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Approximation of functions belonging to the class
L?(w)s by linear operators

WLODZIMIERZ LENSKI AND BOGDAN SzZAL

ABSTRACT. We prove results which correspond to the theorems of
M. L. Mittal, B. E. Rhodes, V. N. Mishra [International Journal of
Mathematics and Mathematical Sciences, Volume 2006 (2006), Article
ID 53538, 10 pages| on the rate of norm and pointwise approximation of
conjugate functions by the matrix summability means of their Fourier

series.

1. Introduction

Let LP (1 < p < o0) be the class of all 27-periodic real-valued functions
integrable in the Lebesgue sense with p-th power over @ = [—7, 7] with the

norm 1p
A= 15Ol = (/ | F@) P dt) : (1)
Q

Consider its trigonometric Fourier series
Sf(x):= @ + Z(a,,(f) cosvz + b, (f)sinvz)
v=1

and the conjugate one

o0

Sf(z) = Z(by(f) cosvx — a,(f)sinve)
v=1
with the partial sums Sy f and §k f, respectively. We know that if f € L,
then

Fa) == [ e (0 g cot gt = i F (a0,
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where

f(z,e):= —% /j Wy (t) %cot %dt
with
Yo () = f e+ 1) = fle—1),
exists for almost all = [7, Th. (3.1)IV].
Now, we define two classes of sequences (see [2]).

A sequence ¢ := (¢,) of nonnegative numbers tending to zero is called
the Rest Bounded Variation Sequence, or briefly ¢ € RBV'S, if it has the

property

e e}
S fon — ensa] < K (cem (2)
k=m
for all natural numbers m, where K (c) is a constant depending only on c.
A sequence ¢ := (¢,) of nonnegative numbers will be called the Head
Bounded Variation Sequence, or briefly ¢ € HBV'S, if it has the property

—_

e
|cn = enta| < K(c)em (3)
k=0

for all natural numbers m, or only for all m < IV if the sequence ¢ has only
finite number of nonzero terms and the last nonzero term is cy.

We assume that the sequence (K (an,))r- is bounded, that is, there exists
a constant K such that

0<K(ay) <K

holds for all n, where K (o) denotes the sequence of constants appearing in

the inequalities (2) or (3) for the sequence o, := (an 1)} _,- Now we can give

the conditions to be used later on. We assume that for all n and 0 < m <n

)
Z |an,k - an,k+1| < Kan,m (4)
k=m
or
m—1
Z |an,k - an,k+1| < Kan,m (5)
k=0

holds if o, := (ank)j_, belongs to RBV.S or HBV'S, respectively.
Let A := (ay ) be a lower triangular infinite matrix of real numbers such
that

n
Uk >0, Y anp=1 (k,n=0,12,.),
k=0
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and let the A-transformations of (S f) and <§k f) be given by

Tn,Af (Z’) = Zan,kskf (1') (Tl =0,1,2, )
k=0
and
Tn,Af (:E) = Zan,kgkf (33) (TL = 0, 1, 2, ) s
k=0

respectively. Let for k=1,2,..,.n+1

k—1 n
An,k = Z An i and An,k = Z Ani (An,O = An,O = O) .
=0 i=n—k+1

As a measure of approximation by the above quantities we use the gen-
eralized moduli of continuity of f in the space L? defined for § > 0 by the
formulas

1
_ ) t Bp A P
waf (8)p := sup sin 5 /|¢w WP dxy
0<t]<s
0
1
t Bp A P
waf (8)p := sup sin 5 /|<pw WP dxy
0<t[<o d

where
Po (t) = flz+t)+ f(z—t)—2f(z).

It is clear that for 3 > a >0

aﬁf (6)Lp < Wa f (5)LP and wﬁf (6)Lp < waf (6)LP7

and it is easily seen that wof (), = @f (-)1p » wof (-)pp = wf (-);p are the
classical moduli of continuity.

