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Estimation of parameters in the extended growth
curve model with a linearly structured covariance
matrix

JOSEPH NZABANITA, DIETRICH VON ROSEN, AND MARTIN SINGULL

ABSTRACT. In this paper the extended growth curve model with two
terms and a linearly structured covariance matrix is considered. We
propose an estimation procedure that handles linearly structured co-
variance matrices. The idea is first to estimate the covariance matrix
when finding the inner product in a regression space and thereafter re-
estimate it when it should be interpreted as a dispersion matrix. This
idea is exploited by decomposing the residual space, the orthogonal com-
plement to the design space, into three orthogonal subspaces. Studying
residuals obtained from projections of observations on these subspaces
yields explicit consistent estimators of the covariance matrix. An ex-
plicit consistent estimator of the mean is also proposed and numerical
examples are given.

1. Introduction

Growth curve analysis is a topic with many applications in different fields
such as medicine, natural sciences, social sciences, etc. The growth curve
model was introduced in [7]. Since then many authors have been interested
by the model and renown follow-up papers are [8] and [2]. In this paper we
study the extended growth curve model with two terms and a linearly struc-
tured covariance matrix. The extended growth curve model was introduced
in [9] and may be defined as follows:

Definition 1.1 (Extended growth curve model). Let X : pxn, A; : pXq;,
Bz’ 1 q; X ki, Cz : k’z X n, T(Cl) +p S n, 7 = 1,2,...,m, C(C;) Q C( ;_1),
i=2,3,...,m, where r(-) and C(-) represent the rank and column space of
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a matrix, respectively. The extended growth curve model is given by

m
X =) AB,C;+E,
=1

where columns of E are assumed to be independently distributed as a
p-variate normal distribution with mean zero and a positive definite dis-
persion matrix X; i.e. E ~ N, ,(0,%,1,). The matrices A; and C;, often
called design matrices, are known matrices whereas matrices B; and 3 are
unknown parameter matrices.

The main object of this paper is to derive explicit estimators of parameters
in the extended growth curve model with two terms and a linearly structured
covariance matrix, which means that, see [3], for ¥ = (0;;) the only linear
structure between the elements is given by |o;;| = || # 0 and there exist
at least one (i,7) # (k,l) so that |oyj| = |og| # 0.

Linear structures for the covariance matrix exist very often in statistical
applications. These structures are, for example, the uniform structure (or
intraclass structure) considered for the first time in [13], the compound sym-
metry structure which is an extension of the uniform structure [12]. Other
linear structures for the covariance matrix often encountered are the ma-
trix with zeros, for example a banded covariance matrix [4], the Toeplitz or
circular Toeplitz [6], etc.

In general there is no problem to estimate the covariance matrix when
it is completely unknown. However, problems arise when one has to take
into account that there exists a structure generated by a few number of pa-
rameters. For the unstructured case, several approaches to find estimators of
parameters in the growth curve model or extended growth curve model exist.
One of those approaches is the maximum likelihood method. The maximum
likelihood estimators of parameters in the growth curve model have been
studied by many authors, see for instance [11] and [9]. For the extended
growth curve model as given in Definition 1.1 an exhaustive description of
how to get those estimators can be found in [3]. For the structured case we
can use, in principle, a maximum likelihood approach. However, this will
no longer give any explicit estimator even for the intraclass structure, which
is among the simplest cases. We must therefore rely on iterative methods.
When data sets are very large, iterative methods perform poorly and non-
iterative methods become of great interest [5]. In [5], the classical growth
curve model with a linearly structured covariance matrix was studied and
explicit estimators were proposed. Our aim here is to obtain explicit esti-
mators in the extended growth curve model with two terms and a linearly
structured covariance matrix. We propose an estimation procedure that
handles linear structured covariance matrices. That procedure is somewhat
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based on the maximum likelihood method for the unstructured case and
Section 2 is devoted to that.

