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On a topological simple Warne extension
of a semigroup

IrRYNA FIHEL, OLEG GUTIK, AND KATERYNA PAVLYK

ABSTRACT. In the paper we introduce topological Z-Bruck—Reilly and
topological Z-Bruck extensions of (semi)topological monoids, which are
generalizations of topological Bruck—Reilly and topological Bruck ex-
tensions of (semi)topological monoids, and study their topologizations.
The sufficient conditions under which the topological Z-Bruck—Reilly
(Z-Bruck) extension admits only the direct sum topology and conditions
under which the direct sum topology can be coarsened are given. Also,
topological characterizations for some classes of I-bisimple (semi)topo-
logical semigroups are given.

1. Introduction and preliminaries

In this paper all topological spaces are assumed to be Hausdorff. We shall
follow the terminology of [12, [13, [I8] [38]. If Y is a subspace of a topological
space X and A CY, then by cly(A) we shall denote the topological closure
of Ain Y. By N we denote the set of positive integers. Also, for a map
§: X — Y and a positive integer n we denote by §~1(A) and ™(B) the full
preimage of a set A C Y and the n-power image of a set B C X, respectively,
: —1 _ : n - :
ie, 07 (A)={r e X:0(x) € A} and 6"(B) ={(f o t .00)(z): v € B}.

N tim

A semigroup S is regular if x € xSx for every x eefS' . A semigroup S
is called inverse if for any element x € S there exists a unique 7! € S
such that zz 'z = 2 and 2 'zz~' = 27'. The element ! is called the
inverse of x € S. If S is an inverse semigroup, then the function inv: § — S
which assigns to every element x of S its inverse element ! is called the
inversion. An inverse semigroup S is said to be Clifford if x - o= ' =271 . 2
for all x € S.
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If S is a semigroup, then we shall denote the subset of idempotents in S by
E(S). If S is an inverse semigroup, then E(S) is closed under multiplication
and we shall refer to F(S) as a band (or the band of S). If the band E(S)
is a non-empty subset of S, then the semigroup operation on S determines
the following partial order < on E(S): e < f if and only if ef = fe = e.
This order is called the natural partial order on E(S). A semilattice is a
commutative semigroup of idempotents. A semilattice E is called linearly
ordered or a chain if its natural order is a linear order. If E is a semilattice
and e € E, then we denote l[e={f e E| f<e}and Te={fe€ F|e< f}.

If S is a semigroup, then by #Z, .2, ¢, 2 and S we shall denote the
Green relations on S (see [I3], Section 2.1]). A semigroup S is called simple
if S does not contain any proper two-sided ideals and bisimple if S has only
one Z-class.

A semitopological (respectively, topological) semigroup is a Hausdorff topo-
logical space together with a separately (respectively, jointly) continuous
semigroup operation [12, 38]. An inverse topological semigroup with contin-
uous inversion is called a topological inverse semigroup. A topology T on a
(inverse) semigroup S which turns S into a topological (inverse) semigroup
is called a semigroup (inverse) topology on S. A semitopological group is a
Hausdorff topological space together with a separately continuous group op-
eration [38], and a topological group is a Hausdorff topological space together
with a jointly continuous group operation and inversion [12].

The bicyclic semigroup €' (p, q) is the semigroup with the identity 1 gen-
erated by elements p and ¢ subjected only to the condition pg = 1. The
bicyclic semigroup is bisimple and each of its congruences is either trivial or
a group congruence. Moreover, for every non-annihilating homomorphism h
of the bicyclic semigroup either h is an isomorphism or the image of € (p, q)
under h is a cyclic group (see [I3, Corollary 1.32]). The bicyclic semigroup
plays an important role in algebraic theory of semigroups and in the theory
of topological semigroups. For example, the well-known Andersen’s result [6]
states that a (0—)simple semigroup is completely (0-)simple if and only if it
does not contain the bicyclic semigroup. The bicyclic semigroup admits only
the discrete semigroup topology, and a topological semigroup S can contain
the bicyclic semigroup % (p, q) as a dense subsemigroup only as an open sub-
set [16]. Bertman and West in [10] proved that the bicyclic semigroup as a
Hausdorff semitopological semigroup also admits only the discrete topology.
The problem of the embedding of the bicycle semigroup into compact-like
topological semigroups was solved in the papers [7, 8, 9, 20, 27], and the clo-
sure of the bicyclic semigroup in topological semigroups was studied in [16].

The properties of the bicyclic semigroup were extended to the following
two directions: bicyclic-like semigroups which are bisimple and bicyclic-like
extensions of semigroups. In the first case such are inverse bisimple semi-
groups with well-ordered subset of idempotents: w”-bisimple semigroups
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[28], w*-bisimple semigroups [29] and an a-bicyclic semigroup, and bisimple
inverse semigroups with linearly ordered subsets of idempotents which are
isomorphic to either [0,00) or (—00,00) as subsets of the real line: B}

[0,00)°
B[%,co)’ B(l_oo’oo) and B(Q_oo’oo). Ahre [1, 2, 3,4, [5] and Korkmaz [33] [34] stud-
ied Hausdorff semigroup topologizations of the semigroups B[l0 507 B[20 507
B(l_oom), B(Q_OO’OO) and their closures in topological semigroups. Annie

Selden [42] and Hogan [30] proved that the only locally compact Hausdorff
topology which turns an a-bicyclic semigroup into a topological semigroup
is the discrete topology. In [31] Hogan studied Hausdorff inverse semigroup
topologies on an a-bicyclic semigroup. There he constructed a non-discrete
Hausdorff inverse semigroup topology on an a-bicyclic semigroup.