The deviation T}, ,f —f was estimated in the norm of L by S. Lal and
H. Nigam [1]. Their result was generalized by M. L. Mittal, B. E. Rhoades
and V. N. Mishra [3] in the following form:

Let A = (ank) be an infinite reqular triangular matriz with nonnegative
entries satisfying

Z (k+1)|ann—t — ann-t-1| = O ( Z amk) , 0<r<n. (6)
k

k=0
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Then the degree of approximation of function f, conjugate to a 2mw-periodic
function f belonging to the class

27
W(LP,wo) =4 feIP: /‘[f(x—i—t)—f(x)]sinﬁw‘pd:n — 0w @) Y,
0

where p > 1 and B > 0, is given by

[Toat = 7] =0 (4 0 (1)) @

n+1
provided that wg satisfies

1/p

{/Oﬂ/(nﬂ) (%)psinﬁp tdt} =0 ((n + 1)‘1> (8)

1/p

" 7 e (O] —O((n
{L/(HH)( ) >dt} =0((n+1)7)

uniformly in x, and wq (t) /t is nonincreasing in t, in which v is an arbitrary

positive number with q(1 —~) —1 >0, where p™' +¢ 1 =1, 1 < p < oo.
The assumptions of this theorem are not sufficient for the estimation

(7). More precisely, condition (8) leads to the divergent integral of type

1/
S t q. Moreover, condition (6) gives the following estimate
IK /n4—(2+B)ag g g

{ / j (tw—ﬁzmnﬂ)th}”q = 0 (nP100)

which is incorrect for e.g. G = 0.

Taking 3 = 0 one has the above-mentioned earlier result [1]:

If A = (ank) is an infinite reqular triangular matric such that the el-
ements an 1 are nonnegative and nondecreasing with k, then the degree of

and

approximation of a function f, conjugate to a 2m-periodic function f belong-
ing to Lip (w1,p), is given by

[Tost = F || =0 (4 0 (251 0

n+1
provided that wy satisfies

1/p

{/01/" <%>I}dt} =o(m+1)™)
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{/1/ <%&;m>pdt}l/p =0 ((n+1)7)

uniformly in x, where v is an arbitrary number such that q(1 —~) —1 >0,
where p~' +q¢ 1 =1,1<p< oo.

In [1], there are similar mistakes in the proof as in [2].

As we noted, the assumption (8) is, in general, not proper. In the re-
sults formulated below we give, instead of (8), another condition (12) which
guarantees the estimate (9).

The estimates of the deviation Tn af —fwere also obtained by K. Qureshi
[4, 5] in case § = 0 and for monotonic sequences (ank)y_q-

In this note we shall consider the same deviation and additionally the
deviations Tvaf ()—=f1(- T
the general and precise conditions for the functions and moduli of continuity.
Finally, we also give some results on the norm approximation.

We shall write Iy < I if there exists a positive constant K, sometimes
depending on some parameters, such that I; < K.

and

) and T, ,f—f. In our theorems we formulate

2. Statement of the results

Let us consider a function w of modulus of continuity type on the in-
terval [0, 27], i.e. a nondecreasing continuous function having the following
properties: w(0) = 0, w(d +3d2) < w(d1) + w(d2) for any 0 < §; <
8y < 61 + 0y < 27 It is easy to conclude that the function 6 'w (4) is a
nondecreasing function of §. Let

P()g={fel?:wf(0), <w(d)},

LP(w)g=A{feLP:wpf(d)p <w(0)},

where w and @ are also the functions of modulus of continuity type. It is
clear that for 8 > a >0

Lr(w), c L? (&)5 and L? (w), C LF (w)ﬁ.
We can now formulate our main results using the following notation:

w4 ano when  (ant),_, € RBVS,
"7 | nm when (ang),_, € HBVS.

