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Bilinear generating relations for a family of
g-polynomials and generalized basic
hypergeometric functions

S.D. PurodlT, V. K. Vyas, AND R. K. YADAV

ABSTRACT. In this paper, we derive a bilinear ¢-generating function
involving basic analogue of Fox’s H-function and a general class of
g-hypergeometric polynomials. Applications of the main results are also
illustrated.

1. Introduction and preliminaries

For a, ¢ € C the g¢-shifted factorial (see [2]) is defined by

1 ; n=>0
(G7Q)n—{(1_a)(1_aq)”_(1_aqn—1) : neN, (1.1)
and its natural extension is
(a;9)oo
a;q)qg = ———, a€C, |¢| <1. 1.2
(a:q) (aq®; @)oo g (1.2)

The definition (1.1) remains meaningful for n = oo as a convergent infinite
product

(e.¢]
(@;0)00 =[] @ —ad’) . (1.3)
j=0
The g-analogue of the power (binomial) function (z £ y)" (cf. Ernst [1])
is given by

(w9)® = ety =2 Fofrian =" 3 | | D2 )t
k=0 q
(1.4)
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where the g-binomial coefficient is defined as

al _@NDk avk —kk-1)/2 N
[ k L (@ D (—4*)"q (k€ N,a e R). (1.5)
It satisfies
n] ___ (@@n
[ K L (@G Dk Ok (1.6)

For a bounded sequence A,, of real or complex numbers, let f(x) = Z Apa™

be a power series in z, (see, for instance, [1, page 502, equation (3. 18)]) then
we have

Flx£y)] ZA 2" (Fy/T; q)n- (1.7)
The ¢-gamma function (cf. [2]) is defined by
4 @)oo Y
T, (z) = %(1 )T (reCad¢{0,-1,-2,---}). (1.8)
(4% )0
And it satisfies

1—4q"
4 Ly(x). (1.9)

In terms of a bounded complex sequence {Sk,q}Zo:oa the family of general
class of basic (or ¢-) polynomials fy, ;m(z;¢q) (cf. Srivastava and Agarwal [9])
is defined as

Fylx+1) =

[n/m]
Fam(@ia) =) Mk} Skq 2" (n €N), (1.10)
k=0 q

where m is a positive integer.

With the appropriate choice of the sequence {Sk,q};:;o, the g-polynomial
family f,, m(x; ¢) yields a number of known g-polynomials as its special cases.
These include, the g-Hermite polynomials, the g-Laguerre polynomials, the
g-Jacobi polynomials, the Wall polynomials, the ¢g-Konhauser polynomials
and several others.

Following Saxena, Modi and Kalla [8], the basic analogue of the Fox’s
H-function is defined as

HYN (4| (0:0) / 1.11
PO [x,Q' 6,8) | = 2n 0(s;q) x° dgs, (1.11)
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where
M N
{H G(qu_ﬁjs)} {n G(ql—aj+%s>} n
j=1 Jj=1
O(sia) =+ .
{ 11 G(ql—b,j+ﬁj8)}{ IT G(qaj—a.is)} G(q'=s) sin7s
j=M+1 j=N+1
(1.12)
and

o -1
Gg") = {Hu - W)} SR (1.13)

oot (4% @)oo

Also0 <M <Q,0< N <P, o’s and §j’s are all positive integers. The
contour C' is a line parallel to R(w s) = 0 with indentations if necessary, in
such a manner that all the poles of G(¢% %), 1 < j < M are to the right,
and those of G(¢'~%7%%), 1 < j < N to the left of C. For large values of |s|,
the integral converges if R[slog(z) — logsinms]< 0 on the contour C, i.e. if
| { arg(z) — wowy ' log|z| } |< 7, where 0<|q|<1, log ¢ = —w = — (w1 +iwy),
wy and we being real.

Further, if we set a; = §; = 1,V i and j in (1.11), we obtain the basic
analogue of Meijer’s G-function due to Saxena, Modi and Kalla [8]:

M,N

ar, az,---,ap —L 1o s
bl,bQ,---,bQ :|_27T’i o Q(S,q)l‘ qu, (1.14)

where

M N
{H G(qu—s)} {H G(ql—aj-i—s)} T
J=1 7=1

0 (s;q) = 5 - :
{. HHG(ql"’f*S)}{ I1 G(q“j‘s)} G(g'~#) sinms

j=N+1

(1.15)

A detailed account of Meijer’s G-function, Fox’s H-function and various

functions expressible in terms of Fox’s H-function can be found in the re-

search monographs due to Mathai and Saxena [4, 5], Mathai, Saxena and

Haubold [6] and Srivastava, Gupta and Goyal [10]. Further, the basic func-

tions of one variable (elementary and hypergeometric) expressible in terms

of the functions G,(.) can be found in the works of Yadav and Purohit [12]
and [13].
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2. The g-generating relations

In this section, we shall derive certain bilinear g-generating relations in-
volving basic analogue of Fox’s H-function and a general class of g-hypergeo-
metric polynomials.