Let Z be the additive group of integers. On the Cartesian product %7 =
7 x 7, we define the semigroup operation as follows:

(a—b+cd), if b<e,
(a,b) - (¢,d) =< (a,d), if b=c, (1)
(a,d—c+0), if b>c,

for a,b,c,d € Z. The set €7 equipped with this operation is called the
extended bicyclic semigroup [44]. It is obvious that the extended bicyclic
semigroup is an extension of the bicyclic semigroup. The extended bicyclic
semigroup admits only the discrete topology as a semitopological semigroup
[19]. Also the problem of the closure of %7 in a topological semigroup was
studied in [19].

The concept of Bruck—Reilly extensions originates from the Bruck paper
[11], where he constructed an embedding of semigroups into simple monoids.
Reilly in [37] generalized the Bruck construction to what is nowadays called
the Bruck—Reilly construction and, using it, described the structure of w-
bisimple semigroups. Annie Selden in [39] [40] 41] described the structure of
locally compact topological inverse w-bisimple semigroups and their closures
in topological semigroups.

The disquisition of topological Bruck—Reilly extensions of topological and
semitopological semigroups was started in the papers [22] 24] and continued
in [35, 25]. Using the ideas of the paper [22] Gutik in [23] constructed
an embedding of an arbitrary topological (inverse) semigroup into a simple
path-connected topological (inverse) monoid.

Let G be a linearly ordered group and let S be any semigroup. Let
a: Gt — End(S!) be a homomorphism from the positive cone G into the
semigroup of all endomorphisms of S*. By (S, G, a) we denote the set
G x S' x G with the following binary operation

(91,51, h1) - (92,52, h2) = (2)
= (91(h1Ag2) " g2, aleVhi! go](s1)-aleVgy 'hi)(s2), ha(hiAga) " hy).
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This binary operation is associative and the set Z(S, G*,a) = Gt x St x G
with the semigroup operation induced from %(S, G, «) is a subsemigroup of
AB(S,G,a) [20].

Now we let G = Z be the additive group of integers with the usual order <
and let S be any semigroup. Let a: ZT — End(S') be a homomorphism from
the positive cone ZT into the semigroup of all endomorphisms of S!. Then
formula determines the following semigroup operation on %(S,Z, a):

(i,8,7) - (m,t,n) =
(i+m—min{j, m}, a[m— min{j, m}|(s)-a[j—min{j, m}|(¢), j+n—min{j, m}),

where s,t € S' and i, j,m,n € Z.

Let 6: S' — H(1g) be a homomorphism from the monoid S' into the
group of units H(1g) of S'. Then we put an](s) = 6"(s) for a positive
integer n and let °: S — S! be the identity map of S'. The semigroup
AB(S,Z,a) with such a homomorphism « will be denoted by #(S,Z,0) or,
when the homomorphism 6: S* — H(1g) is defined by the formula

n . lg, ifn >0,
0 (S)_{ s, ifn=0,

simply by %(S,Z). We observe that the semigroup operation on %4(S,Z,0)
is defined by the formula

(i—j+m,0mI(s) -t,n), if j<m,
(4,8,7) - (myt,n) = ¢ (i,s-t,n), if j=m, (3)
(i, -67"™(t),n —m+3j), if j>m,

for i,§,m,n € Z and s,t € S'. We shall call the semigroup %(S,Z, ) the
Z-Bruck—Reilly extension of the semigroup S and A(S,Z) the Z-Bruck ez-
tension of the semigroup S, respectively. We also observe that if S'is a trivial
semigroup, then the semigroups #A(S,Z,0) and H(S,Z) are isomorphic to
the extended bicyclic semigroup (see [44]).

Proposition 1.1. Let S' be a monoid and 0: S* — H(lg) be a homo-
morphism from S into the group of units H(1s) of S'. Then the following
statements hold:

(i) A(S,Z,0) and B(S,Z) are simple semigroups;
(i) #(S,Z,0) (B(S,Z)) is an inverse semigroup if and only if S is an
1NVETSE SEMigroup;

(iii) B(S,Z,0) (#B(S,Z)) is a regular semigroup if and only if S* is a

regqular semigroup.

The proofs of the statements of Proposition [I.1]are similar to correspond-
ing theorems of [13], Section 8.5] and [32, Theorem 5.6.6].

Also, we remark that the descriptions of Green’s relations on the semi-
groups HA(S,Z,0) and H(S,Z) are similar to those on the Bruck—Reilly and
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Bruck extensions of S1 (see [13, Lemma 8.46] and [32, Theorem 5.6.6(2)]).
Hence the semigroup %(S,Z,0) (respectively, #(S,Z)) is bisimple if and
only if S! is bisimple.

Remark 1.2. Formula implies that if (i,s,7) - (m,t,n) = (k,d,l) in
the semigroup #(S,Z,0), then k —l =i —j+m —n.

For every m,n € Z and A C S we define Sy, ,, = {(m,s,n): s € S} and
Apn={(m,s,n): s € A}.

In this paper we introduce the topological Z-Bruck—Reilly and the topo-
logical Z-Bruck extensions of (semi)topological monoids, which are gener-
alizations of topological Bruck—Reilly and topological Bruck extensions of
(semi)topological monoids, and study their topologizations. The sufficient
conditions under which the topological Z-Bruck—Reilly (Z-Bruck) extension
admits only the direct sum topology and conditions under which the direct
sum topology can be coarsened are given. Also, topological characterizations
for some classes of I-bisimple (semi)topological semigroups are given.

2. On topological Z-Bruck—Reilly extensions

Let S be a monoid and let H(1g) be its group of units. Obviously if one
of the following conditions holds:
1) H(1lg) is a trivial group,
2) S is congruence-free and S is not a group,
3) S has zero,

then every homomorphism 6: S — H(1g) is annihilating. Also, many topo-
logical properties of a (semi)topological semigroup S guarantee the triviality
of f. For example, such is the following: H(1g) is a discrete subgroup of S
and S has a minimal ideal K (.S) which is a connected subgroup of S.

