

that is,
crllzll + drllyll = (2, y)lln- (6)
If ¢.d, > 0, then for every j € J,
sup ¢,z () + dpy; (y)| = e sup | (2)] + di]y; (y)]-
iel+ iel
Indeed, by passing from I to I*™ = I U (—I), we may choose the sign of the
X-term so that it agrees with the sign of yj (y). Taking the supremum over
j € J and using property 8 of X and Y, we obtain
sup [uf(z,y)| > sup |(cr2f, dvy})(z,y)|
§eE (4,J)€Er
> sup sup |e,z; (2) + dryj (y))|
JjeJ iel+
= ¢ sup |z (z)| + dr sup |y; (y)]
il jeJ
= crllzl| + drllyll

B )n
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If ¢, > 0 and d,. =0, then

sup ug«(z,y)| = sup |(cra7,0)(z,y)| = sup |eya; (2]
ceE (4,§) €=y il

= crl]| = e f|z|| + dr[lyl| = [|(z, y)] -
If ¢, = 0 and d, > 0, then likewise

sup [ug- (z,y)| = sup |dry; (y)| = dr[lyll = crllz|l + dr[lyll = [|(z, y)| 5-
(€= jeJ
Since every ug has norm 1, the reverse inequality is automatic. Thus
1@ y)llv = sup |ug(z,y)l.
ug€A*
This proves condition (iii), and hence the family {(ue, ug) : £ € E} witnesses

property B of X &y Y. O

Corollary 4.3. If X and Y have property [, then both X &1 Y and
X ® Y have property 3.

Proof. Apply Theorem [4.2] to the absolute norms
Ni(a,b) =|a|+ |b|] and Ng(a,b) = max{|al,|b|}. O

Remark 4.4. The real assumption is essential in the ¢1-case. Indeed, com-
plex #1" does not have property j3; see [3].

Remark 4.5. In the (B-setting, the geometry is complementary to that of
the a-case: instead of assuming that a coordinate point is extreme in the
unit ball of (R?, N), one naturally assumes that it is not extreme. This leads
to the partial converse proved below.

Lemma 4.6. Let N be an absolute normalised norm on R2. If (1,0) is
not an extreme point of B(gz ny, then (1,0) is an extreme point of B2 n+)-

Proof. Since (1,0) is not an extreme point of B(g2 y), there exist (a,b),
(c,d) € B2, Ny, (a,b) # (c,d), such that

(1,0) = %(a, b) + %(c, d).

Because N is an absolute normalised norm, we have
max {|al,|b|} < N(a,b) <1 and max{|c|,|d|} < N(e,d) <1.
Hence |a| <1 and |c| < 1. Since
a-+c
2 )
it follows that a = ¢ = 1. Therefore d = —b, and since (a,b) # (¢, d), we get
b#0.

1=
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By absoluteness,
(1,1b]) € B(rz,ny)-
On the other hand,

1=/(1,0)]lc < N(1,0[) <1,

so in fact
N(1,]b]) = 1.
Set
t=|bl > 0.
Thus

(1,¢) € S(]RQ,N)-
We now show that if (1, s) € B(gz, y+), then necessarily s = 0. Indeed, by
the formula for the dual norm of an absolute normalised norm,

N*(1,s) = sup ([u]+|s]|v]).

(u0)<1
Since (1,t) € B(g2,n), we obtain
1>N*(1,s) > 1+|s|t.

Because t > 0, this implies s = 0.
It remains to prove that (1,0) is an extreme point of B(g2 y+). Suppose

1 1
(1,0) = 5 (ur,01) + 5 (u2, v2)
with (u1,v1), (u2,v2) € Bre y+). As above, every point of B(ge y+) satisfies
lug| < N*(ug,vr) <1 (k=1,2).

Since
U1 + u2
2 )
we must have u; = ug = 1. But then, by the claim proved above, (1,v;) €
Bg2, n+) implies vy, = 0 for £ =1,2. Hence

(u1,v1) = (ug,v2) = (1,0),

and therefore (1,0) is an extreme point of B(g2 y+). O

1=

Proposition 4.7. Let X andY be Banach spaces and let N be an absolute
normalised norm on R? such that (1,0) is not an extreme point of Bgz n-
If X ®n Y has property 3, then X has property (.

