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Approximation properties of certain linear
positive operators of functions of two variables

ZBIGNIEW WALCZAK

ABsTRACT. We introduce certain modified Szasz-Mirakyan operators in

polynomial and exponential weighted spaces of functions of two variables

and we study the degree of approximation of functions by these operators.
Similar theorems for functions of one variable were given in {4] and [5].

I. Approximation in polynomial weighted spaces
1. Preliminaries
1.1. Let as in [1], for p € Ny := {0,1,2,...},
wo(z) =1, wy(w):=(1+2")" if p>1, 5€Ry:=[0,+00). (1)
Next, for given p, ¢ € Ny, we define the weighted function
Wp,g(2,Y) = wp(2)we(y), (z,y) € RS := Ry x Ry, (2)

and the weighted space Cj, 4 of all real-valued functions f continuous on R3
for which wp 4 f is uniformly continuous and bounded on RZ and the norm
is defined by the formula

1fllpa = 15 Co ) lpg 7= sup  wpq(z,y) |f(z,y)]- (3)

(.’L‘,y)ERO

The modulus of continuity of f € Cp, 4 we define as usual by the formula

w(f: Cp,q; t, 3) = sup ”Ah,éf(" ')”p,q , t,8>0 5 (4)
0<h<t,0<5<s
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where Ay 5f(z,y) = f(z + h,y + 6) — f(z,y) and (z + h,y + J) € RZ.
Moreover let C’;,q be the set of all functions f € C,, which first partial
derivatives belong also to Cj 4.

From (4) it follows that

t,.}l—i%+w(f’ Cpagitis) =0 (5)

for every f € Cpq, p,q € Np.

1.2. We introduce the following

Definition 1. Let r,s € N:= {1,2,.--} be fixed numbers. For functions
[ € Cpq, Pyq € Ny, we define operators

Am,n(f§ T, 8%, y) = Am,n(f§ :E,y)

_ 1 S (me 4 1 (g 1)
T g((mz+ 1)%r) g (ny + 1) ;2) (G+r)!  (k+s)!

jtr k+s
.f(m(ml‘%‘l)’n(ny-{-l)’) (6)

for (z,y) € R3, m,n € N, where

>
g(tir) =3 ——, teRy, (7)
Paerd (k+r)!
Le.
1 1 r—1 tJ
9(Osr) = 5, gltr) == | € —Zj—! if ¢> 0.

Jj=

In [4] modified Szasz—Mirakyan operators A, (f;r;z) were considered,
where

o 2\ (nz + 1)k
Anlfiri@) = g((nw+ 1)2 2;) (k+7)!
f(n—(%—f—l—)) z€Ry, n,7 €N, (8)

for functions of one variable.
From (6)—(8) we deduce that A,, ,(f;r,s) are well defined in every space

Chp,q» P,q € Ny. Moreover for fixed r,s € N we have

(z,y) €R%, m,n €N,

Apa(lirys;z,y) =1 for (9)
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and if f € Cp 4 and f(z,y) = f1(z)f2(y) for all (z,y) € R, then
Am,n(f;"'a s;:z;,y) ::Am(fl;"';w)An(f%S;y) (10)

for all (z,y) € R2 and m,n € N.
In this paper we shall denote by My (a, B) suitable positive constants

depending only on indicated parameters o, £.
2. Lemmas and theorems

2.1. From (8) and (7) we get for z € Ry and n,r € N
Ap(Lyryz) =1, (11)
1 1
A (t—zyry2) = =
a(t—airie) = o4 n(nz + 1)(r — Dlg((nz + 1)%: 1)’
2 r+ (nz +1)2 — 2nz(ne + 1)
An((t = 2)%r2) = = .
n((t = 2)%ri2) n? = nZ(nz + 1)2(r — 1)lg((nz + 1)2;7)
In the paper [4] the following lemma was proved for A, (f;7) defined by (8).

(12)

Lemma 1. For every fized p € Ny and v € N there exist positive con-
stants M; = M;(p,r), i = 1,2, such that for allz € Ry, n € N

wp(z) An (1/wp(t);m;7) < My, (13)
wp(a) An (¢ = 2wy ()i 753) < 22 (14)

Applying Lemma 1 we shall prove the main lemma on Ap n defined by

(6).

Lemma 2. For fized p,q € Ny and r,s € N there ezists a positive con-
stant M3 = M3(p, q,7,s) such that

”Am,n (1/wp,q(ta Z); Ty 85 )”

Moreover for every f € Cp 4 we have

pq S Mz for mneN, (15)
VA (55, < My Ifll,,, for mmeN, rseN.  (16)

The formulas (6)~(7) and the inequality (16) show that A, ., m,n € N,
defined by (6) are linear positive operators from the space Cp,q into Cp 4.