On the other side, there exist many conditions on a (semitopological,
topological) semigroup S which ensure the existence of a non-annihilating
(continuous) homomorphism #: S! — H(lg) from S into the non-trivial
group of units H(1g). For example, such conditions are the following:

1) the (semitopological, topological) semigroup S has a minimal ideal
K (S) which is a non-trivial group and there exists a non-annihilating
(continuous) homomorphism h: K(S) — H(1g);

2) S is an inverse semigroup and there exists a non-annihilating homo-
morphism h: S/oc — H(lg), where o is the least group congruence
on S (see [36, Section IIL.5]).

Let (S,7) be a semitopological monoid and let 1g be the identity of S.
If S does not contain an identity, then without loss of generality we can
assume that S is a semigroup with an isolated adjoined identity. We shall
also assume that the homomorphism #: S' — H(1g) is continuous.
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Let B be a base of the topology 7 on S. According to [22] the topology
TBR on HAB(S,Z,0) generated by the base

BBR: {(ZaUvj) Ue Baiaj € Z}

is called the direct sum topology on #A(S,7Z,0). We shall denote it by TBR
We observe that the topology TBR is the product topology on A(S,Z,0) =
Z x S x 7.

Proposition 2.1. Let (S, 7) be a semitopological (respectively, topological,
topological inverse) semigroup, and let 0: S — H(1g) be a continuous homo-
morphism from S into the group of units H(1s) of S. Then (2(S,Z,0), 8%
is a semitopological (respectively, topological, topological inverse) semigroup.

The proof of Proposition is similar to the proof of [22, Theorem 1].

Definition 2.2. Let & be some class of semitopological semigroups and
(S,7) € &. If TR is a topology on #(S,Z,0) such that the homomorphism
6: S* — H(lg) is a continuous map, (#(S,Z,0), 1gr) € & and TBRSs,,., =
7 for some m € 7Z, then the semigroup (%(S,Z,0), Tr) is called a topological
Z-Bruck—-Reilly extension of the semitopological semigroup (.S, 7) in the class
S. In the case when 0(s) = 1g for all s € S1, the semigroup (%(S,Z), TBR)
is called a topological Z-Bruck extension of the semitopological semigroup
(S,7) in the class 6.

Proposition implies that for every semitopological (respectively, topo-
logical, topological inverse) semigroup (S,7) there exists a topological Z-
Bruck—Reilly extension (%(S 7,0), TBR) of the semitopological (respectively,
topological, topological inverse) semigroup (.S, 7) in the class of semitopolog-
ical (respectively, topological, topological inverse) semigroups. It is natural
to ask: when is (%(S,Z,0), 3% ) unique for the semigroup (S,7)?

Proposition 2.3. Let (#B(S,Z,0),1BR) be a semitopological semigroup.
Then the following conditions hold:

(i) for everyi,j, k,l € Z the topological subspaces S; j and Sy are home-
omorphic; moreover, S;; and Sy are topologically isomorphic sub-
semigroups in (B(S,7Z,0), TBR);

(ii) for every (i,s,j) € AB(S,Z,0) there exists an open neighbourhood
Uli,s,j) of the point (i, s, j) in (#(S,Z,0), TBR) such that

Utiogy) C \J{Simkjon: £=0,1,2,3,...} .

Proof. (i) For every i,j,k,l € Z the map ¢} : B(S,Z,0) — B(S,Z,0)

defined by the formula ¢f]l(a:) = (k,1g,7) - = - (j,1g,1) is continuous as a
composition of left and right translations in the semitopological semigroup
(%(S,Z,0), BR)- Since qﬁzjl(qﬁf]l(s)) = s and qbfjl( po(t) =t for all s € S;
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k.l
- 2%
the restriction qﬁzjl] Si.- Then the continuity of the map qbfjl implies that the

restriction d)f]l |s; ; is a homeomorphism which maps elements of the subspace

S;,; onto elements of the subspace Sy in #(S,Z,6). Now the definition of
the map qﬁfj implies that the restriction ¢ff\ Siit Sii — Sk is a topological
isomorphism of semitopological subsemigroups S;; and Sy .

(ii) Since left and right translations in a semitopological semigroup are
continuous maps and left and right translations by an idempotent are re-
tractions, [I8, Exercise 1.5.C] implies that (i + 1,1g,7 + 1)%(S,Z,0) and
B(S,Z,0)(j+1,1g,j+1) are closed subsets in (A(S, Z,0), TBr ). Hence there
exists an open neighbourhood W; , ;) of the point (i, s, j) in (#(S,Z, 0), TBR)
such that

W( )Q%(S,Z, 9) \ ((Z+17 157i+1)‘@(5727 0) U %(S,Z, 9)(]+17 157j+1)) :

and t € Sy, we conclude that the restriction ¢, | s;,; 1s the inverse map of

Z?‘S?]

Since the semigroup operation in (%#(S,Z,0), TBr) is separately continuous,
we conclude that there exists an open neighbourhood Uy, ;) of the point
(i,s,7) in (#A(S,Z,0), ™BR) such that

Ulisg) € Wiis,g)r (615,0) - Ugis ) © Wiis gy and Ui s gy - (4, 15,9) © Wi )

Next we shall show that Ug;, ;) € U{Si—xj-r:k=0,1,2,3,...}. Sup-
pose the contrary: there exists (m,a,n) € U, ) such that (m,a,n) ¢
U{Si—k,j—r: k£=0,1,2,3,...}. Then we have m < i,n < jand m—n # i—j.
If m —n >1i—j, then we get

(m,a,n)-(j, 15, j)=(m—n+j,0°""(a), j)¢B(S, Z,0)\(i+1, 15, i+1)B(S, Z, )

because m —n +j > i — j + j =i, and hence (m,a,n) - (j,1s,5) & Wi s j)-
Similarly, if m —n < i — j, then we get

(i,15,4)-(m, a,n)=(i,0""™(a), n—m~+i)¢HB(S, Z,0)\ B(S, Z,0)(j+1,1g, j+1)

because n —m +i > j —i+i = j, and hence (7, 15,7) - (m,a,n) &€ W, , .
This completes the proof of our statement.

