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On the absolute weighted mean
summability factors

Huseyin Bor

1. Introduction.

Let > a, be a given infinite series with the partial sums (s,) . Let
(pn) be a sequence of positive numbers such that

n
By = Zp,, = as n—oo, (Pi=p_;=0,i>1).

v=>0

The sequence to sequence transformation

1 n
t, = P_n Z Pusy

v=0

defines the sequence (t,) of the (N,p,) means of the sequence (sn),
generated by the sequence of coeflicients (pn) . The series S ay issaid to
be summable | N.p, [x.k > 1, if (see [1])

e

Z(Pn/pn)k_1 l tn = tu-i |k< 20,
n=1\
and it is said to be summable | N, p,:d [¢.k > 1 and § > 0, if (see [2])

X

3 (P lpa) = Ly — s P 00,

n=1

In the special case when § =0 (resp. d =0 and p, =1 for all values of
n), | N,pn:d | summability is the same as | N,pn |¢ (resp. | C,1 [¢)
summability.

Mishra and Srivastava [4] proved the following theorem for | C',1 i
summability.

Theorem A. Let (r,) be a posttive non-decreasing sequence and let
there be sequences (/3,) and (\,) such that

| A, [< Ba, (1.1)

3



3 =0 as n-—oc, (1.2)

FAn | n = 0(1) as n— o, (1.3)
S n A e < . (1.4)
n=1
If
B m 1
Z — |5y [F= Ofxm) as  m— o, {1.5)
n
n=1

then the series Y apA, s summable [ C1 ), k> 1.
The author has generalized Theorem A for | NV, p, [ summability in
the form of the following theorem (see [3]).

Theorem B. Let (x,) be a positive non-decreasing sequence and the
sequences (3,) and (A,) such that conditions (1.1)-(1.4) of Theorem A
are satusfied. Furthermore, if (p,) is a sequence of positive numbers such
that

P, = O(npy). (1.6)

m

Z %ﬁ sy [F= O(zm) as m — . (1.7)
n=1 "
then the series S ap ), is summable | N, py |i, k > 1.
It should be noted that if we take p, = | for all values of n, then
condition (1.7) will be reduced to condition (1.5). Also, it can be noticed
that in this case condition {1.6) is obvious.

2. The main result

The aim of this paper is to generalize Theorem B for | V. p,:d |«
surnmability methods. Now, we shall prove the following theorem.

Theorem. Let (r,) be a positive non-decreasing sequence and the
sequences (3y) and (A,) such that conditions (1.1)-(1.4) of Theorem A
are salisfied. If {(p,) is a sequence of positive numbers such that condition

{(1.6) of Theorem B s sutisfied and

rr

Z(Pn/p,, JE e F = O(m) s m = x, (2.1)

n=!
[

Z(Pn/pn)“‘l——l——:(){(P,,/p,,)"'k L b (2.2)

Pn—l PV

wozn

then the series S an Ay s summable | N, py; 0 [, &> 1 and 0 <ok < 1.
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Remark. It may be noted that if we take § = 0 in this Theorem,
then we get Theorem B. In this case condition (2.1) reduces to condition
(1.7) and condition (2.2) reduces to

= 0(1/P,),
which always holds.

We need the following lemma for the proof of our theorem.

Lemma ([4]). If the conditions (1.1)-(1.4) on (xn),(Bn) and

are satisfied, then

nhpe, = O(1) as n— o0,

[&.9]
E By < 00,
n=1

3. Proof of the Theorem

Let (T,) be the (N.p,) mean of the series _ anA,. Then, by defi-
nition, we have

T, P ZPVZ“T r = —"Z P Puol)au)‘u'

v=0 r=0 v=0

Then, for n > 1, we have

Ty~ Tno1 = PPn IZP,, 1A

v=1
Using Abel’s transformation. we get

n—1

DPn Pn
Ty —The) = —— A(P, s —s =
P =T = g g 2 ARt s o Zl””s”

n—1
FP,s, SpnAn = 1y 7 3
PnPn—l z_:l A + P Pn Sn A wi+Tho+Ths

say. To complete the proof of the Theorem by Minkowski’s inequality, it is
sufficient to show that

o

S (Pafpa) U T F< 00, for r=1,2,3. (3.1)
n=1




Now, when k> 1, applying Holder’s inequality, we have that

m+1
Z (Pn/pn)6k+k—] l Tn,l !k
n=2
m41
< S Bl Ba) (S s T 1
n==2 v=1
i1 n-—1 1 n—1
< ;(Pn/f’n)&k ' ZPV | 50 I | A |k }J:I;I’v}k—l Since
m m+1 m41
, . 1
=0 pe s FIA Y (Pufpa)* ™ 5 Z;
v=1 n=v+1
)Y (Bu/po)® 7 s A 11 5
vzl
i
= O() Y (P/p)™* s [Pl |
v=1
m—1
}:AIMZ (Pefpr)™ =" s I
m
1) | Am | Z(Pu/Pu)ﬁk—l | 50 [k
v=l
m—1
1) Z [ AN |2 +O0(1) | A | T =
v=1
m-1 as m
D) > Buy + O(1) [ Am | 2 = O(1) It
[73=-3}
as m - o0, by virtue of the hypotheses of the Theorem and Lemma. o
Using the facl that | AA, |< 8, and P, = O(np,), and after apply- Z
ing Holder’s inequality, we have that =)
el as m
Z (Pn /pn)ok-f'k—l l 7';1.2 lk theore
n=2
me1 n—1 R
}: Pn//pn k-1 Pn 1 k{} F, lA/\u H Sy I}k
=z 1. H
m-{l -1 9
= 0(1) 3 (Pa/p)™ ™ (Pazi) Zupm | s [} 2. H
n=2 F



m+1 n-1

= 0() Y (R/pa) " 5= S ) s I {5 S p}* ™
n—1 v=1

n=2 v=1 -

m m+1 1

=0(1) Z(Vﬂu)kl’u | 50 |k Z (Pn/Pn)ékwl—“—

P,_
v=1 n=v+41 n-l

= 0(1) D (wB)*(Pu/p)™* ™ [ 5 I

v

Since v@3, = O0(1/z,) = O(1), by (2.3), we have that

m+1 m

Z (Pn/Pn)ék_i-k-l I T Ik: o(1) Z(Vﬁu)k—lVﬁV(PU/PV)M—] | s, ]k

n==i v=1

m

=0() > vB(P/p)* " | s, |F

=1

m—1 v

O(1) Y AWBY (Pr/p)™ 1 | s, IF

v=1 r=1

+O(1)mBn Y (Pu/pe)™* " [0 |F

p=1

m—1

o(1) Z | A(wB) |2, + O(l)ympPr sy

=]

-1 m-~1

=0 Y v A3 ey +0(1) S Bupis + O mBmam = O(1)

v=] =1
as m — oc, by virtue of the hypotheses of the theorem and lemma.

Finally, as in T, ;. we get that

T m

D P/ T T = O() 3 (Pafpa) 1 s ] An = O(1)

n=i nz=i

as m -~ . Therefore, we get (3.1). This completes the proof of the
theorem.
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