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Optimum chemical balance weighing design
with diagonal matrix of errors based on balanced
block designs

BRrRONISLAW CERANKA AND MALGORZATA GRACZYK

ABSTRACT. The paper is studying the estimation problem of individual
weights of objects using the chemical balance weighing design under the
restriction on the number of times in which each object is weighed. Addi-
tionally, we assume that the errors are uncorrelated and they have differ-
ent variances. There are given the lower bound of the variance of each of
the estimated weights and the sufficient and necessary conditions under
which this lower bound is attained. For the new construction method for
optimum chemical balance weighing design, we use the incidence matri-
ces of the balanced incomplete block designs and the balanced bipartite
weighing designs.

1. Introduction

The chemical balance weighing design is the design which permits to deter-
mine unknown measurements of p objects using n measurement operations
according to the experimental model

y =Xw+e, (1)
where X is the design matrix which describes how to place the objects on
the pans of the balance, X € Py xpm(—1,0,1) the class of the nxp matrices
X with elements equal to —1, 1 or 0 if the object is placed on the left pan,
right pan or it is not included in the particular measurement operation,
respectively. We denote m as the maximum number of elements equal to —1
and 1 in each column of the matrix X, in other words, the maximum number
times in which each object is weighed, y is the nx1 random observed vector
of the recorded results of weights, w is a px1 vector representing unknown
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weights of objects and e is the nx1 random vector of errors. We assume that
E(e) = 0y, and the errors are uncorrelated and they have different variances,
ie. Var(e) = 0°G, where 0, is the n x 1 vector of zeros, G is the n x n
positive definite diagonal matrix.

For the estimation of individual unknown weights of the objects we use
the normal equations

X e 'Xw=XGly, (2)
where W is the vector of the weights estimated by the least squares method.
The chemical balance weighing design is singular or nonsingular depending
on whether the matrix X' G~!X is singular or nonsingular, respectively. It
is obvious that because of the assumption connected with G, the matrix
X'G~!X is nonsingular if and only if the matrix X'X is nonsingular, i.e. if
and only if X is of full column rank (= p).

X' G X is nonsingular, the least squares estimator of w is given in the
form

! -1 '
@ = (X G“1X> X'G-ly (3)
and the variance-covariance matrix of W is given by formula
~ L ! 1 -1
Var(#) = o (‘x GX) . (4)

Some problems connected with the chemical balance weighing designs have
been studied by Raghavarao (1971) and Banerjee (1975). In the case when
G =1, Hotelling (1944) has shown that for the chemical balance weighing
design the minimum attainable variance for each of the estimated weights
is % /n. He proved the theorem that variance of the estimated weights at-
taines the lower bound if and only if X'X =nl,. This design is said to
be the optimum chemical balance weighing design. The condition given by
Hotelling implies that elements of the matrix X of the optimum chemical
balance weighing design are equal to —1 and 1, only. In this case several
methods of the construction of the optimum chemical balance weighing de-
sign are available in the literature. In the situation when not all objects are
included in each weighing operation (i.e. the elements of the design matrix
are equal to —1, 0 or 1) Ceranka and Graczyk (2001) have showed that for
a chemical balance weighing design the minimum attainable variance of the
estimated weights is 02 /m. They also proved that each variance of estimated
weights attains the lower bound if and only if X'X =ml,. This design is said
to be also the optimum chemical balance weighing design. Several methods
of the construction of the optimum chemical balance weighing design with
the design matrix X with elements equal to —1, 0 or 1 are given in Swamy
(1982), Ceranka, Katulska and Mizera (1998), Ceranka and Katulska (1999),
Ceranka and Graczyk (2001).
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In the case when G is positive definite diagonal matrix, Katulska (1989)
has shown that the minimum attainable variance for each of the estimated
weights for the optimum chemical balance weighing design with positive
definite diagonal variance-covariance matrix of errors is 02/tr(G™1). In the
same paper she has showed that each variance of the estimated weights
aftains the minimum if and only if X' G™'X =tr(G~1)I,. This design is
said to be optimum chemical balance weighing design. This condition implies
that elements of the matrix X of the optimum chemical balance weighing
design are equal —1 or 1, only. In this case some methods of the construction
of the optimum chemical balance weighing design are given in the literature.