Theorem 1. Let {Sy 4}, be an arbitrary bounded sequence, let M, N, P,
Q be positive integers such that 0 < M < Q, 0 < N < P, let h > 0, and let
m be an arbitrary positive integer. Then the following bilinear q-generating
relation holds:

N . M,N+1 . (1_>‘_n7h’)7 (CL,Oé) i
nz;) Inmlp 230) Hebio [y’q‘ (b, ) ] (4 Q)n

i Sk‘,q (p & t™)
1_t(A) poard G QOmik (1 — tgh)(mk)

Y ]-_)\_ kah ’ ’
XHIJ:\'/[+]1V—51 |:(1 _th—‘rmk‘)(h);q' ( EZ’ /3) ) (CL Oé) :| ’ (2'1)

where [t| <1, 0 < |q| <1, and p and X\ are arbitrary numbers.
Proof. Denoting, for convenience, the left-hand side of (2.1) by L and using

the contour integral representation (1.11) for the basic analogue of Fox’s
H-function and the definition (1.10) for the general class of g-polynomials

fom(p x:q), we get

oo [In/m]
1 n
Lo [ X ], a0
n=0 k=0 q

n

o o ac@ o)y asf Lo

Changing the order of summations and integration, we obtain

e n/m )\+n+hs)
n n, s
27”/95(] E E {mk}qsk,q(pg;)kty dgs
n=0 k=0

(2.2)
where 6(s; q) is given by (1.12). Using of the relation for g-gamma function,
namely
Ty(a) (1 —g)**

) = (45 @)oo

: (2.3)

we obtain
1 D\ + hs) (1 — g)+hs-!

L=— 1 0(s;q
2mi Jo (&9) (45 9)oc
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oo [n/m] \+h
( + Sv Q) |: n :| k
X - Sk (p )" t" y® dgs .
nZOkZZO (G0 [ Mk |, a (@) !
Again, changing the order of summations and making use of the series re-
arrangement relation (cf. Srivastawa and Manocha [11])

oo [n/m]
> > Bk ZZ (k,n + mk), (2.4)
n=0 k=0 =0n=0
we obtain
/ 9 )\+ hs) ( q)M—hs—l
~2md (q,q)oo
X tm = ) n-+m. n S
X Z kq p )" (@ t" y® dgs . (2.5)

G Dmk = (q; Dn

Summing the inner series with the help of the ¢g-binomial theorem (see [2]),
namely

WDolas—iqiz) = 9BV 1y gl < 1, (2.6)
CHS
we find that
1 .\ h 1— Aths—1
L= [ o0 g\ +hs) (1—q)
2mi Jo (45 @)oo
~ (155q) e (p @ t™)E

Sko Y° dgs . 2.7
= (& Dathstmb (@G Dm0 27)

Now by interchanging the order of contour integral and summation, and
using the g-identities (see [2]), namely

(@5 Qnak = (a5 9)nlaq"; @) (2.8)
and
(@i =PI (0 0), 2.9)
we obtain

o0

1 (p a t™)"
L= S
G kZ:O (44 @)k (5 @)t

1 () h k 1— Ahs+mk—1
x — [ 0(s;q) dGRs S;Ferk) U—a)
omi Jo (M s (45 ) oo

The desired result follows by interpreting the contour integral of (2.10) in
light of the definition (1.11) and the notation (2.3). This completes the proof
of Theorem 1. 0

y® dgs . (2.10)
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Observe that, if we set the bounded sequence Si, = 1 and take p = 0,
then for the family of ¢-polynomials one has

Jam(px3q) =1,

and thus in view of the right-hand side of (2.1) for £ = 0, we obtain the
following theorem.

Theorem 2. Let M, N, P,Q be positive integers satisfying 0 < M <
Q,0< N P. Lt h >0, let A be an arbitrary number, and let m be
an arbitrary positive integer. Then the q-generating relation for the basic
analogue of Fox’s H-function is given by

M,N 1 1=X=n,h), (a,) o 1
Z HP+1251 |: ,Q‘ (b,ﬁ) :| ( B — (1—t)()‘)

Q7q)n
1—X\h), (a,«
8 i T n Y ] e

where [t| <1 and 0 < |q| < 1.

3. Concluding observations and remarks

In this section, we consider some consequences of the results derived in
previous section.

If we set oy = Bj = 1 for all i and j, m = h = 1, and take (1.14) into
account, then Theorems 1 and 2 yield Corollaries 1 and 2 below, respectively.

