ACTA ET COMMENTATIONES UNIVERSITATIS TARTUENSIS DE MATHEMATICA
Volume 14, 2010

Admissible regions for neglecting parameters in
linear statistical models

LuBoMirR KUBACEK

ABSTRACT. Large number of parameters in linear statistical models can
make their interpretation or subsequent handling difficult. The aim of
the paper is to find admissible regions for neglecting a chosen group of
parameters.

Introduction

Large number of parameters in linear statistical models can make their
interpretation or subsequent handling difficult. For the sake of simplicity, let
the parameters which are to be neglected be called as nuisance parameters.

There are several approaches to nuisance parameters. The mostly com-
monly used approach is based on the model fitting criteria. However there
are several others; for more details see [2], [4].

The aim of the paper is to find admissible region for neglecting a cho-
sen group of nuisance parameters, i.e. the set of such values of nuisance
parameters which can be neglected.

1. Notation and preliminaries

The original (true) model is denoted as
Y ~, [(Xﬁ)(i’),aﬂ,ﬂeﬁﬂneRl, (1)
where the n-dimensional random vector Y (observation vector) has the mean

value E(Y) equal to (X, S) < g ) and its covariance matrix Var(Y) is equal

to 0I; I is the identity matrix and the parameter o2 is assumed to be
known. The n x k matrix X is given and its rank r(X) is equal to k < n.
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16 LUBOMIR KUBACEK

The k-dimensional vector parameter 8 € R (k-dimensional linear vector
space) is unknown. The symbol k means the [-dimensional vector parameter
which is to be neglected; S is the n x [ known matrix and due to regularity
r(X,S)=k+1<n.

The underparametrized model is

Y ~, (XB,6°1), Be R*, r(X)=k<n. (2)

Let us denote Mx = I — XX, where X% is the Moore-Penrose general-
ized inverse of X ( in more detail see [5]).

Notation A <7 B means that for two positive semidefinite (p.s.d.) ma-
trices A and B it holds that B — A is p.s.d.

We shall also use the following notation:

M(Ann) ={Au:ue R"},

,@tme means BLUE in the true model,

Bunder denotes BLUE in the underparametrized model,

Etme(Bunder) is the mean value under the true model of the BLUE in the
undeparameterized model,

C =X'X,

A;n( N) denotes minimum N-seminorm generalized inverse of the matrix
Aie. AA;n(N)A =Aand NA~ A = [NA;n A]/ (N is at least p.s.d.);
in more detail see [5],

X?(O; 1 — ) is the (1 — a)-quantile of the central chi-square distribution
with f degrees of freedom.

(N) (N)

Lemma 1.1. The BLUE ,@tme of the parameter 3 in the true model (1)
18
~ o~ _ -1 o~
Btrue = IBunder -C IX/S [S/MXS] S/(Y - Xﬂunder)a
where Bunder = C7'X'Y is the BLUE of B in the underparametrized model

(2). The covariance matriz of Btme 18

~

Var(Byrye) = Var(Bunger) + 0°C1X'S[S'M S| '$'XC,
Var(Bunder) = 020_1'

Proof. The proof is elementary and therefore it is omitted (cf. also [3]).
O

Lemma 1.2. The bias of the estimator ,Bunder in the true model (1) is
bﬁ = Etrue(Bunder) — ﬁ = C_IX/SK}.

Proof. The proof follows straightforwardly from Lemma 1.1 after taking
expectation. O
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Now the problem can be formulated as follows: is it possible to determine
the set, i.e. the admissible region, for neglecting the parameter k,

{I{ : Var(Btme) >L Var(Bunder) + bﬁb/ﬁ}

of such values of the vector parameter k which can be neglected?
The answer is affirmative not only for the considered model but for other
linear models as well (see the next section).

Lemma 1.3. Let us denote

T = Var(Btme)—Val‘(Bunder)7
bg = Rk.

Then
MR) Cc M(T)= (Var(,@tme) >1 Var(Bynaer) + bsbj; < K'R'T Rk < 1) .