Theorem 2.4. Let (#(S,Z,0), BR) be a topological Z-Bruck-Reilly ex-
tension of a semitopological semigroup (S, 7). If S contains a left (right or
two-sided) compact ideal, then TR is the direct sum topology on HB(S,7Z,0).

Proof. We consider the case when the semitopological semigroup S has
a left compact ideal. In other cases the proof is similar. Let L be a left
compact ideal in S. Then by Definition there exists an integer n such
that the subsemigroup S, ,, in (#(S,Z,0), TBr) is topologically isomorphic
to the semitopological semigroup (.5, 7). Hence Proposition implies that
L; ; is a compact subset of (#A(S,Z,0),sr) for all i,j € Z.
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We fix an arbitrary element (i, s, j) of the semigroup #4(S,Z,0), i,j € Z
and s € S'. We also fix an element (i — 1,¢,j — 1) in Li—1 ;-1 and de-
fine a map h: #£(S,Z,0) — HB(S,Z,0) by the formula h(z) = = - (j —
1,t,7 — 1). Then by Proposition i1) there exists an open neighbour-
hood U; s jy of the point (i,s,j) in (%#(S,Z,0),78Br) such that U,y C
U{Si—kj—kr: k=0,1,2,3,...}. Since left translations in (#(S,Z,0), TBR)
are continuous, we conclude that the full pre-image h_l(Li,Lj,l) is a closed
subset of the topological space (#(S,Z,0),8r), and Remark implies
that h™Y(Li—1j-1) = U{Si—kj—k: £ =1,2,3,...}. Therefore, an arbitrary
element (i, s, j) of the semigroup %(S,Z,0), where i,7 € Z and s € S*, has
an open neighbourhood U; , ;) such that U ;) € S; ;. g

Theorem [2.4] yields the following corollary.

Corollary 2.5 (see [19]). Let 7 be a Hausdorff topology on the extended
bicyclic semigroup 6z, If (67, T) is a semitopological semigroup, then (67, 1)
1s the discrete space.

Theorem 2.6. Let (#(S,Z,0), BR) be a topological Z-Bruck-Reilly ex-
tension of a topological inverse semigroup (S,T) in the class of topological
inverse semigroups. If the band E(S) contains a minimal idempotent, then
TBR 15 the direct sum topology on HB(S,7Z,0).

Proof. Let ey be a minimal element of the band E(S). Then (i,eq,%) is a
minimal idempotent in the band of the subsemigroup S; ; for every integer i.

Since the semigroup operation on (A(S,Z,0), TBr) is continuous, we con-
clude that for every idempotent ¢ from the semigroup #(S,Z,0) the set
Tv={e€ E(A(S,Z,0)): -1 =1-c =1} is a closed subset in E(A(S,Z,0))
with the topology induced from (#(S,Z,0), /8Br). We define the maps
[: B(S,Z,0) — E(#(S,Z,0)) and v: B(S,Z,0) — E(A(S,Z,0)) by the for-
mulae [(z) = z- 27! and t(x) = 27! - 2. We fix any element (i,s,j) €
AB(S,7Z,0). Since the semigroup operation and inversion are continuous
in (%(S,Z,0), ™8R), we conclude that the sets [ (1(i —1,e9,4 — 1)) and
v (1(j —1,e0,j — 1)) are closed in (%(S,Z,0),78r). Then by Proposi-
tion [2.3((ii) there exists an open neighbourhood Uj; , ;) of the point (7, s, 7)
in (@ S,Z,0),BR) such that U(i,s,j) - U{Sifk,jfk: k=0,1,2,3,.. } Now
elementary calculations show that

W(i,s,j) = U(i,s,j) \ ([_1 (T(Z - 15 e(]vi - 1)) U t_l (T(] - 17 eOvj - 1))) - SZ,J
This completes the proof of our theorem. O

The following examples show that the arguments stated in Theorems [2.4]
and [2.0] are important.

Example 2.7. Let Ny ={0,1,2,3,...} be the discrete topological space
with the usual operation of addition of integers. We define a topology m8r
on A(Ny,Z) as follows:
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(i) for every point x € N4 \ {0} the base of the topology TR at (i, z, j)
coincides with some base of the direct sum topology Tg%{ at (i,z,7)
for all i,j € Z;
(ii) for any 4,j € Z the family %; ;) = {Ufj: k=1,2,3,... }, where
U ={G,0,)0{(i—1,s,j—1):s=kk+1,k+2,k+3,...},
is the base of the topology Tgr at the point (4,0, j).
Simple verifications show that (#(N4,Z), 8r) is a Hausdorff topological

semigroup.

Example 2.8. Let Ny, = {0,1,2,3,...} be the discrete topological space
with the semigroup operation z-y = max{z, y}. We identify the set B(Nm, Z)
with Z(Ny,Z). Let Tgr be the topology on #(N,,Z) defined as in Exam-
ple Then simple verifications show that (#(Nm,Z), TBR) is a Hausdorff
topological inverse semigroup.

Definition 2.9. We shall say that a semitopological semigroup S has
the open ideal property (or shortly, S is an OIP-semigroup) if there exists
a family .¢ = {I,}aeca of open ideals in S such that for every x € S there
exist an open ideal I, € .# and an open neighbourhood U(z) of the point z
in S such that U(x) NI, = @.

We observe that in Definition the family .# = {I,}ac4 of open ideals
in S satisfies the finite intersection property. Thus every semitopological
OIP-semigroup does not contain a minimal ideal.