Corollary 1. Let {Syq},., be an arbitrary bounded sequence and let
M, N, P,Q be positive integers satisfying 0 < M < @, 0 < N < P. Then the
following bilinear generating relation for the function Gg(.) holds:

0 1_)\_n ai. - .a tn 1
3 , GM,N-FI |: : » U1, y 4P :| =
;:0 [ ,1(0 73 q) p+1,Q |¥4 bi,--- ,bg (¢ On (1 —t)()‘)

i

- Sk (o t)F M,N+1 Y 1-X—k,a1,---,ap
2 G ’ - < . 9 b 9
X Z (q7 q) (1 _tq)\)(k) P+1,Q (1_tq)\+k)ﬂq b]_,"' 7bQ
(3.1)
where [t| < 1, 0 < |q| <1 and X\ is an arbitrary number.

Corollary 2. Let M, N, P,Q be positive integers satisfying 0 < M < @,
0 < N < P and let A be an arbitrary number. Then the q-generating relation
for the basic analogue of Meijer’s G-function is given by

ZGMN+1[. 1—=XA=n,ay, - ,ap " 1
rP+1,Q |¥:4 by, -- ,bQ (q;q)n (1 _ t)()\)
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M,N+1 Yy I—=XAai,---,ap
x GMNEL Y , 3.2
P+1,Q {(1_ Q‘ bi,--- b (3:2)
where [t| < 1 and 0 < |q| < 1.

Further, it is interesting to observe that in view of the following limiting
cases:

, _ N UL
ql_lglﬁ Iy(a) = I'(a) and qlir{{ a—qn (a)n , (3.3)
where
(a)p=ala+1)---(a+n—1), (3.4)

the g-generating relation (2.1) of Theorem 1 provides the g-extension of the
known result due to Raina [7, page 301, equation (2.1)].

By assigning suitable special values to the sequence {Shq}zozo, our main
result (Theorem 1) can be applied to derive certain bilinear g-generating
relations for the product of orthogonal ¢g-polynomials and the basic analogue
of Fox’s H-function. To illustrate this, we consider the following example.

Setting m = 1 and
(=D*¢** D (ag; q)n
(@q; Q)r(q; O)n

Sk:,q = ) (35)

we find from (1.10) that
faalziq) = LY (23 q),
(@)

where Ly, ’(z;q) denotes the g-Laguerre polynomial defined by (cf. [9])

. "
LM (x5q) = OG0 g, —zq" | . (3.6)
(¢ Dn 0q

Thus in view of the above relations, Theorem 1 yeilds the ¢-generating re-
lation involving ¢-Laguerre polynomial and the basic Fox’s H-function as
below:

© , 1= X—n,h), (a, &
S L (paiq) HYYY! [W' ( (:,5)) e } (¢:9)n

n=0

(ag; q)n i (=DFFED (p )k
(1= (g n = (6 Oelag e (1 - tg*)®
M,N+1 Y . (1=A—=k,h), (a,a)
X HPJrl,Q |:(1 _ tq’\+k)(h) 34 ‘ (b, ﬂ) . (37)
Again, if we set m = 1 and
(ag; @)n(aBq™; q)p(—1)FgkkH1/2-nk
(aq; Or(q; On

Skg =

)

, (3.8)
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we find from (1.10) that
fan(w:q) = PSP (w;q),
where Péa’ﬁ ) (x;q) denotes the g-Jacobi polynomial defined by (cf. [9])

—-n

: g " afg"
« b n
Pﬁ“ﬁ)(:ﬂ;q) = ((qg;) o®q zq | . (3.9)
@ @)n oq :

Then, Theorem 1 provides the g-generating relation involving ¢g-Jacobi poly-
nomial and the basic Fox’s H-function, namely

i PP (p x;q) Hpgy o' [y;q‘ (1=XA=mn,hn), (a,a) } (t”

P+1,Q (b7 5) q; Q)n
e, 3 DI (g0 o)
T (1) n = (¢; )x(ag; Q)x (1—tg")®
M,N+1 Y . (1*>\*k»h)7 (ava)

A detailed account of various hypergeometric orthogonal g-polynomials
can be found in the research monograph by Koekoek, Lesky and Swarttouw
[3] and in [9]. It is worth mentioning that the definitions of ¢-Laguerre and
g-Jacobi polynomials given by the equations (3.6) and (3.9), respectively, are
slightly different from those given in the seminal work [3]. Therefore, one
can derive similar type of results by taking into consideration the definitions
of the ¢g-polynomials given in [3].

We conclude with the remark that by suitably assigning values to the
sequence {Skq}reo, the g-generating relation (2.1) being of general nature,

will lead to several generating relations for the product of orthogonal ¢-
polynomials and the basic analogue of the Fox’s H-functions.
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