2. Maximum likelihood estimators

In this section we consider the extended growth curve model as given
in Definition 1.1 when m = 2. In this case, under general settings, the
maximum likelihood estimators for the parameter matrices B; and Bo, see
e.g. [3] for derivation, are given by
By = (A5P,S; 'PaAs) " AYPLS; X ChH(CoCh)™ + (ALP2)Zoy + AbZsyCY,
B; = (A}S7'A1)A/STHX — AyByCy)CY(C1Ch) ™ + A'Zyy + AYZ1,CY,
where
S1 = X(I-Cy(CC)) Cy)X,

P, = I-A;(AST A AlS],

Se = S1+ PQXC&(Clcll)icl (I — Cé(CQCé)fcg) Cll(clcll)fch,PIQ,
Zy; are arbitrary matrices, C° stands for any matrix of full rank spanning
C(C)*, *+ denotes the orthogonal complement, and G~ denotes an arbitrary
generalized inverse in the sense that GG~ G = G.

Assuming that matrices A;, C; are of full rank and that C(A;)NC(A3) =
{0}, the unique maximum likelihood estimators are

By = (A3P4S;'PyA,) AYP,S; X Ch(CaCh) ™,
B: = (A[STTA))TALSTH(X — AyByCy)CH(CICH)

Obviously, under general settings, the maximum likelihood estimators ]§1

and By are not unique due to the arbitrariness of matrices Zj;. However, it
is worth noting that the estimated mean

—

E[X] = A1B,C; + AyB,C,
is always unique and therefore > given by
nS = (X — A1B1Cy — AyByCo)(X — A1B1C; — A,B,Cy) (1)

is also unique.

Now to shorten matrix expressions we introduce different notations that
we will use throughout this paper. For any pair of matrices S and A, where
S is positive definite, we define

Pas=A(A'STTA)"A'S™L
It can be shown, see [3], that Pa g is a projector and that
Pas=1- PZAO’S,l =1—-SA°(A°SA°)"A”.
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Moreover, P4 g = I =Py g = Ppog-1. If S = I, instead of Pa the
notation P will be used.

With these notations, it is straightforward to check that the estimated
mean may be written as

AiB|C) + AyByCy =Py, s, XPc; 4+ Pria,8,XPcy, (2)

where T1 =1 —Pay, s,.

This structure reveals a connection to a paradigm used by least squares
or maximum likelihood estimation procedures connected to linear models.
These procedures use the following paradigm: estimators of the mean param-
eters are based on a projection of the observations on the space generated by
the design matrix whereas estimators of the variance parameters are based
on a projection of the observations on the orthogonal complement to the de-
sign space. In principal this also takes place for the extended growth curve
model, although there are some complications.

If ¥ would have been known, we would have from least squares theory
the best linear estimator (BLUE) given by

A B C; + AyB,C; = Pa,»XPc; + Pr,a, s XPcy,

where T1 = I-P4, 1. Thus, we see that in the projections, if ¥ is unknown,
the parameter has been replaced with either S; or So, which according to
their expressions are not maximum likelihood estimators. However, it can
be shown that n~1S; — 3 in probability and n~'Ss — 3 in probability.

To summarize we see that estimation is performed through projections
on certain subspaces and indeed the decomposition is essential for both the
model (parameter) interpretation and the model evaluation. Now we indi-
cate how we make such a decomposition that suits our purposes. Applying
the vec-operator on both sides of (2) we get

(C) @ A)vecB; + (Ch® Ag)vecB,
= [(Pc; ®Pa,s,) + (P, ® Prya,s,)|vecX,

where ® denotes the Kronecker product.
Note that the matrix P = (P ®Pa, s,)+(Pc,®PT,4,,8,) is a projector.
Moreover,

C(P) = C(C}) ® Cs, (A1) + C(C5) ® Cs, (T1Az), 3)

where now ® denotes a tensor product of linear spaces. Therefore C(P)
is used to estimate A;B1C; + AsByCy whereas C(P)* is used to create
residuals. Figure 1 illustrates these spaces; it shows that three regions are
describing the mean and six others are describing the residuals.