In the present paper we investigate the necessary and sufficient conditions
under which the minimum variance is attained for estimated weights for the
chemical balance weighing design with positive definite diagonal variance-
covariance matrix of errors for the case when the design matrix X has the
elements —1, 0 or 1. We give some methods of the construction of such
design under the restriction on the number of objects placed on the either
pan. It is based on the incidence matrices of the balanced incomplete block
designs and the balanced bipartite weighing designs.

2. Variance limit of the estimated weights

Assume, we have got at our disposal two balances, with usual and higher
precision, respectively. Let nq, ny be the numbers of times in which the
respective precision is used. Then the variance-covariance matrix of errors
0?G is given by

G=| dlm 0"*0"2], (5)

0p, 0n1 L,
where n; +ng9 =n, a > 0 and I,,, is the np x ny, identity matrix, h = 1,2. In
other words, we determine the optimality in the class ®,xpm(—1,0,1) with
a restriction for a given number of measurement operations n and for a given
form of the variance-covariance matrix of errors 62G, where G is given in
the form (5). Let us suppose further that the matrix X €®,x,m(—1,0,1)
is likewise partitioned as the matrix G, i.e.

x:[)’g]. (6)

Ceranka and Graczyk (2003) have given the following definition.

Definition 1. A nonsingular chemical balance weighing design is said to
be optimal for the estimation of individual weights of objects if the variances
of their estimators attain the minimum, i.e.

- o? .
Var(w;) = prepret B L2,..p,
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where my, = max(my1, mpa, <y Mpp), Mp; is the number of elements equal
to —1 and 1 in jth column of the matrix X, h =1, 2.

In the same paper the following result is proved.

Theorem 1. For any matriz X € ®,y4pm(—1,0,1) of the nonsingular
chemical balance weighing design each wvariance of the estimated weights
attains the minimum if and only if

X'G™IX = (amy +ma)L,. (7)

3. Balanced block designs

In this section we remind the definitions of the balanced incomplete block
designs given in Raghavarao (1971) and of the balanced bipartite weighing
designs given in Huang (1976).

A balanced incomplete block design is an arrangement of v treatments
in b blocks, each of size k in such a way that each treatment occurs at
most once in each block, occurs in exactly r blocks and every pair of the
treatments occurs together in A blocks. The integers v, b, r, k, A are
called the parameters of the balanced incomplete block design. Let N be
the incidence matrix of such a design. The parameters satisfy the following
relations

vr = bk,
Av—1)=r(k-1), (8)
NiN; = (r—\) L, +AL,.

A balanced bipartite weighing design is an arrangement of v treatments in b
blocks such that each block containing & distinct treatments is divided into 2
subblocks containing k; and kg treatments, respectively, where k = ki + k».
Each treatment appears in r blocks. Every pair of the treatments from
different subblocks appears together in A blocks and every pair of treatments
from the same subblock appears together in Ay blocks. The integers v, b, r,
k1, k2, A1, Ao are called the parameters of the balanced bipartite weighing
design. Let N2 be the incidence matrix of such a design. The parameters
are not independent and they are related by the following identities

vr = bk,
- Av(y —1)
2ki1ky '
Al [kl(kl —_ 1) -4 kz(kg — l)]
. A1k(1/ - 1)
 2kky
NoNj = (r — At = A) L + (A1 + A2) 1,1,,.

Ay =
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Ifin the balanced bipartite weighing design the number of objects in the first
subblock k; is not equal to the number of objects in the second subblock ks
then each object exists in r; blocks in the first subblock and in 4 blocks in
the second subblock, ry 4+ 5 = r. Thus

__Al(l/——l) )\I(I/—-l)

=7 10

n 2%y

4. The design matrices

In this section we will present a method of the construction of the design
matrix X € @yxpm(—1,0,1) of the optimum chemical balance weighing
design. It is based on the incidence matrices of the balanced incomplete
block designs and the balanced bipartite weighing designs.

Let Ny be the incidence matrix of the balanced incomplete block design
with parameters v, by, 71, k1, A; and let Ny be the incidence matrix of the
balanced bipartite weighing design with parameters v, by, 79, k12, k2o, A2,
Ag2. Using No we form the matrix N} by replacing k1o elements equal to
+1 of each column, which correspond to the elements belonging to the first
subblock, by —1. Now we construct the design matrix X € ®,xpm(-1,0,1)
in the form (6). Thus

X = [ ZNllzrj’“l" ] : (11)
2

In this design we determine unknown measurements of p = v objects. Each
object is weighed m = b; + ro times in n = b; + by measurement operations.
Notice that when k13 # koo, then each column of this matrix includes r; +79;
elements equal to 1 and by —7r1 4715 elements equal to —1, where ryg+rgy = 7.