Proof. Since M(R) C M(T), also bg € M(T). In view of the Cauchy—
Schwarz inequality we have

lh'bg| < VH'Th, /by T-bs Vhe RF
and with respect to the Scheffé inequality [6], p. 69, it is valid that
Ih'bg| < VW'Th < b3T bg <1 Vhe R".
However,
Ih'bg| < VH'Th & h'Var(By,,.)h > h'Var(B,,4.,h + h'bsbsh
for any h € R*, and thus
Var(latrue) 2L Var(Bunder) + bﬁb/ﬁ & KR'T Rk < 1.
]

The matrix A = R'T~ R is called the criterion matrix, since it determines
such a region N,
N={rk:rk'Ak <1},

in which the vector k can be neglected, i.e. it defines the admissible region
for neglecting the nuisance vector parameter .
In our case

T = o’C'X'S[S'MyS] 's'XC,
R = CX's,
and thus M(R) ¢ M(T),
{# : Var(Byye) =1 Var(Bynger) + bgbls} = {K : /A < 1},
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where the criterion matrix A is
1 _ —
A = sxc{oIX's[s'Mys] 'sxCcT} cTixs. (3)
o

Example 1.4. Let the values of the function f(z) = 1 + fox + k2?, x €
R', be measured at the points z = —2, —1, 0, 1, 2. The covariance matrix
of the observation vector Y is Var(Y) = ¢%I, where o2 is known.

Thus

1, -2 4
1, -1 1
X=|1 o], s=]o
1, 1 1
1, 2 4

The matrix A is

1 _ _ _ 17— _
A = SSXXX) T (X'X)TIXS(SMxS) IS X(X'X) T (X'X)TIX'S

- L0 [( : > %2(2,0)}_ < : > = 172

and the admissible region for « is
{k:—-0.24110 < Kk <0.24110}.
In this case

- X'X, X's \!
Va‘r(lgtrue) = 02(170) < SIX S/s)—l >

-1

o[ 0\ [10)1 5[ 04857, 0

= |(6 1)~ (% )qoo0] == ("T" 51
_ 0

Thus

. 5 (02000, 0O 2 (048227, 0
Var(Bynger) +bb' =0 < 0, 0.1000>+” (

. (04325, 0
-7 0, 01000 /-

The problem is whether such criterion matrix A exists in other linear
models and if so, then of what form.
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2. Models with constraints

The following models are considered.
Model with the constraints (i):

true
Y ~, [(X,S) < ﬁ ) ,021] . b+ (B,G) ( 2 ) —0, r(X,S) = k+1<n,
r(B,G) =q<k+1,
underparametrized

Y ~, (X8,0°I), b+ BB =0, r(X) =k <n, r(B)=q < k.

Model with the constraints (ii):

true
Y ~, [(X,S) < g ) ,021} , b+B3 =0, »(X,S) =k+l <n, r(B)=q <k,
underparametrized

Y~ (X:B7021)7 b+BB=0, r(X)=k<n, r(B)=q¢<k.

Model with the constraints (iii):

true
Y ~, (X8,0%1), b+(B,G) ( g > =0, r(X)=k<n, r(B,G) = q < k+l,

underparametrized
Y ~, (XB,0 1) b+BB =0, r(X) =k <n, r(B)=q< k.

Assumptions on regularity, e.g. in the true model with the constraints
(iii), impose a restriction on the dimension of the parameter k. When we
enlarge the dimension of the model we end up with a singular model. The
analysis of singular models is beyond the scope of this paper.

3. Admissible regions

In this section a matrix A (a criterion matrix) with the property

~

KAk <1 = Var(Byu) > Var(Bunaer) + bsbl

is given.
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Theorem 3.1. In the model with the constraints (i) the admissible region
is {k : KAk < 1}, where

A = L [X(MpCMp)" + G/ (BC'B)"'BC™!]

{ [C'B/(BC™'B/)"'U — C~!X'S][S'M xS + U'(BC~'B/)~U]

«[U'(BC~1B/)"'BC~! — §'XC] }_ (4)
x [(MpCMp)~1X'S + C~'B/(BC~'B/)~1G],
U=BC'X'S -G

and

o~

bs = Eirue (Bunder> = (MpCMp)"X'Sk + C™'B'(BC™'B) "Gk,
Var <Z§m> — Var <Bmder> = o2[C™'B/(BC™'B/)"'U - CX'S]

x[S'MxS + U'(BC™'B')~'U] ' [U'(BC™'B/)"'BC™! - §'’XC!)].
Proof. The proof is given in Appendix. O
Remark 3.2. In the model with the constraints (i) it is valid that

b + B/Bunder = 07
and thus R
b+ BB,,der + GRtrue # 0.

