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Hardy—Hilbert’s integral inequalities via
homogeneous functions and some other
generalizations

WaaD T. SULAIMAN

ABSTRACT. Inequalities similar to Hardy-Hilbert’s integral inequality
in which the weight function is homogeneous are given. As application,
some recent results by B. Yang and D. Xin follow.

1. Introduction

Let f, g > 0 satisfy
[e.e] o0
0< /fz(t)dt <ooand 0 < /gz(t)dt < oo.
( 0

77f dmdy < 77( / (@) /oogz(t)dt> 1/2, (1)
0 0

0

Then

where the constant factor 7 is the best possible (cf. Hardy et al. [3]).
Inequality (1) is well known as Hilbert’s integral inequality. This inequality
has been extended by Hardy [1] as follows.

Ifp>1, 1/p+1/g=1, f,g> 0 satisfy

o0 o ¢]
0< /fp(t)dt < 00 and /gq(t)dt < 00,
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then

T 1/p s o© 1/q
/ / f (x)g(y)d dy < — W/p ( / () dt) ( / gq(t)dt> @
0

0

where the constant factor 7/sin(7/p) is the best possible. Inequality (2) is
called Hardy—Hilbert’s integral inequality and is important in analysis and
its applications (cf. Mitrinovi¢ et al. [4]).

B. Yang gave the following extension of (2).

Theorem A (see [5]). If A > 2 —min{p,q}, f,9 > 0, satisfy

0< [t AfP(t)dt < oo and | t17*¢g(t)dt < oo,
J f
then
00 o 00 1/p , o© 1/q
0/ | P dody < (o) ( O/ tHf%)dt) < 0/ tl-wt)dt) G

where the constant factor ky(p) = B (’%‘2, %) is the best possible (here
B is the beta function).

Another type of such inequalities was given by D. Xin as follows.

Theorem B (see [7]). Ifp>1, 1/p+1/g=1,r>1, 1/s+1/r=1 A >
0, f,9 > 0 are such that

[e e}

0< /mp(l_’\/r)_lfp(w)da: < 0o and /wq(l—’\/s)'lgq(w)dm < 00,
0

then we have

oo 00 2
In( m/y)f(x 9(y) dwdy<< = )
0/0/ Asin(7/r)

1/p 1/q
( P(1=X/r)— 1fp(:v)dac) </ :z:‘Z(l—f\/S)—lgq(:c)dm> , 4)
0

where the constant factor (m/(Asin(x/r)))? is the best possible.

A function H = H (z,y) is said to be homogeneous of degree \ if H (tz,ty) =
t*H (z,y), for every t > 0.
We need the following result for our aim.
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Theorem C (see [2]). Let f be a nonnegative integrable function. Define
T
Fz) = / f(t)dt.
0

Then

p 0

[(F@)
“\) P p
/< . )dx<<p_1) /f (x)dz, p>1,
0 0
where the constant factor (p/(p — 1))P is the best possible.

The object of this paper is to give some inequalities similar to Hardy—
Hilbert’s inequality. It may be mentioned here that one of our results (The-
orem 3) gives a generalization of Theorem A and Theorem B.

2. Main Results

Theorem 1. Let F,G, f,9,> 0 be defined on R, f',¢' > 0, —0co < t <
T <oo, f(t)=9g(t) =0, f(T) =9(T) =0, a,b,A <1< A+a, A\+b,

T T
[f @) Ferla2-bFe(t) lg@®)]Moa/P2—aga(t)
0< / TZOL dt <oo, 0< / [ ()77 dt < oo.

Then, we have

T 1/p
F G 1+ap/q—A—b pp
/ / TE (w) @) sl < KT} (0 /(@) (‘”)dac)

[f'(z)]p/e
. (f [g(y)]l-i—bQ/p—/\—an(y) dy> 1/q, o

) g (y)]o/P

where
Kyxp=B(1—=X\1-b)+B(1-\A+b-1),
Kyoa=B(1-X\1-a)+B(l-\A+a—1).