In the case G = I, Ceranka and Graczyk (2002) have considered the
necessary and sufficient conditions under which the minimum variance for
estimated weights is attained and have given the methods of construction the
design matrix X based on the incidence matrices of the balanced incomplete
block designs and the balanced bipartite weighing designs.

Since G is a positive definite diagonal matrix, the matrix X G~1X is
nonsingular if and only if the matrix X X is nonsingular, i.e. if and only if
X is of full column rank (= p) .

Lemma 1. Chemical balance weighing design with the design matriz X €
®5p,m(—1,0,1) in the form (11) is nonsingular if and only if

v#k or kig # kos.
Proof. The statement is a consequence of the equalities

X'X = (4(r1 — A1) + 72 — Ao + A2) I + (b1 — 4(r1 — A1) + Agz — App) 1,1,
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and

det(X'X) = (4(’!‘1 - >\1) + 79 — Agg + Alz)u—l

(k2 — k22)2) .

(v—1)A
2k12ka

) [ Ly —2k)? +
k1

O

Theorem 2. Any nonsingular chemical balance weighing design with the
design mairiz X € ®pxpm(—1,0,1) in the form (11) and with the variance-
covariance matriz of errors oG, where G is given in (5), is optimal for
estimation unknown measurements of objects if and only if

a (b1 — 4(’!‘1 - /\1)) -+ ()\22 - )\12) = 0. (12)

Proof. The statement is a consequence of Theorem 1, Lemma 1 and the
equation
X G'X = (da(r; = A1) + 2 — Ao + Ai2) I

+ (ab; — 4a(r; — A1) + Ao — A12) 1,,1:,.
O

If the chemical balance weighing design with the design matrix
X € ®,ypm(—1,0,1) in the form (11) with the variance-covariance matrix
of errors 02G , where G is of the form (5), is optimal, then

0_2

aby +19’
If the parameters of the balanced incomplete block designs belong to the
A-family given in Raghavarao (1971) then the condition

b1-4(r1~)\1):() (13)

is fulfilled and if the parameters of the balanced bipartite weighing designs
satisfy the equality

Var(w;) = j=1,2,...,p.

)\22 - )\12 =0 (14)
then we have

Theorem 3. If the equalities (13) and (14) hold, then any nonsingular
chemical  balance  weighing  design  with  the  design  matriz
X € ®npxpm(—1,0,1) in the form (11) with the variance-covariance ma-
triz of errors oG, where G is of the form (5), is optimal if and only
if nonsingular  chemical balance weighing design  with the  design
matrizc X € @pxpm(—1,0,1) in the form (11) with the variance-covariance
matriz of errors 021, is optimal.

The methods of construction of the optimum chemical balance weighing
design with the design matrix X € ®,pm(—1,0,1) in the form (11) with the
variance-covariance matrix of errors 021, are given in Ceranka and Graczyk
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(2002). In other words, if these parameters are connected by equalities (13)
and (14), then the chemical balance weighing design is optimal for each form
of the positive definite diagonal matrix G given in (5).

For a given number of objects p and measurement operations n we choose
the class of matrices ®,x,.,(~1,0,1). For a given form of the variance-
covariance matrix of errors 0?G, which is defined through the parameter q,
in the class @, m(~1,0,1) we have to find such a design matrix X, which
permits the optimal estimation of unknown measurements of objects. The
construction of this design matrix X is based on the incidence matrices of
the balanced incomplete block designs and the balanced bipartite weighing
designs. Now we formulate a, corollary according to which we are able to form

the design matrix X ¢ Prxpm(—1,0,1) for the given numbers o > 0, p,
and n.

Corollary 1. If for a given number of objects v
?—(2 -
l.a= (2c+ I;l Fele—1) and the parameters of the balanced in-
complete block designs are equal to
Ll v=0b1=45~1, r =k =251, A\ =s2-1 5=23,.

vy

12. v = by =4s+3, ri =k =25+1, X\ = s, s§=1,2,.
4s + 3 is prime or prime power,

vey

13. v=b;=8s+7, r =k =4s+3, M\ =2s+1 s=1,2,..