Therefore, it should be investigated whether Gk differs significantly from 0.
Here,

~

Rirve = Z7'S'v+Z71U/(BC™'B' +UZ'U) (BC 'X'w
+GZ7'S'v +b),
Z = S'MyS, U=BCX'S-G,
v = Y-XC'XY, w=Y-SZ'SY,
Var (Repue) = 02{z—1 _77U/(BC'B + Uz—lU’)—le—l}.
If we compare the realization of the random variable
él/‘/rue G’ [Var(G;\’;true)] - Gﬁtrue

2 (0;1 — &), then we can judge whether a breach

r[Var(GRerue)]
of constraints can be tolerated or not.

with the value x

Remark 3.3. The criterion matrix (3) for the model without constraints
can be obtained from (4) if the terms with B and G are omitted and
(Mp CMp/)7T is substituted by C~1.
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Corollary 3.4. If G = 0, then the model with the constraints (ii) is
obtained. In this case the criterion matric is

1 _
A = —SX(MpCMp)*{ (M CM) " X' [$'MS] ™

xS’X(MB/CMC/)+}_(MB/CMB/)+X’S.

Remark 3.5. In the model with the constraints (iii) it is valid that

~

bs = Eirue(Bunger) — B = C'B(BC™'B') "Gk
and, obviously,
Var(Byrue) = Var(Bunaer) +0*C'B/(BC'B) '@ [/ (BC B @]
xG'(BC™'B')"'BC™.
Thus the criterion matrix is

1 _ _ _ _ _ _ _ _ -1
A:;G’(BC 'B)~'BC 1{0 'B(BC™'B’)'G[G/(BC™'B')"'G]

xG’(BC_lB’)_lBC_l}_C_lB’(BC_lB’)_lG.

Since b + BBmder = 0, one has b + B,aunder + GRirue # 0. Thus it is
reasonable to compare the realization of the random variable

=/ = — R
K’trueG/ [Var(GK’tTue)] GEirue

with the (1 — a)-quantile x? 0; 1 — «) of the central chi-squared

r[VaI(GEtme)] (
random variable with r [Var(Gf%tme)] degrees of freedom. Here

étT’ue - [(G/)_(BC*lB/)] /(BC_1X,Y + b),

m

and with respect to the assumption r(B) = ¢ < k,7(G) =1 < k, it is valid
that

Var(Rire) = [G'(BCT'B)'G] .

If Gk = 0, then
~ -1 ~
ForueG'{ [G'(BCT'B)'G] TG} Gy ~ xR(0).

Thus the decision whether Gk can be neglected can be easily made.
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4. Appendix

Proof of Theorem 3.1. The BLUE ,Bunder in the underparametrized model
is

Bunier = C7'X'Y — CT'B/(BC'B) "/ (BCT'X'Y + b),

and thus
by = Eirue <f3under> ~ B =(MpCMo)"X'Sk + C™'B/(BC™'B') "Gk,
where we made use of the facts that

Epue(CTIX'Y) = CTIX/ (X3 + Sk) = B+ C'X'Sk

and
C'-C'B'(BC!'B)'BC™! = Mz CMp)".

The covariance matrix is
= -1 / -1
ﬁtrue — 42 C7 X/S 2 C, X'S
Var ( 2 ~7\ gx, s'S 7\ §x, s's

Etrue
c, Xs\'/B\|
(B’G)< S'X, S'S > < G’ >

B/
X < G/ > (B7G)
([ C Xs !
S'’X, S’'S ’

Hence
Var(Bye) = 0*C! +0°CTIX'SZTIS’XCT! —o* [CTIB +CTIX'SZ U]
x[BC™'B' + UZ'U| '[BC™' + UZ"'S'XC!],
where
Z = S'MxS.
Since

