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Uniform factorization for compact sets of
operators acting from a Banach space to its
dual space

KRISTEL MIKKOR AND EVE OJA

ABSTRACT. Let X be a Banach space. We prove a uniform factorization
result that describes the factorization of compact sets of compact and
weakly compact operators acting from X to X via Holder continuous
homeomorphisms having Lipschitz continuous inverses. This vields a

similar factorization result for compact sets of 2-homogeneous polyno-
mials.

1. Introduction and the main result

Let X and Y be Banach spaces. We denote by £{X,Y) the Banach space
of all continuous linear operators from X to Y and by K(X,Y) and W(X,Y)
its subspaces of compact and weakly compact operators.

Our main result relies on the following isometric version of the famous
Davis-Figiel-Johnson-Pelczytiski factorization construction [DFJP] due to
Lima, Nygaard, and Oja [LNO].

Let a be the unique solution of the equation

n

0 a
Zmzl, a>1.

n=1

Let X be a Banach space and let K be a closed absolutely convex subset of
By, the closed unit ball of X. For each n € N, put B, = a”/2K+a“"/2BX.
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The gauge of B, gives an equivalent norm || - ||, on X. Set

el = (3 pai2)
n=1

define Xi = {z € X : |lz]lx < o0}, and let Jg : X — X denote the
identity embedding. Then X = (X, |- ||x) is 2 Banach space and ||Jx|| <
1. Moreover X is reflexive if and only if K is weakly compact, and Jg is
compact if and only if K is compact; in this case X is separable.

For a Banach space X, let us consider the following infinite direct sums
in the sense of £y:

Wy = (> (X% , and Zy = >N
K L

e

where K and L run, respectively, through the weakly compact and compact
absolutely convex subsets of Bx+. The spaces Wx and Zx are reflexive. In
Theorem 1 below, which is our main result, they will, respectively, serve as
universal factorization spaces for all compact sets of the spaces W(X, X*)
and (X, X™*).

Theorem 1. Let X be a Banach space. Let W = Wy and Z = Zx. Then,
for every compact subset C of W(X, X*), there exist norm one operalors
u,v € W(X, W), and o linear mapping ® : span C — W(W, W*) which
preserves finite rank and compact operators such that S = v* o ®(S) o u, for
all S € span C. The mapping ® restricted to C U {0} is a homeomorphism

satisfying
1S —T|l < [[2(5) — 2(T)]]
1 1 \3/4
< mi LY oyl /d
< minqd,d i o |S—T|"*%, S, T eCu{0},

where d = diam C U {0}. In particular, if —S € C for some S € C, then

d sd\s/4/1 1 y3/4
o(S)| <min & (DL, L 1l
le@l < min{S, (5)" (G+ =) 181

Moreover, if C is contained in K(X, X*), then W is everywhere replaced by
Z, and uw and v are compact operators.

Remark 1. By [LNO] a “good” estimate of a is exp(4/9). Hence

1 1 5

4 a2
Remark 2. Observe that diam ®(C U {0}) = diam C U {0} in Theorem 1.
The proof of Theorem 1 is contained in Section 2. It uses techniques from
the recent paper [MO]. In Section 3, Theorem 1 is applied to get a similar
factorization result for compact sets of 2-homogeneous polynomials.
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Our notation is rather standard. A Banach space X will always be regar-
ded as a subspace of its bidual X** under the canonical embedding. The
closure of a set A C X is denoted by A. The linear span of A is denoted by
span A.

2. Proof of Theorem 1

The proof of Theorem 1 uses Lemmas 2 and 3 below. These lemmas are,
respectively, immediate consequences of Lemmas 4 and 5 of [MO] (because
W(X,Y) and K(X,Y) are canonically isometrically isomorphic (under the
mapping S — S5**) with the subspaces of the weak*-weak continuous opera-
tors of W(X™,Y) and K(X**,Y), respectively).

Lemma 2. Let X and Y be Banach spaces. Let C be a compact subset
of WY, X*). Then there exist a weakly compact absolutely convex subset
K of Bx~, which is compact whenever C is contained in K(Y,X*), and a
linear mapping ® : span C — W(Y, (X*)x) such that S = Jx o (), for all
S €span C, and ||Jk|| = 1. Moreover, if S € span C, then

(1) § has finite rank if and only if ®(S) has finite rank,

(ii) S is compact if and only if ®(S) is compact.