Proof. We have

T
// g(y)l’\ 7@ — g %

/T/T F(@)lg@)] 7| (5)]7
@)

/el @)l f (z) — ()PP

Gy)lf (@) /[ ()] dzdy
lg@)]/7lg W)IMP1f () — g(y)|Ma

X
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T T PP () o) () 1/p
T y g\y T
( / / T T s dy)

T T G () ()] f (=) 1/q
</ / ST PR g(y)lkdxdy)

— Ml/p 1

IN

X

We first consider

f(a:)]l . b+a,,/qu(x) W)/ 1 (@) ()
M= / 2T fm)ll—g(y/f(w)lky

t

Observe that

[ lsG)/f@) W), _
| F@i = g f@P

1

u_b v/\+b—2
/(1_ )du—|- (1_U)/\dv
B(l—/\ 1-0)+BA-X\X2+b—-1)

I

Kyp.

Therefore, we have

T
U@
M=K | PP

Similarly, we can show that

T
_ [g(y)]* /P Ga(y)
=K [ 7 @)

This implies (5).
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Theorem 2. Let f,g >0, let H > 0 be homogeneous of degree \, and let
p>1,1/p+1/g=1, A=2(1+ o — 1/p) =2(148—-1/q) > 2. Define

T

mea/ﬂmw mmzjﬁwﬁ
0

0
Then
Fo( m)G"’(y)d p (oo o )1/,,( i 5 )Uq
y<C| [ f(z)dz 9 ydy | , (6
/] / /
where

@ B o
ap Bq $/2-1
C=K Ky= | ——
/\<ap—1> <ﬂq—1> P H(l,t)dt’
0
provided the integrals on the right-hand side exist.

Proof. The hypothesis implies that
1+ (A2-Dp=ap>1, 1+(\/2-1)g=pg> 1.
We have

o °°Fa d i yA2-Dp o)
// zdy = //w(A/z—l)l/qu/P(x,y)
2 % 0 0
202 /aga(y)
y(A/z DI/pH/4(z, )

Y2 lFozp () 1/p
/ / 2O /2 (3, 5)
N2 1G,8q (¥) 1/q
/ / OB H (5, 5) Y

= Ml/p Nl/q_

dzdy

IN

Observe that

M =

Fov(z) M2 1
202D D / iz Y

Fap(w) u)\/2~1

02 D02 | 1w
0
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00
op
= K,\/(F(x)) dCL'<K)\< op
z ap —
0

by Theorem C. Similarly,

ap
D) [ @,
0

But since
N2~ 1 Tl p-M2-1 T w2 1
H(v 1) H(v vv‘l) H(1, v—l /
0
we get

® Ba sg F
vor J(5) e () oo
0 0

Therefore, we have inequality (6). O

Theorem 3. Let f,g > 0, let h > 0 be homogeneous of degree A\ > 0, and
letp>1,1/p+1/g=1,r>1,1/r+1/s=1. Then

ZZ%CMC@ < K/\<og70$p(1~>\/T)1fp(m)dm> 1/p
<[ [ g way RO
0

w51 /\/r 1
/h du = / h(u A, 1)

provided the integrals on the right-hand szde exist. Moreover, inequalities (7)
and (8) are equivalent.

Proof. We have

and

[ee)

RR L (Vs=1)1/p
_ y f(=)
/ / h(z ,y) S i = 0/ O/ O/ DOV/apl/p(z, y)

0
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A= 1)1/qg(y)
y(A/S 1)1/ph1/4(q; y)

1/p
/\/s 1
< fPle) .
- (A/T D(p— 1)h, 3; y)
1/
271 ga(y) J 7
yOs D@Dz, y) Y

= pl/le/q‘

dzdy

We first consider

7 P /\/9 1
P = _ Sy,
2z(A/r=1)(p-1) h
0
? As—1
_ p(1—X/r)~1 ¢p Tu
/w fP(z)dz h(l,u)du
0 0

o0
= K/\/wp(lﬂ\/r)—lfp(m)dw.
0

Similarly,
Q:K/\/ a1-3/9)-1g 4\ gy

Therefore, we have inequality (7)
In order to show that inequalities (7) and (8) are equivalent, suppose first
that (7) is satisfied. Then we have

