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Dense subalgebras in noncommutative
Jordan topological algebras*

Mati Abel

Wilansky conjectured in [12 ] that normed dense Q-algebras are full subalgebras of
Banach algebras. Beddaa and Oudadess proved in [2] that Wilansky’s conjecture was
true. They showed that k-normed (J-algebras are full subalgebras of k-Banach algebras
for each k € (0, 1] (the case of Banach algebras see [7], Proposition 5.10). Moreover,
Pérez, Rico and Rodriguez showed in [8], Theorem 4, that this was true also in the case
of noncommutative Jordan-Banach algebras. In the present paper this problem has been
studied in more general case. It is proved that all dense (J-subalgebras of topological
algebras and of noncommutative Jordan topological algebras with continuous multiplica-
tion are full subalgebras. Some equivalent conditions that a dense subalgebra would be a
(J-algebra (in subspace topology) in (J-algebras and in nonassociative Jordan Q-algebras

with continuous multiplication are given.

1. Introduction

A linear topological space A over the field of complex numbers C is called e complex
topological algebra (shortly a topological algebra) if in A there has been defined a separately
continuous (not necessarily associative) multiplication. It means that for each neighborhood
of zero O of A and each a € A there exists a neighborhood of zero U such that all C O
and Ua C O. In particular, if for each neighborhood of zero O of A there exists another
neighborhood of zero U satisfying U? C O, then A is called a topological algebra with
continuous multiplication.

A topological algebra A is called an dssociative (a nonassociative) topological algebra
if its multiplication of elements Is associative (respectively, not associative). We shall use
the short term "topological algebra” instead of "associative topological algebra” in the
following text. When a nonassociative topological algebra A satisfies identities ab = ba
and a2(ba) = (a2b)a for each a,b € A, then A is called ¢ Jordan topological algebra, and
when A satisfies identities a(ba) = (ab)a and az(ba) = (a?b)a for each a,b€ A, then a

* This research was in part supported by Estonian Science Foundation
(grant no. 927).
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noncommutative Jordan topological algebra. At this, if the given product ab of elements a
and b in A is replaced by the so called Jordan product a - b = -;—(ab + ba) of elements a
and b and preserves the topology of A, we have a new topological algebra AT, Tt is easy to
see that AT is a Jordan topological algebra for each noncommutative Jordan topological
algebra A.

In particular, when A is a noncommutative Jordan algebra without unit; we replace A
with Ac = AXC. Defining algébra.ic operationsin Ag as usual (thatis, (a, A+(a', Ny =
(a+a, A+ M), (g, \)(a’, \) = (ad’ + Aa’ + Xa, \N) and p(a, ) = (pa, pA) for each
(a,N), (@', X)) € Ac and u € C), then Ac is 2 noncommutative Jordan algebra with
unit (84,1) (f4 denotes the zero elemet in A), which is called an algebra, obtained from
A by adding the unit.

Besides, when a nonassociative topological algebra satisfies identities a?b = a(ab)
and ba? = (ba)a for each a,b € A, then A is called an alternative topological algebra.
It is easy to see that every associative topological algebra is an alternative topological
algebra, and every Jordan topological algebra and every alternative topological algebra are
noncommutative Jordan topological algebras (see [9], p. 473).

An element @ in a noncommutative Jordan algebra A with unit e4 is said to be

invertible in A, if there exists an element a1 € A (the inverse of a) such that
aa”'=ala=¢ey (1)

and
2 -1 -1 _2 (2)

Moreover, an element a in a noncommutative Jordan algebra A is said to be quasi-inverible

in A, if there exists an element aq_1 € A (the quasi-inverse of a) such that

-1 -1 _ -1 _ -1, _
ata, —ae; =a+ag ag a=04 (3)

and

1 1 -1

q

q - 2a

~1 _ 9aa;! —a® + a’a

a+a, q

=a+a] a—a’+a;la’ =04 (4)

In particular, when A is an associative algebra, then @ € A is invertible in A (in the case,
when A has unit), if the equality (1) holds, and is quasi-invertible in A, if the equality
(3) holds. The set of all invertible elements of A is denoted by InvA and the set of all
quasi-invertible elements of A is denoted by QinvA.