Notice that the sum in (3) is actually an orthogonal direct sum of two
subspaces. Therefore we may consider the following decomposition of the
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V3

Vs

V1

FiGURE 1. Decomposition of the whole space according to
the within and between individuals designs illustrating the
mean and residual spaces: Vi = Cg, (A1), Vo = Cs,(T1Az2),
V3 = (Cs, (A1) +Cs,(T1A2))", Wi = (C(Ch), W2 = (C(Cy)N
C(Cy) ", Wi = (C(CY)*

estimated mean
ABC + AyByCy = M + My,
where
M; =Pa, 8, XPc; and My = P4, 8,XPcy.

To estimate 3, the general idea is to use the variation in the residuals.
For our purposes we decompose the residual space into three orthogonal
subspaces, see Figure 2, as

C(P)r =IBIIHIII,
where
I = C(CHteV,
= (C(Ch)Ne(Ch)t) @Cs (A1),
I = C(Ch)® (Cs, (A1) + Cs, (T1A))",

V represents the whole space and H denotes the orthogonal direct sum of
tensor spaces.
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Vs Rs

Vs

V1

FIGURE 2. Decomposition of the whole space according to
the within and between individuals designs illustrating the
mean and residual spaces: Vi = Cg, (A1), Vo = Cs,(T1Az2),
V3 = (Cs, (A1) +Cs,(T1A2))", Wi = (C(Ch), W2 = (C(Cy)N
C(Cy) ", Wi = (C(CY)*

The residuals obtained by projecting data to these subspaces are respec-
tively

R, = X(I-Pg),

Ry = (I-Pa,s,)X(Pc; —Pgy),

R; = (I-Pa,s, —Pra,8,)XPcy.
Thus a natural estimator of 3 is obtained from the sum of squared residuals,
ie.,

nS = RiR} + RoR), + R3Rj.

3. Estimators in the extended growth curve model with a
linearly structured covariance matrix

In this section we derive explicit estimators of parameters in the extended
growth curve model where the covariance matrix 3 is linearly structured.
The linearly structured covariance matrix will be denoted X(). Hence, we
consider the extended growth curve model

X=ABC; +AyB;C, +E, (4)
deduced from Definition 1.1 for m = 2, but with E ~ N, (0, ION I,).
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The estimation procedure which is proposed in this section will rely on the
decompositions of the whole space generated by design matrices as illustrated
in Figure 3. The only difference with the unstructured case, Figure 2, being
that in Figure 3 we have not replaced »() with either S1 nor So because
now X is structured. If £) would have been known, we would have a
best linear unbiased estimator (BLUE) of the mean

E[X] = M;+ My,
where

M1 = PAI,E(S)XPC’17M2 = PTlAg,E(S)XPC'z and T1 =1- PAl,E(S)'

V3

Vs

V1

F1GURE 3. Decomposition of the whole space according
to the within and between individuals designs illustrating
the mean and residual spaces: Vi = Cx (A1), Vo =
Cs0(T1A2), V3 = (Cxe (A1) + Cxe(T1A2))5, Wi =
(C(Ch), W = (C(C) NC(Ch)*, W3 = (C(Cy)*

In Figure 3 we have
E[X] = Ml + Mg,
H, = X(I-Pg,),
Hy = (I-Pyu, 50)X(Pc;, —Pcy),
H3 == (I - PAl,E(S) - PTlAQ,E(S))XPCIQ'

If =) is unknown, it should be estimated. The idea is first to estimate
() when finding the inner product and thereafter reestimate it when it



20 JOSEPH NZABANITA, DIETRICH VON ROSEN, AND MARTIN SINGULL

should be interpreted as a dispersion matrix. Now notice that the projection
H; is independent of M; and that