Proof. The inequality (15) follows immediately from (2), (10) and (13).
From (6) and (3) we get for f € Cp, and 1,5 € N

lAmn(f;, 3)”p,q < “.f”p,q ”Am,n(l/'wp,q;"'a s)
which implies (16) by (15).

”p,q H m) n e N7
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2.2. Now we shall give two theorems on the degree of approximation of
functions by A, , defined by (6).

Theorem 1. Suppose that f € C}  with fized p,q € No. Then there
ezists a positive constant My = My(p, q,r, s) such that for all m,n € N and
r,s €N

1 1
757,555 = £Vl M2 { 1 + 215la } - (00

Proof. Let (z,y) € R be a fixed point. Then for f € Cp ,

t z
F(t,2) — fz,9) = / £ (s 2)du + / fia,v)dv,  (t,z) € B2,
T K}

Thus by (9)
Am,'n(f(ta Z);T, 83 :L‘,y) - f(w,y)

t . z
e ([ 520 o [ st )
z v (18)

By (1)-(3) we have

< 1 fzllp.g

/t du
x wP,Q(ua z)
1

, 1
<12 (mtiy * ) 2
which by (1), (2), (6) and (8)—(11) implies

/: Il (u,z)du

t
'wp,q(x’y) }Am,n (/ f;(“, z)du;, 3;%3/) ’
X

/: Il (u, z)du

7 3§517,y)

t —
< A ‘ g
= “f:z:“p,qu,II(way){ m,n(wp’q(t,z)ar> s,m,y)

t —_
+Am,n (_JJL; ST, y) }
Wp,q(Z, 2)

< 1£zllp.q we(y) An (Il(zi’ 5; y) {wp(m)Am ( I,Itu_ 2, m)

+An (It —z|;7;2)}.

< Wpyq (z, y)Am,n (
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Applying the Hélder inequality and (11)-(14), we get

Am (It = zlir;2) < {Am((t - m)2;r;m)Am(1;r;x)}1/2 < Ms(p,7)

. {wp(m)Am (ﬁ;mm) }% < A—l%(g-ﬂ,

for z € Ry and m € N. Consequently,

t
M
Amn ( / f;(u,z)du;r,s;w,y)| < Mip a8y e,
xr

m

wpaq($7 y)

Analogously we obtain
“’p,q(m’y) |Am,n </z fql;(-'ﬂy v)du; T, 5§$:y>l < “Ms—(&s’ﬂf—)“f;”p,q’ neN.
y
Combining these, we derive from (18)
W 9) A (7,552,9) = 1901 < Mo { 1 2bna + 2ol

for all m,n € N, where Mg = My(p, q,7,s) = const. > 0. Thus the proof of
(17) is completed. 0O

Theorem 2. Suppose that f € Cpq, p,q € Ng. Then there exists a
positive constant Mg = Myo(p, q,7,8) such that

(57,550 = £ Mg < Miow (£,Gpi 2 ) (19

for allm,neN, r,seN,
Proof. We apply the Steklov function fy 5 for f € C, 4

1 h é
fh,(i(may) = —ﬁg/ du/ f(:z:+u,y+'u)dv, (m,y) € Rg) h'76 > 0. (20)
0 0

From (20) it follows that
1 h g
’ - YY) = 7% d AV ' y)d )
@) = fen) = g5 [ du [ Avut@
1 4
(ralel@) = 35 [ Braf(08) = Doy (o) o

1 h
(@) = 35 | (Busf @) - Ao (o,9)) du
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”fh,6 - f”p,q S W (fa Cp,q; ha 5) ) (21)
”(fh,&);”p’q < Zh‘_lw (f7 Cp,q; h) 6) ’ (22)
|ty |, <2670 (£, Coai ) (23)

for all h,§ > 0, which show that fr5 € C; , if f € Cp g and £,6 > 0.
Now, for A,, ,, defined by (6), we can write

'lUp,q(iB,y) ‘Am,n(f;'ra 8;z,y) — f(z,y)]
< Wp,g(2,y) {Amn (F(E 2) — frs(t, 2);m 852, 9)]
+ [Amn (o5t 2)im 82,y) = frs(@,y)| + | fas(z,y) — flz, )]}
=T+ 715+ 13.

By (3), (16) and (21),

Tl _<_ ”Am,n (f - fh,é;"'a S5 ')“p,q S M3 ”f - fh,(SHp’q S MSw (fa Cp,q;ha(s))

T3 Sw(f, Cp,q3h’:5) .
Applying Theorem 1 and (22) and (23), we get

To < Ma {2 Gnaly ot 3 ),

P,Q}

P D |
< 2Myw (f,Cp.q; h, 6) {h 1E+6 1;}.