The mapping ® restricted to C U {0} is a homeomorphism satisfying

IS =T| < [2(S) — (1)

< min {d,dl/‘2 G + H%)I/QHS - T||l/2}, S,T e Cu{o},

where d = diam C U {0}; in particular, if =8 € C for some S € C, then

o) s min{ $ (3254 L) sy},

27 \2 4  Ina

Lemma 3. Let X be u Banach space. Let C be a compact subset of
W(X, X*). Then there exist a weakly compact absolutely convex subset K
of Bx~, a norm one operator J € W(X, (X*)%), and a linear mapping
® :span C — W((X*)%, X*) satisfying conditions (i) and (ii) of Lemma
2 such that S = ®(S) o J, for all S € span C. Moreover, if C is contained in
K(X,X*), then K is compact and J € K(X, (X*)3). The mapping ® res-
tricted to CU{0} 4s a homeomorphism satisfying the conclusions of Lemma 2.

Proof of Theorem 1. Let K C By., J € W(X, (X*)%), and ¢ : span C —
W((X™)%, X*), respectively, be the weakly compact absolutely convex sub-
set, the norm one operator, and the linear mapping given by Lemma 3.

23
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Since (C) is a compact subset of W((X*)%,X*), we can apply Lemma
2. Let L C Bx- and 9 : span ¢(C) — W((X*)}, (X*)L), respectively, be
the weakly compact subset and the linear mapping given by Lemma 2.

Let I : (X™)% — W and I : (X*)] — W denote the natural norm one
embeddings, and let Py : W — (X*)} and P, : W — (X*); denote the
natural norm one projections. It is straightforward to verify (observing that
diam ¢(CU{0}) = d) that the mappings u = IxoJ, ®, v = I 0 J}|x, and @
defined by ®(5) = P} o ¥(p(S)) o Pk, S € span C, have desired properties.
In particular, for all S € span C,

S =@(S)od =Jpoh(p(S)) o]
=Jpo(Prolp) otp(p(S)) e Pgolgold
= Jpol] o Ppoth(p(S)) o Pxou

v* 0 &(S) o,

fl

and therefore
1S =T| < ||@(S) - &(T)l, S,T € Cu{0}.

The “moreover” part uses that ¢ and ¢ preserve compact operators. It
also uses that K is a compact set and J € K(X,(X*)%) whenever C C
K(X,X*) (see Lemma 3) and that, in this case, ¢(C) is a compact subset
of K((X*)%,X"), implying (see Lemma 2) the compacity of the set L and
operator Jy.

O

3. Uniform factorization for compact sets of 2-homogeneous
polynomials

Let us point out the following immediate consequence of Theorem 1.

Corollary 4. Let X be a Banach space and let Z = Zx. Then, for every
compact subset C of IC(X, X*), there exist norm one operators u,v € K(X, Z)
and a linear mapping ® : span C = K(Z, Z*) such that S = v* o ®(S)ou, for
all § € span C. The mapping ® restricted to C U {0} is a homeomorphism
satisfying the conclusions of Theorem 1.

We will apply Corollary 4 to 2-homogeneous polynomials on a Banach
space X.

Let £("X) denote the Banach space of all continuous n-linear forms on
X and let £5("X) denote its subspace of symmetric n-linear forms. Denote
by s: L("X) — L£5("X) the symmetrization operator and recall that s is a
linear norm one projection onto £*("X).

Let P("X) denote the Banach space of all continuous n-homogeneous
polynomials on X. Then for each P € P("X) there is a unique Ap €
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Li("X) satisfying P(x) = Ap(z,...,z) for cach 2 € X. The correspondence
P — Ap is an isomorphism between P("X) and L5("X) satisfying

IPI < l14p) < 4PY, PePrx)

(see, e.g., [D, p. 5, Corollary 1.6 and Theorem 1.7)).

Recall that P € P("Xx ) is weakly uniformly continuous on the closed unit
ball Bx of X if for each ¢ > 0 there are 7, ..., 2, € X* and § > 0 such
that if 2,y € By, |z (z — y)| <dfori=1,...,n, then |P(z) — P(y)| <e.
Let Pyu(™X) denote the subspace of P("X) consisting of the polynomials
that are weakly uniformly continuous on By. The corresponding subspace
of L5("X) is denoted by L5, ("X). Notice that Puwu("X), with the norm
induced from P("X), is a Banach space (see [AP]).