Theorem 2.10. Let (S, 7) be a Hausdorff semitopological OIP-semigroup
and let 0: S — H(1g) be a continuous homomorphism. Then there exists a
topological Z-Bruck—Reilly extension (A(S,Z,0),8R) of (S,T) in the class
of semitopological semigroups such that the topology TR is strictly coarser
than the direct sum topology T%SR on B(S,7,0).

Proof. Let & = {I,}aca be a family of open ideals in (S, 7) such that
for every x € S there exist I, € .# and an open neighbourhood U (z) of the
point z in (S, 7) such that U(z) NI, = @.

We shall define a base of the topology Tgr on #(S,Z,0) in the following
way:

(1) for every s € S\ H(1lg) and 7, j € Z the base of the topology TR at
the point (i, s, j) coincides with some base of the direct sum topology
TR at (i,s,5);

(2) the family

Bliag) = {Ua)i; = (Ua)ij U (6 (Ua) N Ia)i—l,j—l 1 Uq € Bo, 1o € I},

where 4, is a base of the topology 7 at the point a in S, is a base of
the topology TR at the point (i,a,j), for every a € H(1lg) and all
i,] € Z.
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Since (S,7) is a Hausdorff semitopological OIP-semigroup, we conclude
that 7gr is a Hausdorff topology on #(S,Z,0) and, moreover, Tgr is a
proper subfamily of TBR Hence 7R is a coarser topology on #(S,Z,0)
than TgSR

Now we shall show that the semigroup operation on (#(S,Z,0), TBr) is
separately continuous. Since by Proposition the semigroup operation on
(#(S,7,0), Tg%{) is separately continuous, the definition of the topology T8r
on A(S,Z,0) implies that it is sufficient to show the separate continuity of
the semigroup operation on (%(S,Z,0),/8r) in the following three cases:

1) (ivh’j) ’ (mag)n)§ 2) (i7h7j) : (m,s,n); and 3) (m,s,n) ’ (i,h,j),

where s € S\ H(1g), g,h € H(1g) and i, j,m,n € Z.
Consider case 1). Then we have

(Z7h7])(m7gvn): (thgan)a lf]:m
(t,h-7=™(g),n —m+7j), if j>m.

Suppose that 7 < m. Then the separate continuity of the semigroup
operation on (S, 7) and the continuity of the homomorphism 6: S — H(1g)
imply that for every open neighbourhood Ugm-;(p). of the point 0m=J(h)-g
in (S, 7) there exist open neighbourhoods V}, and W, of the points h and g
n (S, 1), respectively, such that

Qm_J(h) . Wg - Uem—j(h)~g and Qm_j(Vh) -g C Ugm—j(h).g.
Hence for every I, € . we get
(Z h .7) : (W )mn = (Z h -]) ((Wg)m,n U (0_1<W9) N Ia)m—l,n—l)

g Z h J) (W )m,n) ((7’7h’j) ’ (Qfl(Wg) mI‘)‘)m—l,n—l) g
em H)Wy) s e mn (0™ () (07 (W) La)), sy s i <=1,
0 2 Jjt+m,n U (h ’ (971(W9> N [a))i,n—l ’ if j:m_l
< Uam i(h)- )z —j+mmn

because 6 (™17 (h) - (H_I(Wg) N1,)) Co™I(h)- W, C Ugm—i(n).g> and

( (eil(vh) N Ia)z;l,jﬂ) - (m, g,n)

U << i), L1 (magom)
U@t (07N (Vi) N 1) - g

U (mej(vh) g

Vh) -(m, g,n) C
Q( (m,g,n))

)z j+mmn )ifjer,n

)z —j+m,n )i—j+m,n
«a

i—j+m,n



ON A TOPOLOGICAL SIMPLE WARNE EXTENSION OF A SEMIGROUP 211

Suppose that j = m. Then the separate continuity of the semigroup
operation on (S, 7) implies that for every open neighbourhood Up,.4 of the
point h-g in (S, 7) there exist open neighbourhoods Vj, and W, of the points
h and g in (S, T), respectively, such that

Vi-9g CUpyg and h-Wy CUp.yg.
Then for every I, € .7 we have
(Vi) (m, g.m)S (Vi) ;-(m,g.n)) U (07 (V) N 1a),_y ;_y (m,g,m))
C(Va-9)in V(OO (Vi)N1a)-9),, € Vi 9)i U (Vi 9)i
=(Vh -g)m = (Uhg)ma

and

( ) ( )g’bn ((7“ h j) (W m,n ) ( Z’h’]) ( (W )ﬂ[ )mfl,nfl)
C(h-Wy);, U (h-0 (07 (Wy)N1a)),, S (h- W), U(h-Wy),
=(h- Wg)i,n = (Uh-g)zn

Suppose that j > m. Then the separate continuity of the semigroup
operation on (S, 7) and the continuity of the homomorphism 6: S — H(1g)
imply that for every open neighbourhood U, g;-m (g of the point A - 67-™(g)
in (S, 7) there exist open neighbourhoods V}, and Wy of the points h and g
n (S, 1), respectively, such that

he 77 (W) € Uiy and Vi 077" (g) S Upgi-m(q)-
Hence for every I, € ¥ we get
(ia h?]) (W )7an n = ((1’ h ]) (W )mm )U((l’ h’J) (9_1(Wg)mlo‘)mfl,nfl)
C (B0 (1)), U (07 (0710, N 1)
(077 (0,)), sy (107 (,)
(h . 9j_m(Wg))i,n—m+j - (Uhﬂj‘m(g))zn—mﬂ ’

,n—m-+j

N

,n—m-+j ,n—m-+J

and
(Va)gs -(m, g, m) S (Vi) -(m, g,m)U((07 (V)N Ia),y 5 -(m,g,m)) S
(Virt!=™(9)); gV (071 (VR) N L) - ) Ln if j—1=m,
Vit () s iU (O VRINLQ) 0771 (9)) ;g > HEG—1>m