Consequently, there exists My, = My1(p, g, 7, s) such that
”Am,n(f; 8y ) - f(: ')Hp,q
1 1
S Muw (f,Op’q;h,(S) {1+h_1;n" ’*‘5_1;} s (24)

for m,n € N and h,6 > 0. Now, for m,n € N setting h = % and § = % to
(24), we obtain (19). O

From Theorem 2 and the property (5) follows
Corollary 1. Let f € Cp 4, p,q € Ng. Then for r,s € N

lim “Am’n(f;T',S; K] ) - f(; ')”p,q = 0. (25)

m,m—o0

Theorem 2 and Corollary 1 in our paper show that operators A, »,
m,n € N, give better degree of approximation of functions f € Cj 4 than
the classical Szasz-Mirakyan operator Sy, ,,, considered in [3] for continuous
and bounded functions.
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II. Approximation in exponential weighted spaces

3. Preliminaries

3.1. Let as in [5], for a fixed p > 0 and r € N,
vop(z) 1= exp (—-2pz), = € Ry, (26)
and let for fixed p,¢g > 0 and r,s € N
v2p,2(%, Y) 1= vap(2)v2g (), (2,7) € RE. (27)
Denote by Cap 24 the set of all real-valued functions f continuous on R% for

which vy 24 f is uniformly continuous and bounded on RZ and the norm is
defined by

| ll2p,2¢ = I (--) l2p,2q :=  sUp v2p24(z,y) |f(x,y)]. (28)

(=, y)ERo
The modulus of continuity of function f € Csp o4 is defined as in § 1.1 by
formula

w(f’ C2p,2q; t, Z) = sup “Ah,ﬁf(', ')“'217,2111 t,z > 07
0<h<t, 0<8<2

and we have

. 11_%+w(f, Cop,ag;t,z) =0 for f € Copay. (29)

Analogously as in § 1.1, for fixed p,q > 0, we denote by C’2p 9¢ the set of all
functions f € Cyp 24 Wthh first partial derlvatlves belong also to Cap 2.

3.2. Similary as in Section I we introduce

Definition 2. Let r,s € N be fixed numbers. For functions f € Cap 29,
p,q > 0, we define the operators

Bimn(fip, 47,52, Y) = Bmw(f;3,y)

1 oo
= 2. 2.
g((mz +1)%7) g ((ny +1)%s ]:0k=0 (k+ s)!
Jj+r k+s
. 30
f( (mz+ 1)+ 2p’ n(ny+1)+2q> (30)
for (z,y) € RZ, m,n € N.

N (ma +1)% (ny + 1)2
2 G

(4 +r)!

In [5] were examined the operators

Bn(f;z) = Bn(f;q,752)

_ 1 2.\ (nx + 1)k k+r
T g((nz+1)%7) l;) (k +7)! f (n(n$+ 1) + 2q> (31)

for functions f of one variable, belonging to exponential weighted spaces.
In this paper we shall give similar results for operators B, ,(f).
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4. Lemmas and theorems

4.1. From (30) and (7) we deduce that By, ,(f) is well defined in every
space Cap 2q, P, ¢ > 0, 7,5 € N. In particular

Bun(Liz,y) =1, (z,y) €R;, m,neEN, (32)
and if f € Copog and f(z,y) = fi(z)f2(y) for all (z,y) € RZ, then
B (fi9,8,7: 83, y) = Bm(f1;0,752) Br(f23 ¢, 59) (33)
for all (z,y) € R3 and m,n € N. Moreover, from (31) and (7) we get
B,(l;q,m5z) =1 z€Ry, meN. (34)

In the paper [5] were proved the following two lemmas for B,(f;q,7;")
defined by (31).

Lemma 3. Let ¢ > 0 be a given number and let r € N. Then for all
n € N and z € Ry, we have

(nz + 1)? B
n(nz + 1) + 2¢ N
1
T tr+1) 1200 = Dig((z + %7’

o (P NP msdl )
B ((t~2)% gri3) = (m ‘“’”) i (m)

T+ (nz + 1)? - 2z(n(nz + 1) + 2¢)
(n(nz + 1) +2¢)2%(r — Dlg((nz + 1)%;7)’

By (t - zq,m2) =

g((nz + 1)%7)
. 27/ (n(nz+1)+2q)

By (¢¥%;q,m;3) =

+1)2 2
B ((t — 212629 . p: ) — (na 2/ (n(no+1)+2¢) _
n ((t=2)%e 10,73 2) [(n(nx—i— 1)+2qe o
2
(___EL) 20/ (n(nz+1)+29)