S1=HH| =X(I—-Pg)X' ~ W,(2®),n—r) and E[S;] = (n—r1)Z),

where 7 = r(Cy). So it is natural to use S; when finding inner product
estimate. In this paper we apply a least square approach, i.e., we minimize

tr{(Sl — (n—r1)2(8)>, (Sl - (n—rl)E(s))} (5)

with respect to X().
To find the minimizer of (5), we use techniques based on differentiations.
The matrix derivative we use here is defined as follows

Definition 3.1. Let the elements of Y € R"*® be functions of X € RP*4,
The matrix % € RPI*7S i called matrix derivative of Y by X in a set €2, if

. . . aykl
the partial derivatives Fr

ay _
dX  dvecX

exist, are continuous in {2, and

(vec'Y),

where

a (0 0 0 2\
ovecX (8:1:11"”’8%1’”"8x1q"”’8qu) '
It can be shown that the identity
dY  dvec'Y
dX ~ dvecX
holds. For more details on matrix differentiation one can consult [3].
For convenience we define and denote by vecX(K) the columnwise vector-

ization of X(%) where all 0’s and repeated elements (by modulus) have been
disregarded. Then there exists, see [3], a transformation matrix T such that

vecS(K) = TvecE® or vecE(®) = THvecB(K), (6)
where T denotes the Moore-Penrose generalized inverse of T. Moreover
dx=e)
= (TT). 7
=@ =) 7)

The expression (5) gives
tr{(S1 = (n = r)TOY()} = (vecS — (n = rp)veen) (),

where the notation (Q)’() stands for (Q)'(Q).
Differentiating with respect to vec3(K) and equalizing to 0, we get

dx®)
—2(n — rl)d

WVeC(Sl —(n—r)E¢)) =0, (8)



EXTENDED GROWTH CURVE MODEL 21

From (6), (7) and (8) we obtain the linear equation
(TH)vecS; = (n — 1) (TT) THvecE(K),
which is consistent and its general solution is given by
1

vecE(K) = - (TH)YTH)” (TT)vecS; + ((TH)TT)%z,

where z is an arbitrary vector. Hence, using (6) we obtain the unique mini-
mizer of (5) given by
1

n—mry

veeE(®) = THvecE(K) =

T ((TT)TY) (T") vecS;.

Thus, a first estimator for () is given by

veeS(®) = %T* ((THYTH) ™ (TF) vecS,. (9)
T

)

Now suppose f]gs is positive definite (which always holds for large n).

Then using f]gs) to define the inner product, we may consider Cf:(ls)(Al)

instead of Cxy(s) (A1). Thus an estimator of M, and also that of Hy are found
by projecting observations on C(C}) ® Cg(«) (A1) and (c(ChHnc(Cyt) ®
1

Cq) (A1)* respectively, i.e.,
1

M, = P, sXPg. (10)

~

H, = I-P X(Pg, — Pgy).

Al,igs))

To derive a second estimator of Z;\(S)Awe use a similar idea as above but
now we consider the sum of S; and HoH). Notice that

H,H,=1-P )X(Pg; — Py )X/(I- P

)I
A AP
Put Ty = I—PALEES) and Wy = X(PC/1 —PCQ)X’. Then HQH'2 = T1W0T’1

and S is independent of W(. Therefore it is natural to condition ﬁgﬁé with
respect to S; and

}AIQIA{’2|81 ~ Wp (le(s)f[\‘ll,"r’l — 7’2> y

where o = r(C)).
Again we apply a least squares approach and minimize

tr{(S1 + Hobly — [(n— 1) 5O + (m =) TIEOT) O (1)

with respect to 2.
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The expression (11) gives
tr {(S1 + FoHy — [(n— 11) B + (= r2) TySOTY)Y ()}
= (vec(S; + HoHY) — YvecE®))() (12)
where
Y = (n—r)I+ (r; — rg)’i‘l ® T;.