< (Uh'ej_m(g))anerj
because 6 (071 (Va) N1a) - 67717 (g)) =V}, - 677™(g) C Uh.6i—m(g)-

We observe that if g € H(1g) and s € S\ H(1g) then g-s,s-g € S\ H(1g).
Otherwise, if g-s € H(1g), then we have g7 -g-s = 1g-5 = s € H(lg),
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which contradicts the fact that every translation by an element of the group
of units of S is a bijective map (see [12], Vol. 1, p. 18]).
Consider case 2). Then we have
(i—7+m,0m(h)-s,n), ifj<m,
(i,hvj)'(m’svn): (Z',h'S,‘TL), lf]:m>
(i,h-077"(s),n —m+j), if j>m.
Suppose that j < m. Then the separate continuity of the semigroup
operation on (5, 7) and the continuity of the homomorphism 0: .S — H(1g)
imply that for every open neighbourhood Upm—;p).s of the point 6™77(h) - s
in (S, 7) there exist open neighbourhoods V}, and W; of the points h and ¢
in (S, 7), respectively, such that
0" I(h) - Wy CUpm-iny.s  and 0™ (Vi) -5 C Upm—i(p).s-
Hence for every I, € . we get that

(i7 hvj) ’ (Ws)m,n - (emij(h) ’ Ws)i_j+m,n < (UGm—j(h)-s)i_j_,'_m’n
"(ma S, n)g( (Vh)i,j '(m7 S, ’I’L))U( (O_I(Vh)mla)i_l’j_l '(m7 S, ’I’L))
( (Vh) ' S)i*jer,n U (9m_j+1 (G_I(Vh) N Ia) ' S)
C (0" (V) - 8>ifj+m,n U (0™ (Vi) - S)i—jer,n
( (Vh) ) S)i—j—i—m,n < (U97n_j(h)'3)i_j+m7n :

Suppose that j = m. Then the separate continuity of the semigroup
operation on (S,7) implies that for every open neighbourhood Up.s of the
point h-sin (S, 7) there exist open neighbourhoods V}, and W; of the points
h and s in (S, 7), respectively, such that

Vi - s CUp.s and h-Ws CUp.s.
Then for every I, € .# we have (i,h,j) (Ws)mn C (h- Ws)in C (Uh's)i,n
and
(Vh)g]"(ma S, n)g( (Vh)i,j '(m7 S, ’I’L))U( (G_I(Vh)ﬂ]—a)i_l’j_l '(mv S, ’I’L))
C(Vi8)in U (OO (V)N 1) 5),,, © (Va8), U (Vi)
= (Vh ’ S)i,n - (Uh's)i,n :

If j > m then the separate continuity of the semigroup operation on (S, 7)
and the continuity of the homomorphism ¢: S — H(1s) imply that for every
open neighbourhood Uy,.gi—m(s) of the point h - 6/7™(s) in (S, 7) there exist
open neighbourhoods V}, and Wy of the points h and s in (S, 7), respectively,
such that

h- 077" (W) C Upgi-m(sy — and Vi - 077"(s) C Upgi-ms)-

i—j+m,n
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Hence for every I, € .4 we get that

«a

(i:1,9) - (Wa)n € (07" (W)), v € Ui V) inmis

and

(Vi) (m, s, ) S ((Va)y j-(m s, m))U((07 (Vi) o),y 5y +(mys,m))C
(Vh'ejim(s))z‘,n—mﬂ Y ((gil(vh)ﬂla)'s)i—m ’ it j—1=m,
(Vieti = (s)), (07 (ViNLa) 6975 (s)), | i j—1sm

(Vh 9i— (s ))ln mij S (Uh.gj—m(s)):n_m+j
because 6 ((071(Va) N 1y) - 07717 (s)) C V- 09-™(s) C Uh.gi—m(s)-
In case 3) we have

(m—n—i—z’,@i_”(s)'g,j), if’n‘<i7
(m757n)’(i)guj): (m,s-g,j)‘, lf’I’L:’L,
(m,s-60""(g),7—i+mn), ifn>i.
In this case the proof of separate continuity of the semigroup operation on
(B(S,Z,0), Br) is similar to case 2). O

We observe that in the case when 0(s) = 1g for all s € S! a base of the
topology TBr on #(S,7Z) is determined in the following way:
(1) for every s € S'\ {15} and i,j € Z the base of the topology TR at
the point (i, s, j) coincides with some base of the direct sum topology
TBR at (i,s,7); and
(2) the famlly ‘@(iyls,j) = {Uiofj = Ui,j U (Ia)i—l,j—13 U e %157104 S f},
where % is a base of the topology 7 at the point 1g in S, is a base
of the topology mBR at the point (i, 1g,j), for all 4, j € Z.

Then Theorem [2.10] yields the following theorem.

Theorem 2.11. Let (S, 7) be a Hausdorff semitopological OIP-semigroup.
Then there exists a topological Z-Bruck extension (#(S,Z), BR) of (S,7) in
the class of semitopological semigmups such that the topology TBR s strictly
coarser than the direct sum topology TBR on B(S,7).

Now we need the following proposition.

Proposition 2.12. Let (S,7) be a topological (inverse) OIP-semigroup.
Let TBR be the topology on the semigroup %B(S,7Z,0) defined in the proof of
Theorem (2.10. Then (%A(S,Z,0), TBR) is a topological (inverse) semigroup.

Proof. If (S,7) is a topological semigroup, then Proposition implies
that the semigroup operation is continuous on (,%’ (S,7,0), TBR) Similarly,
if the inversion in an inverse topological semigroup (S, 7') is continuous, then
Proposition implies that the inversion in (2(S,Z,0), 8% ) is continuous
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too. Therefore it is sufficient to show that the semigroup operation is jointly
continuous on (#A(S,Z,0), sr) in the following three cases:

1) (Zahaj) : (magvn); 2) (Zahyj) : (masan); and 3) (m787n) ’ (ngvj)
Also in the case when (.9, 7) is a topological inverse semigroup, it is sufficient
to show that the inversion is continuous at the point (i, h,7) for all h,g €
H(lg),s€ S\ H(lg) and i,j,m,n € Z.

