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On the A-statistical core of sequences
of complex numbers

CELAL CAKAN AND HUSAMETTIN COSKUN

ABSTRACT. In [4], the concept of A-statistical core of a sequence of
complex numbers was introduced and necessary and sufficient condi-
tions were given for a summability matrix 7' to satisfy K-core(Tz) C
sta-core(x) whenever z is a bounded complex sequence. In the present
paper, we determine the classes of summability matrices 7" such that
sta-core(Tx) C K-core(z) and sta-core(T'z) C stg-core(z) for all boun-
ded complex sequences 2.

1. Introduction

Let K be a subset of N, the set of positive integers. Natural density ¢ of
K is defined by

§(K) ::lim—l—]{k <n:ke€K},
non

where vertical bars indicate the number of elements in the enclosed set. A
sequence £ = (zj) of complex numbers is said to be statistically convergent
to the number [ if for every &, 6({k : |zx — | > €}) = 0 (see [5]). In this
case, we write st-limxz = [. We shall also write S to denote the set of all
statistically convergent sequences.

For a given nonnegative regular matrix 4, the number

d4(K) = lim Z Ank
keK
is said to be the A-density of K C N (see [7]). A sequence z = (z) is
said to be A-statistically convergent to a number s if for every e > 0 the
set {k : |zp — 5| > €} has A-density zero (see [2]). In this case, we write
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sto-limz = s. By st(A) and st(A)y we respectively denote the set of all
A-statistically convergent and A-statistically convergent to zero sequences.
' Let z = (z3) be a sequence in C, the set of all complex numbers, and
let Ry be the closed convex hull of the set {Z, Tr41, Ths2, - - 3. The Knopp
core (or K-core) of z is defined by the intersection of all Ry (k € N) (1],
p.137). In [12], it is shown that for any bounded sequence = one has

K-core(z) = ﬂ B,(z),
zeC
where B, (z) = {w € C: |w — 2| < limsupy |zx — z|}.

In [4], the notion of the statistical core of a complex sequence introduced
by Fridy and Orhan [6] has been extended to the A-statistical core (or
sta-core) and it has been shown that, for an A-statistically bounded se-
quence z,

stg-core(z) = ﬂ Cy(2),
zeC
where C,(2) = {w e C: |w — 2| < sta-limsup |z — 2|} _

Let £o and ¢ be the Banach spaces of bounded and convergent sequences
of complex numbers with the usual supremum norm. Let T' = (tnk) (n, k=
1,2,...) be an infinite matrix of complex numbers and let z = (z) be a
complex sequence. We write Tz = (Tnx) if the series Tpz = Yok tnkTk
converges for each n. Let X and Y be any two sequence spaces. Ifze X
implies Tz € Y, then we say that the matrix T maps X into Y. By (X,Y)
we denote the class of matrices 7' which map X into Y. If X and Y are
equipped with the limits X-lim and Y- lim, respectively, T € (X,Y) and
Y-limTz = X-limz for all z € X, then we write T € (X,Y)req. The
matrix T € (¢, ¢)reg is said to be regular and the conditions of the regularity
of T are well known (see [1]).

In [9], Kolk has proved that T' € (¢, st(A) N £oo)req if and only if

|7l = sup > _ [tnk| < o0 (1.1)
"ok

and there exists an index set N = (n;) with §4(N) = 1 such that
limtn, g =0 (k€N), (1.2)
(3

11?1;%,,6 =1. (1.3)

In [4], Demirci has obtained necessary and sufficient conditions for a ma-
trix T' to satisfy K-core(Tz) C sta-core(x) on £o. In the present paper, we
determine subclasses of the classes (¢, 5t(A) N loo)reg and (5¢(B) Nleo, st(A) N
Loo)reg Such that st4-core(Tz) C K-core(z) and sta-core(Tz) C stp-core(x)
for all € .
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2. The main results

We begin with some lemmas which can easily be derived from Theorem
4.1 of [10].

Lemma 2.1. One has T € (st(B) N Loo, st(A) N Log)rey if and only if
T € (c,st(A) N loo)yeq and

stA~liénZ tnk] =0 (2.1)
keE
for every E C N with §g(F) = 0.

Lemma 2.2. One has T € (st(A) N Leo, st(A) N Loo)reg if and only if
T € (¢, st(A) N leo)reg and (2.1) holds for every E C N with 64(E) = 0.

In the special case A = B = (', the Cesaro matrix, Theorem 2.1 reduces
to the characterization of the class (SN 4y, S NLoo)reg studied in [3] and also
to the following results.