Differentiating the expression in righthand side of (12) with respect to
vecX(K) and equalizing to 0, we get

dx(s)
CTAX(K)

Y (vec(S1 + HyH)) — YvecE®)) = 0. (13)

From (6), (7) and (13) we obtain the linear equation
(THY Y'Y T vecS(K) = (TH)Y'vec(S; + HyHY),
which is consistent and a general solution is given by
vecE(K) = ((T*)"Y"’Y‘T*) (T Xvec(Sy + HoH)) + ((TH)Y X/ XTH) g,

where z is an arbitrary vector. Hence, using (6) we obtain a second estimator
of X(*) given by

vecS{®) = T+ ((T+)'T’TT+)_ (TH) X'vec(S, + Hy ). (14)

Now using f)gs), again assumed to be positive definite, to define the inner

product, we may consider Ci(s)(TlAl) instead of Cysys)(T1A1). Thus an
2

estimator of My, and also that of Hs are found by projecting observations
on

~ 1L
C(C5) ® Cy (T1A1) and C(Ch) @ (Cgs)(Aﬂ +Cys (T4 Az))
2 1
respectively, i.e.,

My = P a,50XPc; (15)
H; = (I-P

~-P. XPg;.

AL T1A5, 3 ()

To derive a final estimator of () the idea is to use the total sum of
squared residuals and proceed sunllarly as above. So, we now consider the
sum of S; + H2H2 and H3H’ Notice that

HgHg = TQXPC/2 X’T’Q,



EXTENDED GROWTH CURVE MODEL 23

where Ty =1 — PAl,ﬁg” — PTIAQi;S). Then, letting W1 = XP¢; X', we
get HoH), = ToW, T, and S; + HoHY is independent of Wy. So again it is
natural to condition HgH% with respect to S; + HaHY and
H3H,[S, + FLH) ~ W, (Tzz@)rf;, 7«2) .
Again we apply a least squares approach and minimize
e {(S— [(n =) B9 4 (ry 7o) TSOT, 4 T80T ()]
= (vecS — ®vecE=®) () (16)
with respect to £(), where S = S; + HyH), + HsH} and
o= (n—r1)I+(r _TQ)T1®T1+T2T2®T2.
We notice that (16) resembles to (12). So using this analogy, we find that
the final estimator of 3() is given by
vecS®) = T+ ((T*)’t/I;’i)TjL)_ (T*)'@’vecs.

We suppose $) to be positive definite. The following theorem summa-
rizes what we discussed above and gives the proposed estimators of parame-
ters in the extended growth curve model with a linearly structured covariance
matrix.

Theorem 3.2. Let the extended growth curve model be given by (4). Then

(1) The estimator of the structured covariance matriz >) is given by
vecS®) = T+ ((T*)’@@W)_ (T+) ®'vecS. (17)

Here, ) s assumed to be positive definite (which always holds for
large n).
(2) The estimated mean is given by

—

EX] = PA1,§:§S>XPC’1 + PTIA%EQXPC&' (18)

4. Properties of the proposed estimators

In this section we study some properties, like unbiasedness and consis-
tency, of the estimators we proposed in Section 3. We start with studying
properties of estimators for the covariance matrix (%) given in (9), (14) and

(17).
Lemma 4.1. The estimator f)gs)
of BG) e, f)gs) L, 30,

given in (9) is a consistent estimator
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). So, from (6) and (9), we

Proof. We know tha

have
~(s 1 _
veeS(Y = Tt ((TH)TT)” (T vecS,
n—r
LTt (T TT) (T veen®)
= T ((TH)'T") (T")T vecE(K)
= THvecX(K) = veex®),
which concludes the proof. O

Lemma 4.2. The estimator f]gs) given in (14) is a consistent estimator
of ) e, B 2, %),

Proof. By Lemma 4.1 and Cramer-Slutsky’s theorem [1], we have

~

T, = I-P s)Llel—PAl,z(s)’

ALSS
ff = (n—rl)I—i— (7“1 —T2)T1 ®'/f1

L T = (n — 7“1):[ + (?"1 — TQ)Tl ® T1.