A subalgebra B of a noncommutative Jordan algebra A is called a full subalgebra of
Aif

QinvB = B N QinvA. (5)

In particular, when A is a noncommutative Jordan algebra with unit e4 and e4 € B,
then B is a full subalgebra of A if and only if

InvB = BNInvA. (6)
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A noncommutative Jordan (patricularly an associative) topological algebra A is called
a (J-algebra, if the set QinvA is open. When A has unit, then A is a (-algebra if and only
if the set InvA is open. In the case, when a subalgebra B of a (not necessarily associative)
topological algebra A is a (J-algebra in subspace topology, then B is called a Q-subalgebra
of A.

Let now A be a complex (not necessarily associative) algebra and sp4(a) be the
spectrum of @ € A that is ’

spy(a) = {/\ € (C\ {0} D & QinvA} U {0},

if A is an algebra without unit, and
spgq(a) = {/\ €C:a—)ey ¢ InvA},

if A is an algebra with unit €4. In the both cases the spectral radius rTa(a)ofa € Ais
defined by

T4(a) = sup{,/\|: A€ spA(a)}.

2. Dense Q-subalgebras in noncommutative Jordan topological
algebras

Let A be a noncommutative Jordan topological algebra, B be a dense Q-sub-
algebra of A, and Ac¢ (Bg) be the algebra obtained from A (respectively from B) by

adding the unit. To show that B is a full subalgebra of A, we first have to prove some
necessary results.

Proposition 1. Let A be o noncommutative Jordan algebra without unit and B be

a subalgebra of A. Then B is a full subalgebra of A if and only if Bg is a full subalgebra
of Ac. '

Proof. Let B be a full subalgebra of A and (a,A) € Be N InvAc. Then =\~ la €
QinvA and (a,A)7! = (——/\—1(—/\_1a);1,k"1). Therefore (a,\) € InvBg by the
equality (5) (the identity (84,1) of Ag belongs to Bg). Hence Bg N InvA¢ C InvBg.

Since the converse inclusion holds always, we have

InvBg = B¢ NInvAc. (7)
It means that B is a full subalgebra of Ag.
Let now Bg be a full subalgebra of Ac and b € BN QinvA. Then (=6, 1)7! =

(—b;l,l) € Ac. Therefore from (—b, 1) € InvAg follows that (—b,1) € InvBg by the

equality (7). Hence b € QinvB, because of which the equality (5) holds. Consequently, B
is a full subalgebra of A.

Proposition 2. Let A be o topological algebra or a noncommutative Jordan topolog-
ical algebre with continuous maultiplication. Then Ag is a Q-algebra

(in product topology)
if and only if A is o Q-algebra.
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Proof Let A be a Q-algebra. Then QinvA is a neighborhood of zero in A (see [5],
Lemma 6.4, and [1], Proposition 2). Whereas (a, A) = Aa is a continuous map on A,
then there exists an open balanced neighborhood of zero U/ in A, and a neighborhood of
unit V in C such that VU C QinvA. As the inversion of elements in C is continuous,
then V defines an open neighborhood of unit W in € such that A"l € V for each
A € W. Therefore —A~la € QinvA for each @ € U and A € W. Hence (a,/\)*l =
(—A‘l(—l_la)al,)\”l) € Ac for each (a,\) € U x W. Since U x W is an open
set in Ac and (04,1) € U x W C InvAg, then (64, 1) is an interior point of InvAc,
because of which Ag is a (J-algebra (see [5], Lemma 6.4, and [1], Proposition 2).

Let now Ag be a Q-algebra. Then InvAg is an open set in Ag. Therefore there exists
a balanced neighborhood of zero U in A and a neighborhood of unit V' in C such that
(64,1) €U xV C InvAc. Since (—a, 1) € InvAg for each a € U, then a € QinvA for
each @ € U. Hence 84 is an interior point of QinvA, because of which A is a Q-algebra.

Now we shall prove the main result of this paper.

Theorem 1. Let A be a topological algebra or a noncommutative Jordan topolog-
ical algebra with continuous multiplication. Then every dense Q-subalgebra of A is a full

subalgebra.