(BC™'B'+UZ'U)" =
— (BC'B)"! — (BC'B)"'U[Z + U (BC™'B))"'U] 'U'BC'B),
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we obtain
Var(ﬁtme) =o?C ' -¢?C7'B'(BC™'B)'BC ' +45°C'X'SZ7IS'XC!
—o’Cc7IX’'sz7'u’'(BC'B)) " 'BC! + s2C7'B/(BCT'B/)"'U
x[Z+U'(BC™'B)"'U] 'U(BC™'B)"'BC! + 0*C'X'SZ U
x(BC™'B)"'U[Z + U'(BC'B’)~'U] 'U'(BC™'B/)"'BC!
—o*C7'B/(BC™'B)"'Uuz-ls'’XCc - s2CcIX'sz7'u/(BC!B))"lUuz !
xS'’XC™!'+0°CT'B'(BC'B') 'U[Z+U'(BC'B'y U 'U'(BCT'B/) !
xUZ 's'XC™! +s2Cc7!1X'sz7'U'(BC™'B)"'U
x[Z +U'(BC™'B)~'U] 'U'(BCT'B)'UZ's'XC
Now the following equalities will be utilized
(BC™'B'+ Uz~ 'U)"'Uz~!' = (BC'B)"'U[Z+ U (BC~'B)'U] !
— (BC™'B)~'Uz~' — (BC™'B))"'U[Z + U'(BC'B) U] U
x(BC™'B)"luz!,

hence
C~'B'(BC™'B))"'U[Z + U'(BC'B)~'U] 's'XC!
= Cc'B'(BC™'B)"'uzTls'’Xc! - ¢ 'B/(BC!B))"'U
x[Z +U'(BC™'B)~'U] 'U(BC'B)'UZ'S'’XC T,
and

c~'X's[z+U'(BC™'B))"'U] 'U/(BC 'B)'BC™!
= Cc X'sz-'u(BCc !'B)"'BC™! - ¢c7X'Sz7 U/ (BC!B)"'U
x[Z+U'(BC™'B)~'U] 'U/(BC'B/)"'BC.

Thus it can be written that

Var(ﬁtme) =o?C ' -s?C7'B'(BC™'B)'BC ' +4’C'X'SZ7 IS’ XC!
—0’C~'X's[z + U'(BC™'B')~'U] 'U(BC'B')"'BC!

+0’C~'B/(BC™'B)"'U[Z + U'(BC™'B))"'U] 'U(BC~'B)'BC™!
—0?C™'B/(BC™'B')"'U[Z + U'(BC™'B/)"'U] 's'’XC!
—o*Cc7IX’'sz7'u'(Bc'B)luz's'’xc!
+o’CT'X'SZ”'U/(BCT'B))"'U[Z + U'(BC'B) U] !
xU'(BC™'B)tuz—'s’xCc!.
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The underlined terms can be rewritten by the help of the following equal-
ities
[z +U'(BCT'B) U] =
= 7z'-z'UBC'B' +UZ'U)'uz!
= 7z '-z'U(BC'B)'UZz ' +Zz7'U'(BC'B)"'U
[z +U'(BC'B)"'U] 'U(BC'B)'UZ .
Thus we obtain
Var(étme) = Var(,?}under) +o0’CTIX'S!S[Z + U'(BC™'B/) U] 's's!
xXC™! —¢?CT'X'S7!S[Z + U'(BC™'B/)'U] “'uBc'B)!'BC!
—0?’C"Y(BC™'B')"'U[Z + U(BC™'B)~'U] 's'=!1xXC!
+o’C™'B'(BC™'B)"'[Z + U (BC™'B')~'U] 'U'(BC"'B))"'C!
= Var(,?}under) +o?[CT'B/(BC™'B)"'U - CcT'X'E!S]
x[Z+U(BC™'B)~'U] ' [U/(BC'B/)'BCT! - §'=7'XCY),
since N
Var(B,,,.) = 02°C~ ' — c>C~'B/(BC~'B’)"'BC) .
Now it is sufficient to prove the relation
M[MpCMp)"X'ES"'S + C7'B(BC™'B)'G]

M [Var(atrue) - Va‘r(Btrue)] ’
which is implied by the following equalities

(MpCMp)TX'Ss + C™'B'(BC™'B')"'G
=C'Xs-c'B/(BC™'B)"'BC"'X'S + C"'B(BC™'B')"'G
= C XS - C'B(BC™'B/)"'U.

Thus the criterion matrix A exists and is given by the relation (4). O
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