Hence, from (14), we have

veeS{) = TF ((THYFETT) (T T'vee(S: + Ha))
LT ((THCCTH) T (T Cvee (0 — ) =)
+(’I”1 — 7“2 le )
=T ((TH)YY'YTH) (
+(’I”1 - T2)T1 (9 Tl) ve
=TT ((THYYTT) (TT) Y YTvecx®
=T ((THYY'YTH) (TH) X' YT vecS(K)
= THvecR(K) = veex(®),

T+ "I" — )l

since Y has a full rank and thus the proof is complete. O

Theorem 4.3. The estimator %) given in (17) is a consistent estimator
of B, e, ) Ly 30,
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Proof. Using Lemma 4.1, Lemma 4.2, we have

Ty = I-P, 50~ Pga, 50
L Ty =1- Pa, s —Pria, s
& = (—1)I+(r1—r)T10Ti +7Tr® Ty
=5 @ =(n-r)I+(r—r) Ty ® Ty + Ty @ Ty
vecS = vec(S; + HyH) + HsHY)
N

vec ((n —r)EE) 4 (1) — ) T1ZOT) + TQTQE(S)T'Q)

= ((n — ’I“l)I + (’I“l — 7’2) Ti1T)+rTy® TQ) VGCE(S)

= BvecE®),
Hence, from (17), we have

veeE®) = Tt ((T‘*‘)'&"&’T"‘)i (TH) ®'vecS
L T ((TT)Y®'®TF) (TT) @' Bvecs®
T ((TT)®'®TY) (TT)®' T vecX(K)
= THvec(K) = veeS®),

since @ has a full rank and thus the proof is complete. O

Now we show that the estimator for the mean given in (18) is unbiased.

Theorem 4.4. Let the estimator L?[i] be given in (18), i.e.,

—

E[X] = PAl,fJgs)XPCII +P )XPC/2.

T AL, 20
Then E/[\X] is an unbiased estimator of E[X] = A1B1C1 + A2ByCy, i.c.,

—

E[E[XH =ABC; + A3;B>yCs.

Proof. From (18), we can write
EX] = PAl,ﬁgs)X(PCll — PC’2) + (P

 +P XPg,. (19)

Ty A2, 50)
Let A be the partitioned matrix (A : Ag). Using the fact that
C(A1)BC(T1A2) = C(A1) + C(Ay),

and uniqueness of projectors property, we can write (19) as

—

E[X] = PAhi(ls)X(PC/l — PC’Q) + PA,fJ;S)XPclz'

A3l

Using linearity of expectation, we have

—

E[EX] = B[P, 50X(Po; - Pc,)| +E [P, 50 XPg,].

A5
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Next,

E|P, s0X(Pc; - Pc,z)} —F [P E [X(PC/1 _ PC/Q)]

nsp]
=F [PA17§§S):| (A1B101 + AQBQCQ) (PC/1 — PC’Q)
=A1B.C; — A1B1C'1PC/2,
where we used the independence of PAl 5o and X(PC/1 - Pcé), the fact
1241
that E[X} = AB.C; + AsB2Cy, P YAl = Ay, ClPC’l = C; and

A Sl
Cy(Pg; — Pgy) = 0.
Similarly,
E|P, 50XPg, } — E [P A’EM E [XPC/J

= F |:PA 2(25):| (A1B1C1 + AQBQCQ) PC/2
= A1B1CiPcy + A2B3Cy,
since PA7§éS)A1 = A1, PA,iéS)AQ = AQ and CQPC/2 = CQ.