Proof. Let B be a Q-subalgebra of A. We first assume that A is a topological algebra
with unit e4 and e4 € B. Since the inclusion InvB C B N InvA always holds, we
shall prove only the opposite inclusion. For it let & € B M InvA. Then there exists an
element b’ € A such that bb’ = b’b = e4. By assumption, B is a dense subalgebra of
A. Therefore there exists a net (b))yea of elements of B such that it converges to b in
topology of A. Then the nets (bb))rea and (byb)rea converge to €4 in topology of B.
That is, b is a topologically invertible element in B. It is known (see [10], p. 1309) that
the set of all topologically invertible elements of a (J-algebra coincides with the set InvB.
Consequently b € InvB, because of which B is a full subalgebra of A.

Let now A be a noncommutative Jordan topological algebra with unit e 4, multipli-
cation of which is continuous, and let €4 € B. Let AT and BT be Jordan algebras
with unit, which we get from A and B by replacing the multiplication of elements in these
algebras with the Jordan multiplication of elements, preserving at this the topology of both
algebras. It is known (see [6], p. 4) that InvA = InvA for each noncommutative Jordan
algebra A. Therefore B is a full subalgebra of A if and only if

mvBt = Bt nmvAT. (8)

To show it, let & € BY N InvA™T and U be a linear operator on At defined by Up(a) =
b-(b-a+a-b)—b% aforeacha € AT. Since b € InvAt, thene4 € Up(A),
Ub—l exists and Uy ™' = Up-1 (see [4], Theorem 13, or [3], Theorem 2.1). Thus Up
is a linear homeomorphism on A%. By assumption B* is a Q-algebra. Therefore, by
Proposition 3 from [1] (in the case of topological algebras see [11], Theorem 4.1), there
exists a balanced neighborhood of zero V' of B* such that rp+(b) < gv (b) for each
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b € Bt (here gy denotes the gauge (Minkowski %unctional) of V). Let now U be a
neighborhood of zero in A% such that V = U N1 B+, As Up is 2 homeomorphism on At
then Up(A) = cl 4o Us(B™) (the closure of Us(Bt)in AY). Sinceey € Up(At), then
(ea+UH N Ub(B+) is not empty. Hence there exists an element by € Bt such that
Up(bgy—eq e UNBT = V. Taking it into account, we have qv (Uplbg)~e4) < 1. Thus
from rg+(Up(bp) — €4) < 1 follows that Up(bo) = (Up(bo) — eq) — (—1)ey € InvBt,
Therefore b € InvB* by Theorem 13 from [4]. Hence, the equality (8) holds and B is a
full subalgebra of A.

Finally, let A be a topological algebra or a noncommutative Jordan topological algebra
with continuous multiplication. If one of the algebras A or B does not have unit, then
instead of algebras A and B we take under consideration the algebras A¢ and Bg. Since
both algebras have unit and Bg is a Q-algebra in product topology (by Proposition 2)
and dense in Ag, then Bg is a full subalgebra of Ag by the first part of this proof.
Consequently, B is a full subalgebra of A by Proposition 1.

Theorem 2. Let A be (an associative) )-algebra or a noncommutative Jordan
Q-algebra with continuous multiplication and B be a dense subalgebra of A. Then the
following statements are equivalent:

(a) B is a full subalgebra of A;

(b) sp g(b) = spg(b) for each b € B;

(c) B is ¢ Q-algebra in subspace topology.

Proof. Let B be a full subalgebra of A andlet b € B. Then sp4(b) C spp(b) by the
equality (5). If A € spg(b) then from A™1b & Qinv B follows that A=l & QinvA by the
equality (5). Hence A € sp4(b). It means that from (a) follows (b).

Let now & € QinvB. Then 1 & spa(b) by (b). Hence b € QinvA. Since A
is a Q-algebra, then there exists a neighborhood O of b such that O C QinvA. As
ON B C QinvB by (b), then B is a ()-algebra in subspace topology. That is , from (b)
follows. (c).

The implication (¢) = () holds by Theorem 1.
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