At the beginning, we formulate the results on the degrees of pointwise
summability of conjugate series.
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Theorem 1. Let f € LP(w)z with <1 — 1—1), (ank)p_o € HBVS (or
(ank)p_g € RBVS) and let & be such that

/A p 1/p
{/0 /(n+1) <t|gazt(;)|> sin”? %dt} =0, <(n+1)—1) (10)

1/p
" M psinﬁpf _ n 5
{/7r/(n+1>< w (t) ) 2dt} Os ((n+1)7) (11)

hold with 0 <~y < B3+ =. Then

and

1
5

a7 (525) =0 (6 0 005 (57

for considered x.

Theorem 2. Let f € LP(w)z with f <1 — —, (ank)p—g € HBVS (or
(ank)p_g € RBVS) and let & satisfy (11) with 0 <~ < + %

m/(n 1/p
{/0 (n+1) (!iagé)ﬂ) sin”? édt} =0, ((n+1)—1/p> (12)
and

{/OW/(HH) (tzr(l?%)th}l/q =0 ((n 1) <nL—i—1>> o 13)

where q:p(p—l)_l. Then
- T
nAf ‘— <n+1) Pan(n+1)w<n+l>>

for considered x such that f (z) exists.

Now we present the approximation properties of the operator T A f.

Theorem 3. Let f € LP(w)z with <1 — %, (ank)p_o € HBVS (or
(ank)p_g € RBVS) and let w satisfy

1/p
) s (0] psinﬁf”z = n gl
{/7r/(n+1) < w(t) > th} Oz ((n+1)7) (14)

with 0 <y < B+ 1

o » 1/p
{/0 /(1) (%) Sinﬁp%dt} —0, ((n+1)‘1/p) (15)
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and

{/OW/(W) (%)th}l/q =0 <(n PNV <nL+1>> o 6)

where q=1p(p— 1)_1 . Then

Toaf () = 1 @] = O (0407 a0+ D (5 ).

for considered x.

Finally, we formulate some remarks.

Remark 1. Considering the LPnorms of the deviations from our theorems
instead of the pointwise one we can obtain the same estimations without any
additional assumptions like (10), (11), (12) and (14), (15).

Remark 2. Under the additional assumptions a, , = O (%) , =0 and

W(t)=0 (Y orw(t) =0 (t*) (0 < o < 1), the degrees of approximation in
1

Theorems 1, 2 or 3, respectively, are O (ni_a>. We obtain in Theorems 1, 2

1

or 3 the same degrees of approximation under the assumption a, o = O (E) .

Remark 3. Due to the above remarks, in the special case when our
sequences (ank),_, are monotonic with respect to k we have the corrected
form of the result of S. Lal and H. K. Nigam [1].

3. Auxiliary results

We begin this section by some notation following A. Zygmund [7, Section
5 of Chapter II].
It is clear that

S =—= [ rerobiwa,
Sef )=~ [ fla+0) Dyl

—T

and
~ 1 (7 n —
Toaf (@) === flz+t)) aneDy(t)dt,
T J—m k=0
1 [T "
Toaf (@) == [ F@+t) ankDg(t)dt,
T J—m k=0
where
— k COS 3 COS (2k—2|— )t
Dy (t) —Z_:smyt: 5 I ,
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~ . w/(n 1) no
Tn,Af (LE) - f <x7 n—_’_1> = _% /0 Py (t) Z CLmka (t) dt

: /
+— Qn, kD
7r/(n+1 Z

and
~ ~ 1 (7 n —
Toad @ = F@) = = [ 0003 D} (0
k=0
where
- og e
Dy (t) = ———2%—,
2sin %
and

Tal @ = 1@ = [" et > ansi ()
Now, we formulate some estimates for the conjugate Dirichlet kernels.
Lemma 1 (see [7]). If 0< \t\ < /2, then
‘bv;;(t ‘ < m and ‘bvk(t)‘ < %
and for any real number t we have
1B (9] < %k(kﬂ) i and |Dp ()] <k
More complicated estimates we give with proofs.