Consider case 1). Then we have

(i —j+m,0m 7 (h)-g,n), if j <m,
(thaj)(mvgvn): (lahgvn)a lf]:m
(t,h-7=™(g),n —m+7j), if j >m.

If j < m then the continuity of the semigroup operation on (S, 7) and the
continuity of the homomorphism #: S — H(lg) yield that for every open
neighbourhood Upm—; ).y of the point 6™~ (h) - g in (S, 7) there exist open
neighbourhoods V}, and W, of the points h and g in (S, 7), respectively, such
that ™7 (V},) - W, C Upm- i(h).g- Hence for every I, € .7 we get

(Vh)q' : (Wg)m n —( (Vh) (Wg)m,n )U( (Vh)iJ ’ (9_ (Wg)mla)m—l,n—l )U
(( Vh)m[ )z 15— 1'(W9)m,n)U((gil(vh)mlo‘)i—lj—l.(eil(Wg)mIa)m—l,n—l)
- (9m 7(Va) - )z —jtmm AU (Qm_jJrl (9_1(Vh) n Ia) W, )i—j-‘rm,n U
(0m (0 (Vh)ﬂ] ) (9 (Wg)mla))z —Jj+m—1n—1 — (Uem J( ) )z j+m,n’

[0}

if j=m—1,

e (Va- (071 (Wg) N 1a)); s
(O™ (VR) - (07 (We) N 1a))iismgmy G <m—1,

because
em—j-f-l (e—l(Vh) e Ia) . Wg C em_](Vh) . Wg - Ugmfj(h).ga
(0" (57 0R) 1 1)+ (071 W) 11 1a)) € 07T (VA) Wy € Ui

and
(Vi) - Wy, ifj=m-—1,
0(4) = { o J(Vh) Wg, if j<m-—1,

The proof of the continuity of the semigroup operation on (#(S,Z,0), TBR)
in the case when j > m is similar to the previous case.

If j = m then the continuity of the semigroup operation on (.S, 7) implies
that for every open neighbourhood Uy,.4 of the point h-g in (S, 7) there exist
open neighbourhoods V}, and W, of the points h and g in (S, 7), respectively,
such that Vj, - Wy C Up,.4. Then for every I, € .# we get that

(Vi)iy - Wo)gn € (V- Wo)i, € (Ung)y,,

€ Upm=i(hy-g
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In case 2) we have
(i—j+m,0m7(h)-s,n), ifj<m,
(i,h,7) - (mys,m) =< (i,h-s,n), ifj=m
(i,h-07""(s),n —m+j), ifj>m,

where 0™/ (h)-s,h-s€ S\ H(lg) and h-§~™(s) € H(1g).

If 7 < m then the continuity of the semigroup operation on (S, 7) and the
continuity of the homomorphism 6: S — H(lg) imply that for every open
neighbourhood Upgm—;(p).s of the point 6™=3(h) - s in (S, ) there exist open
neighbourhoods V}, and W of the points h and s in (5, 7), respectively, such
that 0™ (V3,) - W, C Ugm—j(n).s- Hence for every I, € .# we have

V)i We)mm © ((Viig - W) ) U (07 (VR) N a) ;g oy (W) o)
C (O™ (Vi) - W)y U (0" (07 (VA) N L) - W)
C (Qm—j(vh) - W )Z Cjtmm & (Ugm i(h)- )

If j = m then the continuity of the semigroup operation on (.5, 7) implies
that for every open neighbourhood Uy, ¢ of the point h-s in (S, 7) there exist
open neighbourhoods Vj, and W of the points h and s in (S, 7), respectively,
such that Vj, - W C Up.s. Then for every I, € .# we get that

(Vh);‘)jj' (W )m n = ( (Vh) (Ws)m,n )U( (971 (Vh) mIa)i_l,j_l ' (Ws)m,n)
C (Vi W), ,, U (0 (0 (Vi) N o) - W), € (Vi We)i € (Uns)i

i—j+m,n

i—j+m,n

i,n

If 5 > m then the continuity of the semigroup operation on (S, 7) and the
continuity of the homomorphism 6: S — H(1lg) imply that for every open
neighbourhood Uy, gj—m sy of the point & - 7~"(s) in (S, 7) there exist open
neighbourhoods V}, and Wy of the points h and s in (5, 7), respectively, such
that Vj, - Gj*m(Ws) C Up.pi—m(s)- Hence for every I, € .# we have

) ( (Vh) (Ws)mn )U( (‘9_1 (Va) ﬁIa)i—1,j—1 ’ (Ws)mn) <

(Va
Vh 0] m 'Ln m-+j ((H_I(Vh)mla)'Ws)ifl,n, ifj—lzm,
(V3-09=( ((9—1(Vh)ma).gj—l—m(Ws))Hmmefl, if j—1>m
-

(V- 67~ m(W ))i7n7m+j U (9_1 (Uh-éj*m(S)) n Ia)i—l,n—m-‘:—j—l
- (Uh-m—m(s))zn

because

0 (07" (Vi) N1a) - 67717 (Wy)) C Vi 677 (Ws) C Upgi—ms)-

1n m-+j

The proof of the continuity of the semigroup operation on (#4(S,Z,0), TBR)
in case 3) is similar to case 2).
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If (S, 7) is a topological inverse semigroup, then for every ideal I in S we
have I=! = I, and for every open neighbourhoods V; and U,-1 of the points
s and s~! in (S, 7), respectively, such that (V3)™* C U,—1 we have

((Va)ij) ' € (U),,, for s € §\ H(lg) and
((V)2) 7 C (Ugm1)?,, for s € H(1g),

i,J Jit?
for all I, € .#. Hence (#A(S,Z,0), ™BR) is a topological inverse semigroup.
This completes the proof of the proposition. O

Theorem and Proposition imply the following result.