Hence,

E[E[XH = ABC; — A1B101PC/2 + A1B101PC/2 + AsByCs
= A1B:C; + A3B2Cy,
which completes the proof of Theorem 4.4. O

5. Numerical examples

Example 5.1 (Simulation with a banded covariance matrix). Data is
generated from X ~ N, ,(A1B1C; + A3B2Cy, X, 1), with p = 5, n = 500,
design matrices are, using the notation 1,/, (respectively 0,,5) for a n/2-
dimension column vector of 1’s (respectively of 0’s),

, (1 1111 {4 1\ 0
A1_<1 2 3 4 5)’ Cl_<1n/2®<0>'1n/2®<1
Ay=(17 22 35 4 52), Co=(0):1; )

The parameter matrices are

1 1
B1_<1 2)7 B2:37

and the covariance matrix has a banded structure of the form
a 0 0 0 O
6 6 —a 0 O
=10 —a ~v =8 0 |, provided that X is positive definite.
0 «
0 (0
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For this structure, the transformation matrix T in (6) is

OO OO OO
OO OO OO

|
S

o O O
OO DD DODDODDDDDOODODOC OO

W~
OOJNOOOOOOOU‘OOOUO
()
o
()
o
DO DD DODDODODODDODDODDODDODDODDODODDODDOO

|
t
[eNeNeoNeoNeoBeoNeoNeleoBoleNeNeNeNeNoeNoeNoeNeNo oo No ol

ochocoocokrooococoo o |
cocoococoocoo o

R e ReNe e NN leN oo ool NNl R l)
CoOoc oo oo o OO
coocococol

DO
=)

The estimates of

I\

=

Il
S OO =N

|

[\)

i

|

—_
DO OO

based on average estimates from 200 simulations using (9), (14) and (17)
are, respectively

2.0024  0.9963 0 0 0

- 0.9963 29974 —2.0024 0 0

> = 0 -20024 40107 -09963 0 |,
0 0  —0.9963 50006 2.0024

0 0 0 2.0024  5.9980
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2.0020  0.9960 0 0 0
~ 0.9960 2.9973 —2.0020 0 0
=] 0 —20020 4.0097 —099%60 0 |,
0 0 —0.9960 5.0020 2.0020
0 0 0 2.0020  5.9964
2.0059  0.9956 0 0 0
- 0.9956 2.9983 —2.0059 0 0
S = 0  —20059 40102 —0.9956 0
0 0 —0.9956 5.0041 2.0059
0 0 0 2.0059  6.0273

Example 5.2 (Simulation with a circular Toeplitz covariance matrix).
Data is generated from X ~ N, ,(A;B1C; + AB2Coq,3,1I), with p = 5,
n € {10, 50, 100}, design matrices are

and the covariance matrix has a Toeplitz structure

o P P2 pP1
nG) | P10 P1 P2
P2 P10 p1
pr P2 p1 O

, provided that »0) is positive definite.
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For this structure, the transformation matrix T in (6) is

[\
)
@)

oo
N O ODDODIONDODODDODONOD OO O
OR O R PR OFROORrROF,RFOR
SO N O ODODIONNDNOOOOoONO

The estimates of

1 0.5 025 0.5
0.5 1 0.5 0.25
0.25 0.5 1 0.5
0.5 025 0.5 1

»(s) —

based on average estimates from 200 simulations using (17) are hereafter.

For n = 10:

For n = 50:

For n = 100:

0.9929
0.4854
0.2374
0.4854

1.0090

S 0.5095
~10.2635
0.5095

1.0007
0.4987
0.2502
0.4987

0.4854
0.9929
0.4854
0.2374

0.5095
1.0090
0.5095
0.2635

0.4987
1.0007
0.4987
0.2502

0.2374
0.4854
0.9929
0.4854

0.2635
0.5095
1.0090
0.5095

0.2502
0.4987
1.0007
0.4987

0.4854
0.2374
0.4854
0.9929

0.5095
0.2635
0.5095
1.0090

0.4987
0.2502
0.4987
1.0007
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From the above simulated examples, Example 1 and Example 2, we see
that the estimates of the linearly structured covariance matrices are in a well
agreement with the true covariance matrices. However, through simulations
for the structure in Example 1, it was noted that the estimates of the co-
variance matrix may not be positive definite for small n whereas it is always
positive definite for the structure in Example 2. More studies on the positive
definiteness of the estimates is of interest.