B 2qt. .
n(nz + 1) + 2q n (e ,q,r,x)

r+ (nz + 1)2e20/ (M(ne+1)+20) _ 9 (n(ng + 1) + 29)
(n(nz + 1) +2¢9)2(r — Dlg((nz + 1)2;7)
. e2qr/(n(n:z:+1)+2q)-




in every

(32)
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Lemma 4. For every fized ¢ > 0 and r € N there exist positive constants
M; = M;(p,7), i= 12,13, such that for all z € Ry, n € N,

V2q(T) By (1/v24(1); ¢, 75 2) < Mo,

(t - Z‘)z . . M13

v24(2) Bn <m,qara$ < TR

Applying (26)-(28) and (32)—(34) and Lemma 4 and arguing as in the
proof of Lemma 2, we can prove the basic property of By, »(f).

Lemma 5. For fized p,q > 0 andr, s € N there exists a positive constant
My = Miy(p, q,7, 8) such that

”B'm,n (1/02p,2q(t7 2)517, q,7,8; ')Hzp,zq _<_ M14 f07' m,n N. (35)

Moreover for every f € Cap o we have
”Bm,n (f;pv q,7, 8, ')Hzp,gq S M14 ”f”2p,2q fO?" m,n € N, ™8 € N. (36)

The formulas (30) and (7) and the inequality (36) show that By, ,,, m,n € N,
defined by (30) are linear positive operators from the space Cap,2q into Cop 4.

Applying Lemmas 3-5 and (26)-(28) and (32)—(34) and reasoning as in
the proof of Theorem 1, we can prove the following
Theorem 3. Suppose that f € C3, 5, with given p,q > 0 and r,s € N.

Then there exists a positive constant Mys = Mi5(p,q,7,s) such that for all
m,n € N,

1 1

Theorem 4. Suppose that f € Copog, p,g >0, 7,5 € N. Then there
ezxists a positive constant Mg = Mys(p, q, T, s) such that

11
“Bm,n(f;pa q,Ty S5+ ) - f(: ')”21;,2(1 < Mlﬁw (f? 021),24; E) —T;) 3 (37)
for all m,n € N.

Proof. Similary as in the proof of Theorem 2 we shall apply the Steklov

function fp, for f € Cop g, defined by (20). Analogously as in (21)-(23)
we get

15,6 = fllzp.2q < w (f;Cop,ag; 1, 6), (38)
”(fh,é);llzp’zq < 207w (f, Cap ags B, 6) (39)
|mari), . <2672 (f, Capaai 1,5) (40)
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for all h,d > 0, which show that fi,5 € C3, 5, if f € Cap 2q and h,8 > 0.
Now, for By, , defined by (30), we can write

V2p,2¢(Z, Y) | Bm,n (£ 0, 0,7, 852, y) — f(z,9)]
< v2p,2¢(2,Y) {| Biyn (F (8, 2) = fr,6(t, 2); 2, g5 7, 852, 9)
+1Bmn (st 2); 0 ¢, 7, 852, 9) — frs(z,y)|
+\fno(zy) — flz, )|} =T + To + T3.

By (28), (36) and (38),

< “Bm,n (f = fne:0:0,7, 85, ')llzp,gq <My ”f - fh,ti“zp,zq
< Mygw (f, Cap,ag; b, 0) ,
T3 S w (fa CZp,2q; h’) 6) .

Applying Theorem 3 and (39) and (40), we get

1 1
T < M5 {E ”(fh’a);”zpﬂq + n “(fh’é);"uizl”zq}

1 1
< 2Mysw (f, Cop,aq; 1,y 6) {h—l“ﬂ; + 5_1;} .

From the above we deduce that there exists a positive constant M;; =
Mi7(p, q, 7, s) such that

“Bm,n(fap, q,7 8% ) - f(7 ')”2p,2q

1 1
< Mirw (f, Copaq; by 6) {1 + h—la + 5—1*} ;

n

for m,n € N and h,d > 0. Now, for m,n € N setting h = ;:1— and ¢
(41), we obtain (37).

Theorem 4 and (29) imply
Corollary 2. Let f € Cypaq, p,q >0, 7,5 €N. Then

lim ”Bm,n(f;p: q,7, 85 ) - f(’ .)”P,q =0.

m,n—o0

Theorem 4 and Corollary 2 in our paper show that operators B, n,
m,n € N, give better degree of approximation of functions belonging to
exponential weighted spaces than the classical Szasz-Mirakyan operators
Sm,n, examined for continuous and bounded functions in [3].
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