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Multipliers and L!-convergence
of cosine series

Margus Tonnov

1. We will consider the integrability and L'-convergence of the series

%-}—;ak cos kz, (1)

where (ax) is a sequence of real numbers. The problem of integrability of
(1) is to decide (ax) € {(fx): f € L'} = L', where

fe = ;1‘_-/ f(x)cos kzdz.

The other question investigated in this paper is the L'-convergence
of (1). It is known that (az) € L' alone does not guarantee the L!-
convergence of (1). Connecting the two problems we introduce the fol-
lowing concept. A class of sequences is said to be an integrability and
L'-convergence class if it is an integrability class and for each (a,) of it
the corresponding series converges in L!-norm if and only if

lim a,lnn =0.
o
Kolmogorov [6] showed that the set of quasiconvex null sequences,

D (k+1) | A%y |< o0, ax = 0 (k = c0),
k=0

form an L!-convergence class.

In this paper we will show that the L'-convergence class can be replaced
by a class of multipliers.

2. Let w denote the set of all sequences of real numbers. Let T =
= (k) be a regular triangular matrix of real numbers:

103
nl_i_)n(}o Tk = 1; sgp; | Tak — Tnkgr < co. (2)
=0
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Throughout, 7 will be a reversible matrix (man # 0) . We denote the
summability fields of T by

n
er = {(zk) Ew :HILIEO;Tnkxk exist},
=0

the boundedness domain of T by

n
mr = {(zx) €Ew : sup | Z'rnkxk |< oo}
n k=0

and the class of multipliers by

(mr,er) = {(ax) Ew : (axzk) € cr for every (zx) € mr}.

If (ax) € (mr,cr), then klim ar =0 and
—00

ST ek [< oo, . (3)

n=0 k=n

. where (71}) denotes the matrix T~ . (See [2], Theorem 3 and [10], 6.4.,
p. 92).

3. Theorem. Let T be reversible regular triangular matriz with

cup [ 12043 ruconke | d = K <o g
n 0 k=1

Then the cosine series (1) converges, except possibly at = =0, to an inte-
grable function f(z) , is the Fourier series of f(x) , and the partial sums
converge in L'-norm to f if and only if lim a,lnn=0.

n—roo

Proof. Cleary,

Sn(z) =

where

k k
ey .
Ki(z) = §+ E Tkj COS JT = E :tijj(“’)v
j=1 j=0

bkj = Thj — Thoj+1,

sin(j + 3)x

1 J
D;(z) = 3 +Zcosz/:c = 2sin 2
v=l
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By (2) we have for some C and M

| Ki(x i<§:|tmD )<

MZUAJK (¢¢0)fork:o,1,2,....

Since (ax) € {mp,cr) , then by (3) we have the pointwise convergence of

S (S rita) Kele) = J0) (= £0)

k=0 j=k
and nli_}m Sn(x) = f(z) in (0,7] . Clearly f(z) is an integrable function
and by [4] and [8] series (1) is the Fourler series of f(z) . By (5) we have

:/la" i(mﬂk%)}\k (z) | dz <

0 k=n
<!ani/w m)ldif'*'ZlZTjkaﬂ/[Kk(“’ﬂdmﬁ
k=n j=k 0
<|an|/|D ]dx+IxZ|ZTJkaJ[
k=n j=k
and by
/|(zn n () [dr—/iZ(Z k%)hk )| de <
0 k=n j=k
/l.sn - (z) | dz,
then
]an[/][) ld:c</|$,, wf(m)[da:+1&'Z|ZTj_klaj
k=n j=k

If (ax) € (mp,cr) , then by (3) and (4)
nli_)rr;)/ | Sp(2) — f(z) |de =0
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if and only if

nlglgolanl/ | Dp(z) | dz =0
]

it is (see [3], 5.1.1) if and only if lima,inn=20.

4. For the Cesaro matrix T'= C* (a« > 0),

ALk (n+a)(n+to—1)...(a+1)
A = 1
A% n!

n

Tnk =

is by [1] and [7]

(mega,cee) = {(ax) Ew: Z k+1)* | A%Tla, |< oo; lim ax = 0}.
! k— oo

It is well known ([5]) that the Riesz matrix P,

P_,=0; P, =po+p1+...+pn, is the regular matrix if and only if the
following conditions hold:

1 n
lim | P, |= o0, sup +—— e | < oo,
lim | P | npanI,;lpl

Then by [5]

(mPch):

P .
A < o0; lim —k—Aak 0: lim ax = 0}.
Pk k—roo Di k— o0

_{(ak)ew:i|PkA

k=0

For the case when T'=(C® or T = P this Theorem is proved in [9].

References

1. L. S. Bosanquet, Note on convergence and summability factors. Proc.
London Math. Soc. 50 (1949), 482--496.

2. M. Buntinas, On Toeplitz sections in sequence spaces. Math. Proc.
Cambridge Philos. Soc. 78 (1975), 451-460.

3. R. E. Edwards, Fourier series. A modern introduction, Springer-Ver-
lag, New York, 1979.

90




G. Goes, Charakterisierung von Fourierkoeffizienten mit einem Sum-
mierbarkeitsfaktorentheorem und Multiplikatoren, Studia Math. 19
(1960), 133-148. )

G. Kangro, Summability factors, Tartu Ul. Toimetised 37 (1955), 191~
232 (in Russian).

. A. N. Kolmogorov, Sur l'ordre de grandeur des coefficients de la serie

de Fourier-Lebesgue, Bull. Internat. Acad. Polon. Sci. Lettres Sér. A
Sci. Math., (1923), 83-86.

. A. Peyerimhoft, Uber Summierbarkeitsfaktoren und verwandte Fragen

bei Cesdro-Verfahren, Publ. Inst. Math. Acad. Serbe Sci. 8 (1955),
139-156.

M. Tonnov, Summability factors, Fourier coefficients and multipliers,
Tartu UL Toimetised 192 (1966), 82-87 (in Russian).

M. Ténnov, On the integrability and L'-convergence of cosine serzes,
Tartu Ul. Toimetised 970 (1994), 117-124.

- A. Wilansky, Functional analysis, Blaisdell, New York - Toronto —

London, 1964.

Received December 18, 1995

Institute of Pure Mathematics
University of Tartu

EE2400 Tartu, Estonia
E-mail:tynnov@math.ut.ee

91