O/%-( f(x))d:c)pdy
= b/O/f(;:)ys_ (/h (2) dz) dzdy

oo 1/p
< K,\</acp(1 A= 1fp(:s)dw>

0

o0 o0 () q(p-1) 1/q
a(1-X/s)~1, g(p)/s—1)
X</ Y v </ h(z,wd") dy)
0

0
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oo

1/p y o© 0o p 1/q
_ | p(l-A/r)-1 | pA/s—1 f(?)
= K, <0/ zP( fp(m)dm) <O/ yP (0 Rz 1) dz) dy> ,

which implies inequality (8). Now suppose that (8) is satisfied. Then

//f w@@

(21l f(w)
9(y) y e ,y)d zdy

00 P 1/p
(- orom) " (Jor=( i)'

° 1/p s © 1/q
< K, (/ zP(1- A/’")*11“’1’(1')6130) ( / yQ(l‘”s)‘lg"(y)dy> :

-3

Y

I
0\80

IA

0 0
O
3. Applications
The following is obvious from Theorem 1.
Corollary 1. Let f,g >0, 0<a,bA<1, A+a, A\+b>1. Then
oo 1/p
/ / W aoay < wliprls ( / w”“f’/ﬁ"’fp(w)dw)
o ° 1/q
X < / yl*”‘””‘“’g‘-’(y)dy> , ©)

0
in particular, for % <A<,

o0

- 12 1/2
f(z) g(y) T@)oW) 4 < 0, < $1A f2(t)dt> ( tl‘Agz(t)dt>
[ [z [rrion) (]

0

C,\z-—(l— 1 >B(1—)\,1~—)\);

where

2cos A

/2 m/2 /2 1+ap/q-A—b ¢p 1/p
/ J@90) g < Ki{g’Kiif( / [ban 2] /(@) dx)

|tan z — tany|* [sec z]2P/a
0 0 0
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/2 1/q
[tan y]tHPa/P-2-aga(y)
d ; 10
( [lemd ) o
0
00 00 00 1/p
| [ £ a0y < wipme ( / e””“**—"—“-“)p/q)fp<x)dw>
—00 00 - 00 \/a
x(/ ey(lAA—a—(l—b)q/P)gQ(y)dy> , (11)

provided the integrals on the right-hand side ezist.

Corollary 2. Theorem 2 holds for H(z,y) = (z + y)* with K, =
B(X\/2,)/2) and for H(z,y) = z* + y* with K = 7/\.

Proof. 1t suffices to notice that

oou*/Hd 1 wv'1/2d 111 7
[irat=5 [Tt =32G =5
0 0
O
Corollary 3. Theorem 3 holds for h(z,y) = |z —y|*, 0 < A< 1, s =
r = 2, with K\ = 2B(1 — \,\/2) and for h(z,y) = (z +y)* with K, =
B(A\/r,\/s).
Proof. 1t suffices to notice that
T et
. ——|1 — u|/\du
0
; w21 T el
= [zt [
0 1
1
w21
= 2
/ i u))\du
0
= 2B(1- A, 2/2).
O

Remark 1. The second part of Corollary 3 contains inequality (3) of

. _ Ap
Theorem A as a special case when r = g
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Remark 2. Inequality (4) of Theorem B can be obtained from Theorem
3 by putting h(z,y) = (z* — v*)/In(z/y), which is homogeneous of degree
A, since '

2
K _]oa:’\/”_ldm_ifu_l/slnudu_ T
AT 1T TN u—1  \ Asin(n/s)
0 0

(see [3, Theorem 342]).
In particular, the result of [6] also follows by putting r = ¢, s = p.
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