Lemma 2.3. One has T € (st(A) N Lo, S N Lloo)rey if and only if T €
(¢, S Nlx)reg and

st-lim > ltnkl =0
kEER
for every E C N with d4(E) = 0.
Lemma 2.4. One has T € (8 N Lo, 5t(A) N loo)reg if and only if T €
(¢, 8t(A) N Leo)reg and (2.1) holds for every E C N with §(E) = 0.
Theorem 2.5. The inclusion sta-core(Tz) C K-core(z) holds for all
z € Lo if and only if T € (c, st(A) N loo)rey and

stA-liF%: tnk] = 1. (2.2)

Proof. Let sta-core(T'z) C K-core(z) for all z € £o. If z € c and limz =
I, then K-core(z) = {I} and so, by hypothesis, st4-core(Tz) C {I} which
implies that st4-limTz = [. Hence, we have T € (¢, st(A) N Loo)req-

Next, suppose that the condition (2.2) does not hold. Then

st - liyrln; [tnk| > 1.

The conditions (1.1)~(1.3) allow us to choose two strictly increasing se-
quences {n;} and {k(n;)} (i=1,2,...) of positive integers such that

k(ni—1) k(n;)

1 1
Z itﬂi,kl < 4 Z |tni7k| >1+ 9

k=0 k=k(n;_y)-+1
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¢}

S linkl < 3

k=k(n;)+1
Now, let us define a sequence x = (x) by
z = sign{tn, £}, klni—1) +1 <k < k(n;).
Then, it is clear that K-core(z) C B;(0). Also,

k(n;) k(ni_1) 0

](Ti)ml 2 Z [tm,kl“ Z ltni,kl— Z !tni,kl

k:::k(ni_.l)'H = k:k(ni)+1

Since T' € (¢, st(A) N log)req, it follows that {(Tz)y,} is bounded, and hence
(T'z) has an A-statistically convergent subsequence whose st 4-limit cannot
bé in B;(0). This is a contradiction with the fact that

sta-core(Tz) C K-core(zx).

Thus, (2.2) must hold.
Conversely, suppose that T' € (c,st(A) N foo)reg and (2.2) holds. Let
w € sty-core(Tx). Then, by (2.2), we can write, for any 2z € C,

lw—2z| < stq-limsup|z — T
n

st4-limsup |z — Z kT
n k

n

st 4- lim sup Z bk (2 — rck)l + st 4-lim sup izi]l — Z bk
k T

k

7

st 4- limsup }: tok(z — zp) |-
k

Now, put limsupy, |z — z| = [. Then, for any ¢ > 0, |zx —z| < [+¢ whenever
k > ky. Hence, since

] Ztnk(z — xk)‘ Z tnk(z — o) + Z tnk(2z — @)
k

k<kp ka()

sip\z — Zg] Z ltne] + (I +€) Z [tnk]

k<ko k>ko

Sup 2 — o D el + U+ €)Y nkl,

k<kg k




A-STATISTICAL CORE OF COMPLEX SEQUENCES

using (1.2) and (2.2) we get

lw— 2] SstA—limsupl E tnk(z——mk)! <l+e
7
k

Since € is arbitrary, we conclude that [w— z| < lim supy, |z} — z| which means
that w € K-core(z). O

For A = C1, Theorem 2.5 reduces to the Theorem 5.1 of [11].

Theorem 2.6. One has sta-core(Tz) C stp-core(x) for all z € by if
and only if T € (st(B) N Lo, $t(A) Nlog)reg and (2.2) holds.

Proof. Let sts-core(T'z) C stg-core(z) for all z € £o,. Then, the necessity
of (2.2) follows from Theorem 2.5, since stp-core(z) C K-core(z). To show
that T' € (st(B)Nloo, st(A)Nlog)reg, it is sufficient to take any z € st(B) Ny

with stg-limz = 1.
Conversely, assume that the conditions hold and w € st a-core(Tz). Then,

as in Theorem 2.5, we have

«—.<5t—l'msul tok(z — ,
Jw — 2| < Alnp;nk( ))

for any z € C,
Further, if we put st4-limsupy [z — z| = s, then, since for any € > 0,

0a(E) =04({k : |z — 2| > s +¢€}) =0, and
,Ztnk(2~mk)j = ‘Ztnk(z—ﬂck)*FZtnk(z”:Ek)’
k keE kR
< s:p]z—xk]Z!tnkl—l—(s—ks)Z[tnkf

kEE k¢E

siplz — 2k D [tkl + (s + €)Y Itnkl,

k€l k
the conditions (2.1) and (2.2) imply that
st4-limsup l Ztnk(z - mk)l <s-+te.
n k
Hence, since € is arbitrary, it is obtained that |w — z| < s which means
w € stg-core(z). O
Finally, we note that our Theorem 2.6 for A = B = C; gives a simple

proof of Theorem 3 of Lie and Fridy [8] and also the following results.

Corollary 2.7. One has sty-core(Tz) C st-core(z) for all & € £y if and
only if T € (S N loo, st(A) Nlog)rey and (2.2) holds.
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Corollary 2.8. One has st-core(Tz) C sta-core(z) for all x € L if and
only if T € (st(A) Nloo, SN loo)reg and

st-lirrbn; [kl = 1.
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