For each P ¢ P("X) there is a linear operator Tp : X — [5("~1X)
defined by (Tpz1) (22, oy ) = Ap(21, %3, ..., 2,). Clearly, the correspon-
dence Ap — Tp is a linear isometry. According to [AP], P € Py (" X)
if and only if Tp € K(X, L2(*1X)). Moreover, if P € Puu("X), then
Tp e ]C(X7 ‘Cfuu(HMIX))'

In this paper we shall be interested in the case n = 2. In this case
L3u('X) = £5(X) = X* and therefore K(X, L5, (1 X)) = K(X, L£5(1X)) =
K(X, X*). This enables us to apply Gorollary 4 to get the following uniform
factorization result for compact sets of 2-homogeneous polynomials. Recall
that

1 )
$(4)(w1,22) = 5 (Ale1,20) + Alez,21)), #1,72 € X, A € LX),

Theorem 5. Let X be a Banach space and let Z = Zx.Then, for every
compact subset C of Py, (2X), there exist norm one operators u,v € K(X, Z),
and linear mappings U : span C — Puwu(*Z) and o : span C — L(Z) such
that, for all P € span C,

P(z) = (P)(uz,vr), z € X,
and
s((P)) = Ay(p).
The mappings U and v restricted to C U {0} satisfy

maxc {12~ QI [(P) - (@)} < [4(P) - (@)

i) " IP Q) paecuo,

< 2min{d, d3/4(4 >

where d = diam C U {0}. In particular, if —P € C for some P € C, then

NP < g (P < min {2192 (5 + L) pyn).
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Proof. Let C be a compact subset of Py, (°X). Then
K:={Tp: Pe(C}CK(X,X").

The set K is compact because the correspondence P —+ Ap — Tp is conti-
nuous. Notice that
diam K U {0} <2d

because || Tp — Tol| = || Ap — Agl < 2|P — Q|| for all P,Q € P(2X).

Applying Corollary 4 to the compact subset £ C K(X, X*), there are
norm one operators u,v € K(X,Z) and a linear mapping ® : span £ —
K(Z,Z*) such that Tp = v* 0o ®(Tp) o, for all Tp € span K. Now, &(Tp) €
K(Z,Z*), but ®(Tp) need not be of the form Ty for some Q € P(*Z). Let
us therefore consider the mapping o € L(K(Z, Z*), L5(2Z)) defined by

1
o(8)(z1,22) = 5 (Sz1)(z2) + (Sz2)(21) ), S € K(Z,Z7), 21,20 € Z.
Observe that, in fact, o(S) € £5,(?Z) for all S € K(Z, Z*). Indeed, let
S € K(Z,Z*). Then o(S) = Ag for some Q € P(*Z). Since
1 x
(0(5)) (21, 22) = 3 (Sz1)(22) + (5"21)(22) ), 21,22 € Z,

we have T = (S + 5*)/2. Hence Tg € K(Z, Z*) and therefore Q € Py, (2Z)
meaning that o(S) € £5,(2Z).

This permits us to define a linear mapping ¥ : span C — Py (*Z) by

U(P)(z) = o(®(Tp))(2,2), z € Z, P € span C,

meaning that

Ay(py = o(®(Ip)), P € spanC.

We also define a linear mapping 1 : span C — L(2Z) by

Y(P)(z1,22) = (®(Tp)z1)(22), 21,22 € Z, P € span C.

Let now P € span C. We have for all z € X
P(z) = (Tpz)(z) = (v O(Tp)uz)(z) = $(P)(uz, vr)

and we have for all 21,290 € Z
SN (o1, 72) = 5 (WP, 22) + (P2, )
o(®(Tp))(21,22) = Ay(py(21, 22)-
Let us finally consider the mappings ¥ and ¢ restricted to C U {0}.
For all P, € span C, we have, since lju]| = |jv]| = 1,

1P —=Qll = sup [[(P—Q)=)] = i (W (P) = $(Q)) (uz, va)|

llzll<L

19(P) = p(Q)]]-

Il
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We also have
IT(P) = T < [ Awp) ~ Auig)ll = lIs((P) — 9(Q))]]
< e (P) = (@)
For all P,@Q € C U {0}, using the definition of 4 and Corollary 4, we have
19(P) = p(Q)|| = | ®(Tr) — @(To)||

_ 11 \3
< min {24, 2%/4¢%/" (Zi + 1—1-1—0) 17 — Toll 4},

Since

ITp — Toll = |Ap - Aol < 2P - QlI,

we have

[9(P) = (@I < min {20,244 (1 + L) e - g}

2 min {d,d3/4(g: + El—a)g/4llP - QHW}

as needed.
If, in particular, P,~P € C, then the desired estimate for the norm of
Y(P) = (%(P) — (—P))/2 immediately follows from the above.
0
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