Example 5.3 (Potthoff and Roy (1964) dental data). The aim of this
example is to illustrate the theory developed in this paper with real data
set and we do not pretend to carry out data analysis. Dental measurements
on eleven girls and sixteen boys at four different ages (t; = 8, t2 = 10,
ts = 12, and t4 = 14) were taken. Each measurement is the distance, in
millimeters, from the center of pituitary to pteryo-maxillary fissure. These
data are presented in Table 1.

TABLE 1. Dental data

id gender t to t3 ty |id gender to t3 ta
1 F 21.0 20.0 21.5 23.0|12 M 26.0 25.0 29.0 31.0
2 F 21.0 21.5 24.0 25.5|13 M 21.5 22,5 23.0 26.0
3 F 20.5 24.0 245 26.0| 14 M 23.0 22.5 24.0 27.0
4 F 23.5 245 250 26.5|15 M 25.5 275 26.5 27.0
5 F 21.5 23.0 225 23.5]|16 M 20.0 23.5 22,5 26.0
6 F 20.0 21.0 21.0 22.5 |17 M 24.5 25.5 27.0 285
7 F 21.5 225 23.0 25.0|18 M 22.0 22.0 245 26.5
8 F 23.0 23.0 23.5 24.0|19 M 24.0 21.5 245 255
9 F 20.0 21.0 22.0 21.5|20 M 23.0 20.5 31.0 26.0
10 F 16.5 19.0 19.0 19.5]| 21 M 27.5 28.0 31.0 31.5
11 F 24.5 25.0 28.0 28.0| 22 M 23.0 23.0 23.5 25.0
23 M 21.5 23.5 24.0 28.0
24 M 17.0 24.5 26.0 29.5
25 M 22.5 25.5 255 26.0
26 M 23.0 24.5 26.0 30.0
27 M 22.0 21.5 23.5 25.0

Suppose that for both girls and boys we have a linear growth component
but additionally for the boys there also exists a second order polynomial
structure. Then, the extended growth curve model with two terms is appro-
priate to model this data:

X ~ Npn(A1B1Cy1 + AyB2Cy, X, 1).

In this model, the observation matrix is X = (x1,x1,...,X27), in which
eleven first columns correspond to measurements on girls and sixteen last
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columns correspond to measurements on boys. The design matrices are

;o 1 1 1 1 . / 1 .1/ 0
A1_<8 10 12 14)’ Cl_(“®<0)'116®<1
Ab= (8 102 122 142), Cy= (0} :1}g).

The matrices B; and By are parameter matrices and X is the unknown
positive definite covariance matrix.

The maximum likelihood estimate for the non-structured covariance matrix
computed using (1) is

5.0272 2.5066 3.6410 2.5099
2.5066 3.8810 2.6961 3.0712
3.6410 2.6961 6.0104 3.8253
2.5099 3.0712 3.8253 4.6164

YyurL =

Assume that the covariance matrix has a Toeplitz structure, i.e.,

o p1 P2 P3
E(s) _|Pr o P P2
P2 P10 1
pP3 P2 p1 O

the estimate of the structured covariance matrices given by (17) is

5.2128 3.2953 3.6017 2.7146
$(s) _ 3.2953 5.2128 3.2953 3.6017
~ 1 3.6017 3.2953 5.2128 3.2953 |’

2.7146 3.6017 3.2953 5.2128

and the MLE computed with Proc Mixed in SAS® [10] is

4.9368 3.0747 3.4559 2.2916
a(s)  |3.0747  4.9368 3.0747  3.4559
ML ™ {'3.4559 3.0747 4.9368 3.0747
2.2916 3.4559 3.0747 4.9368

M

From this example, we see that the proposed estimates are close to the
maximum likelihood estimates and the conclusion is that the proposed esti-
mators perform well.
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