Lemma 2. If (anx);_o € HBVS and L <t <, then
> a1 Dy (1) =0 (7 A, ) = O (t 2any) ,

and if (ank)yp_o € RBVS for 0 <t <m, then

> kD5 (1) =0 (t7 A r) = O (t 2any) ,

where T = max (1, [t‘l]) .
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Proof. Let us consider the sum

- 2k +1)t . t
Z an7k COS f S —

2
k=m
=a cos (2m+1)tsint
— Un,m 2 9
n—1 k
ot 2v+1)t
+ Z sin 5 Z cos % (G j — G k1)
k=m+1 v=m+1

n

t 2 )¢
+ sin 3 Z cos wanm

2
v=m+1
Cm+1)t .t
= Qg4 COS ————— 8in —
n,m 2 2
n—1
C(k=m-1)t (k+m+1)t
+ Z (Anj; — Gp k1) SID 5 coS 5
k=m-+1
. (m=m—1)t (n+m+1)t
—+ apn.pn SIN CcOs .
’ 2 2
Hence, for n > 7 = [ﬂ >0,
n n—1
2+ 1)t .t Lt
Z Qn, k COS % sin 5 < sin §An,7— + ap,r + Z |an,k - an,k+l| + ann
k=0 k=1
or
n n—rt
2k+1)t .t Lo t—
Z Qn,k COS % sin B < sin §An,n—7—+an,0+z |an,k —0n,k+1 | +annp—r-
k=0 k=0
Since (ank),_q € RBVS we have
o o
Gn.m < Z ’an,k - an,k—l—l’ < Z ‘an,k - an,k—l—l’ < Qn (Tl >mzr2 O)
k=m k=r

and therefore
n T
2k +1)¢ t t t
I;_O (U COS % sin 3 < sin §An77 +ap - < sin §An77 + tan, - ,}_0 1

ot .
< sin §An,7— +t kZ_O A,k < tAn,T <apo -
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Analogously, the relation (ay),_, € HBV'S implies

r—1 r—1
|an,m - an,r| < Z |an,k - an,k+1| < Z |an,k — Ank+1
k=m k=0

L apy (M>1r>m>0)

and
anm L py  (n>1>m>0),

whence

- 2k +1)t . t ot
Z p J; COS ————sin -| < sin §An7n_7 + app—r

2 2
k=0

n
< tAn,n—T"i‘tanm—T Z 1
k=n—r1

n
< tAn,n—T“‘t Z Qn k
k=n—71

< tApn—r < Qpp.

Next, we present some known estimates for the Dirichlet kernel.
Lemma 3 (see [7]). If 0 < [t| < 7/2, then
T
1Dy ()] < 7=
|t]
and for any real number t we have
Dy (1) < k+1
We have a lemma similar to Lemma 2.

Lemma 4 (cf. [2, 6]). If (ang)y_, € HBVS and 2 <t <, then
> an i Dy (t)| =0 (t " Ans) = O (t Pany) ,
k=0

and if (ank)y_o € RBV'S for 0 <t < m, then

Z CLmka (t) = O (t_lAnﬂ-) = O (t_2an70) N
k=0

where T = max (1, [t‘l]) .
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Proof. Similarly as above, forn > 7= [ﬂ >0,

n n—1
R+t .t

E Gnp kS (T) s 5 < An,T + an,r + g |an,k - an,k+l| + ann

k=0 k=T
or
n n—Tt
2+t 0t —
kg_o Qp J SIN % sin 3 < An,n_T + an,o +,§_0 ‘an,k_an,k+1‘ +ann—r-

Since (ank),_q € RBVS we have

[ (9]
an,m S Z ’an,k - an,k—l—l’ S Z ‘an,k - an,k—l—l’ < an,r (Tl 2 m Z r 2 O)

k=m k=r

and therefore
n

R+t 0t
Z Qp,j; Sin % sin 3 L tApr +an, <tA, - < anp.
k=0

Analogously, the relation (an);_, € HBVS implies
r—1 r—1
|an,m - an,r| < Z |an,k - an,k+l| < Z |an,k — Qp k41
k=m k=0
L ap,y (M>1r>m>0)
and
Upm L Ay (M>17>m>0),
whence