P = (2c+ 1)l +¢c—1)

2.0 = 1 and the parameters of the balanced
incomplete block designs are equal to v = 4s + 1, b, = 8s + 2,
ri=4s, k1 =2s, M\ =2s5-1, §=2,3,..., 4s-+1 is prime or

prime power,

and the parameters of the balanced bipartite weighing design are equal to
v, by = ﬂﬂf’;:l)_’ ro = ______(u~1%(l+c)

P—l+cfe—1)
2

» kie=c ko=, da=d, M=
swherec=1and!>4 or c¢=23and] > 2¢+1, then the che-
mical balance weighing design with the design matriz X € ®xpm(—1,0,1)

in the form (11) and with the variance-covariance matriz of errors oG s
optimal, where G is given in (5).

Let us replace in the matrix X € @, pm(—1,0,1) the incidence matrices,
ie. Np is the incidence matrix of the balanced bipartite weighing design
with parameters v, by, ry, kg, ka1, M1, A21 and Ny is the in-
cidence matrix of the balanced incomplete block design with parameters

23
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v, by, 19, ko, Ao Thus we get

N¥'
X = ot ; . 15
[ 2N2 - 152111 :| ( )

The chemical balance weighing design with the design matrix
X € ®5xpm(—1,0,1) of the form (15) with the variance-covariance matrix
of errors o?G, where

1 ,
E“TInl Onlo'nz

G = ’
0"2 O'nx In2

(16)

is optimal if and only if
a” A1 — Au] + [b2 — 4(re — A2)] =0, (17)
where o* = % It implies

Corollary 2. The optimum  chemical balance  weighing design with
the design matriz X € ®pypm(—1,0,1) of the form (11) with the variance-
covariance matriz of errors oG, where G is given in (5), exists if and only
if there exists the optimum chemical balance weighing design with the design
matriz X € ®pypm(—1,0,1) of the form (15) with the variance-covariance
matriz of errors 0?G, where G is of the form (16).

5. The example

Let us consider the estimation problem of p = 7 objects using n = 28
measurement operations. We assume that each object is weighed at least
m = 22 times. We have got at our disposal two balances, one of higher
precision and the other one of usual level. Hence the va,riance—covaréance

%Iftl 0711 Ong
0n,0,, I, |
a = 2. For estimation we use the optimum chemical balance weighing design
with the design matrix X € @,xpm(—1,0,1) given by formula (11) and
with the variance-covariance matrix of errors oG, where G is of the form
(5). To construct the design matrix we use the incidence matrix of the
balanced incomplete block design with parameters v =7, by =7, r =
3, k1=3, M1 =1

matrix of errors 0?G is given by the matrix G =




N, =
[1, 0
1 I
1y 1p
1y 1o
1y 1,
0 1
00

0 13 1515 15 0
15 19
1o 15 15 0
0 1s
0 0 1, 14
1, 0 14
1y 19 17 1y

0

1y
1z
1s
1o
1o
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0 1o
00
1, 0
1 1;
1y 1o
1o

-

1

o O O b O R e e e (D) b e e (5 O

0 0

1;

1

o O O o b b e e b OO e e e OO

1o

100 0

1o
1o
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and the incidence matrix of the balanced bipartite weighing design with
parameters v =7, by =21, ro =15, kig=1, koo =4, A =4, dgg =
6, where 1; and 1, denote objects belonging to the first and second subblock,
respectively,

lp 1o 1; 150 1, 0 1,0 1,
19 19 19 17 15 153 15 0 15 0
0 12 15 19 1) 15 15 150 1, 0
19 Ip 12 17 15 15 15 0
1,00 0 12 150 1; 15 15 15 0
100 0 151, 0 1; 15 14
1; 1 0 0 0 130 11 19

As a result we get the design matrix X € Dogy7,22(—1,0,1):

-1 1 =1 =1 =17
1 -1 1 -1 -1
1 1 -1 1 -1

-1 1 1 -1 1

-1 -1 1 1 -1

-1 -1 -1 1 1
1 -1 -1 -1 1
1 1 1 0 0
1 1 1 1 0

-1 1 1 1 1
0 -1 1 1 1
0 0 -1 1 1
1 0 0 -1 1
1 1 0 0 -1
1 -1 1 1 1
0 1 -1 1 1
0 0 1 -1 1
1 0 0 1 -1
1 1 0 0 1
1 1 1 0 0

-1 1 1 1 0
1 -1 0 1 0
1 1 -1 o0 1
1 1 1 -1 0
0 1 1 1 -1
1 0 1 1 1
0 1 0 1 1

-1 0 1 0 1
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