Proof. Set
Z=XopNY.
Assume that Z has property 5, witnessed by a family

{(#i,2]) i€ I} C Sz x Sy
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with constant Ao € [0, 1), where

zi = (zi,yi) and  z7 = (a7, 47).

By Lemma the point (1,0) is an extreme point of Bg2 y=). Hence
Lemma [3.4] applied to the absolute normalised norm N*, yields the follow-
ing: for every e > 0 there exists d € (0, €) such that for every (a,b) € Sg2 y+),
la| >1 -0 = b <e.
Choose ¢ > 0 so small that
W= (/1\0_—2; <1,
and let § € (0,¢) be given by the previous paragraph. Define
Ix={iel:|z||>1-0}.
Choose x € Sx. Property 8 of Z gives

L= |zl = [[(z,0)[|z = sup %] (z,0)| = sup |27 (2)].
i€l el

For every i € I \ Ix we have
|z ()| < [lzi || [lzll <1 -6 <1,
so the above supremum cannot be taken only over I\ Ix. Hence Ix # @.
Now fix ¢ € Ix. Since
we have
NE(l 11 w7 1) = ll=7]] = 1.
Because ||z}|| > 1 — 0, the choice of § gives
lyi ]l <e. (7)
Also,
1= 27(z0) = @i (i) + i (i) < [l lall + i || Nyl
Since (x;,yi) € Sz, we have ||y;|| < 1, and thus by ,
U<l | il + e
Therefore
7|l il = 1 —e.
As both ||z}|| and ||z;|| are at most 1, this implies
il 21— and [ail|>1—e. (8)
In particular, x; # 0 for every ¢ € Ix.
For each i € Ix, define

U; =
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We claim that
{(uz,uf) 11 € Ix} C Sx x Sxx
witnesses property 5 of X with constant pu < 1.
We first verify condition (i). Fix i € Ix. Since

1= 27 () = 27 (i) + v7 (9a) < Mg l] llzall + [l 1] lwill <1,
equality holds throughout, and in particular

22 (as) = 1221 .

Hence x*(m)
uf(uy) = —20 =
{9 = ]

Next we verify condition (ii). Let 4,5 € Ix with ¢ # j. Since
|27 (25)] < Ao,
we get
|27 ()] < 127 (25)] + |yi ()] < Ao+ llyi lHlysll < Ao +e,

where we used and the fact that ||y;|| < 1. Combining this with (§)), we

obtain 2 (z) \
. xi(x; 0o+e
i (ug)| = —— L < =u<l.
S (gl T (1 —e)?
Condition (ii) thus holds with constant u.
Finally, we verify condition (iii). Fix z € X. Since

]l = [/, 0)]| 2,

property 3 of Z gives
|z]| = sup |z} (x, 0)| = sup [} (z)|.
i€l iel
For every i € I\ Ix we have

|27 (@) < [l [ ]} < (1= )] < [l

whenever z # 0. Hence ||z|| = sup;e/, |2 (z)].
Therefore
[z]] = sup [z} (z)] < sup |uj ()] < ||z,
i€lx 1€lx

because every u; has norm 1. Thus

l#]| = sup [u ()],

ielx
so condition (iii) holds.
We have proved that the family

{(uj,uj) i€ Ix}
satisfies conditions (i)—(iii) of property g for X. O
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Corollary 4.8. Let X and Y be Banach spaces and let N be an absolute
normalised norm on R? such that (0,1) is not an extreme point of Bg2 -
If X &N Y has property 8, then Y has property (.

Proof. Apply Proposition [£.7] to the norm
N(a,b) = N(b,a)

and to the space Y @5 X, which is canonically isometric to X @& Y. Since
(1,0) is not an extreme point of B(R2 ) exactly when (0, 1) is not an extreme
point of B(gz y, the conclusion follows. U

Corollary 4.9. Let N be an absolute normalised norm on R? such that
Sw2,n) s polygonal and neither (1,0) nor (0,1) is an extreme point of
B(RQ,N)' Then

X ®NY has property 5 <= X and Y have property 3.

Proof. If X and Y have property 3, then X @&y Y has property 8 by
Theorem Conversely, if X @&y Y has property 3, then X has property
B by Proposition [4.7] and Y has property 3 by Corollary O

Corollary 4.10. The space X @« Y has property 5 if and only if both X
and Y have property 3.
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