(2k+1)t .t

n
Z (U, J; SID — sin 3 < tZ,W_T +apn—r K tz,w_T < Ay
k=0

4. Proofs of the results

4.1. Proof of Theorem 1. We start with the obvious relations

_ . | /) A
Tn,Af(ﬂf)_f<$7n—_H> = —;/0 (o (t)kzzoan,k g (t)dt
1 /” & —~
+— g (£) Y an Dy (1)
T Jr/(n+1) kZ:O F
= L+I5

and

I3

n—+1

T af (x) —f(w,L>‘ < |n]+
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By Holder’s inequality (% + % = 1), Lemma 1 and (10)

B} L [/
n| < (n+1)/0 e (8)] dt

o [ [ ] ) { [ [20]
< (n+1)* {/0”/(n+1) rut_(ﬁt)rdt}é < (n+1)6+ - (nLJrl)

for g <1— 1—1).
By Holder’s inequality (% % = 1) Lemma 2 and (11)

™ ™ - t
< l/ by (t Z an D ( dt<<an/ ¥ ()‘dt
T Jr/(n+1) T

- Jnt1) P
, 1 q 1
™ — p T ~ q
an / e O] o ] / el 1y
S w (t) 2 = |2 7sinf L
1 n+1
1
~ q 7
SN w (t)
< ap(n+1) {/ﬂ [tz—v N dt
n+1 2
i~ T " T ep-1]?
< () [ )

< (n+1)5+%an(n+1)&< i >

IN

IN

n+1

for 0 <y <+ 1.
Collecting these estimates we obtain the desired result.

4.2. Proof of Theorem 2. We start with the obvious relations

- - 7/(n+1) n N
Toaf (@)~ Fla) = 1A waw})mquMt

s

1,
+— Ay, kD
/(n—l—l Z

s
= L +1

and

Toaf @) - F(@)| <|F| +
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By Holder’s inequality (% + % = 1), Lemma 1, (12) and (13)

1 /D) (4
L[,
0

™

Iy

IN
A=
—N—
S—
i
!
s
/\/_\
A
Z;_
=
=
N =+
| S
i
QU
~
——
3 =
—
o\
3
—
~
i
o | &
=
N[+
[
S
QL
~
——
Q|

conrts () ([ ] ) <ors i)

By the previous proof

~ 1 . T
< (n+1)ﬁ+p an (n+1)© <n+1>

for0 <y < B+ %.
Collecting these estimates we obtain the desired result.

4.3. Proof of Theorem 3. Let

7/ (n+1) n
Touf (@)~ f(e) = - / 00 (1) i Dy (1)
0 k=0

s

1/7r -
+— Pr (t)g amka(t)dt
T Jr/(n+1) k=0

= 17+ 15,

then
T, af () = f (2)] <|I7] + |15].

By Holder’s inequality (% + % = 1), Lemma 3, (15) and (16),

w/(n+1)
‘[10‘ S l/ |(70$ (t)|dt
T 0 t
1
wh p w A
l /+1 [|(’0:E(t)|sinﬁ E] dt /+1 7;0.(22 dt
™ 0 w (1) 2 0 thsin” 5
1

< (n+1)—iw<nil> {/Onil [‘t‘)l_itﬁ)rdt}a < (n+1)6w<nL+l>

Sl

IN
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By Hélder’s inequality (% + % = 1), Lemma 4 and (14)

1 q 1
™ t—’y t t p P ™ t q
I35 < an / [Msinﬁa] dt / _w® g
Es)

w (t)

x| 2-7sinf L
n+1 2

< an(n+1)’7+1w<L> /7r [t‘*‘ﬁ‘l]th

n+1 _m

1 ™

for0<’y<5+%.

Collecting these estimates we obtain the desired result.
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