Theorem 2.13. Let (S, 7) be a topological (inverse) OIP-semigroup. Then
there exists a topological Z-Bruck—Reilly extension (A(S,Z,0), 8R) of (S, T)
in the class of topological (inverse) semigroups such that the topology TBR s
strictly coarser than the direct sum topology ’7‘%%{ on B(S,7,0).

Theorem yields the following corollary.

Corollary 2.14. Let (S, 7) be a topological (inverse) OIP-semigroup. Then
there exists a topological Z-Bruck extension (%A(S,Z), 8r) of (S,T) in the
class of topological (inverse) semigroups such that the topology TBR is strictly
coarser than the direct sum topology TgsR on B(S,7).

Recall (see [12]) that a topological semilattice E is said to be a U -semilattice
if for every x € F and every open neighbourhood U = TU of x in F, there
exists y € U such that = € Intg(Ty).

Remark 2.15. Let S be a Clifford inverse semigroup. We define a map
¢: S — E(S) by the formula ¢(x) = x - 2=, From [I3, Theorem 4.11] it
follows that if I is an ideal of E(S), then ¢ ~!(I) is an ideal of S.

The following theorem provides examples of topological OIP-semigroups.

Theorem 2.16. Let (S,7) be a topological inverse Clifford semigroup.
If the band E(S) of S has no smallest idempotent and satisfies one of the
following conditions:

(1) for every x € E(S) there exists y € |x such that there is an open
neighbourhood Uy, of y with the compact closure clg(s)(Uy);

(2) E(S) is locally compact;

(3) E(S) is a U-semilattice,

then (S,7) is an OIP-semigroup.

Proof. Suppose condition (1) holds. We fix an arbitrary z € E(S). By [21]
Proposition VI-1.14] the partial order on the topological semilattice F(S) is
closed, and hence the compact set K = clg(g)(Uy) has a minimal element
e, which must also be a minimal element of 1K. If TK = E(S), then e is
a minimal element of E(S). Hence e is the least element of E(S), because
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ef <eforany f € E(S) implies e = ef, i.e., e < f. This contradicts the
fact that E(S) does not have the least element.

Then the set I, = E(S)\ T (clg(s)(Uy)) is an open ideal in E(S), and by
[21], Proposition VI-1.13(ii4)] the set U, = TU, is an open neighbourhood of
the point x in E(S) such that I, NU, = &. Therefore for every x € E(S) we
constructed an open neighbourhood U, of the point z in F(S) and an open
ideal I, in E(S) such that I, N U, = @. Hence the topological semilattice
E(S) is an OlIP-semigroup. Now we apply Remark and get that (S, 7)
is an OIP-semigroup.

We observe that every locally compact semilattice satisfies condition (1).

Suppose condition (3) holds. We fix an arbitrary = € E(S). Since the
semilattice E(S) does not contain a minimal idempotent, we conclude that
there exists an idempotent e € |z \{z}. Then by [2I Proposition VI-1.13(i)]
the set Uy = E(S)\ le is open in E(S), and it is obvious that z € U, = 1U,.
Let y[z.¢] € Uy be such that x € Intg(g)(TY[z,¢]). We put Ve = Intg(g) (TY[z.¢])
and I, o = E(S) \ 1Y[z,e]- Then V, is an open neighbourhood of = in E(S)
and Ij, o is an open ideal in E(S). Hence similar arguments as in case (1)
show that (S, 7) is an OIP-semigroup. g

3. On /-bisimple topological inverse semigroups

A bisimple semigroup S is called an I-bisimple semigroup if and only if
E(S) is order isomorphic to Z under the reverse of the usual order.
In [44] Warne proved the following theorem.

Theorem 3.1 ([44, Theorem 1.3]). A regular semigroup S is I-bisimple
if and only if S is isomorphic to Bw = Z x G X Z, where G is a group,
under the multiplication

o (a/7g : fb__lcp : gbic(h) : fb*C,dv d—c + b)a Zf b 2 c,
(aag7 b)~(C, h, d)— { (a — b4+ c, f;lb,a . Hc_b(g) . fc—b,b . h, d), Zf b < c, ( )

where 0 is an endomorphism of G, 6° denoting the identity automorphism
of G, and for m € N, n € Z one has

(1) fon = e is the identity of G;

(2) fon = 0™ (unt1) - 0™ 2 (ups2) - ... - O(Unt(m—1)) * Un+m, where
{un: n € Z} is a collection of elements of G with u, = e if n € N.

For arbitrary i, j € Z we denote G;; = {(i,9,7) € Bw: g € G}.

Theorem 3.2. Let S be a reqular I-bisimple semitopological semigroup.
Then there exist a group G with the identity element e, an endomorphism
0: G — G, a collection {u,: n € Z} of elements of G with the property
uy = e if n € N and a topology on the semigroup By such that the following
assertions hold:
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(i) S is topologically isomorphic to a semitopological semigroup By (not
necessarily with the product topology);

(ii) Gi; and Gy are homeomorphic subspaces of Bw for alli, j, k,1 € Z;

(ili) Gi; and Gy, are topologically isomorphic semitopological subgroups
of Bw with the topology induced from By for oll i,k € Z;

(iv) 0 is a continuous endomorphism of the semitopological group G =
G;,; with the topology induced from Py for an arbitrary integer i;

(v) for every element (i,g,j) € PBw there exists an open neighbourhood
Ui g,j) of the point (i, g, j) in Bw such that Ug; g jy C\U{Gikj—k: k=
0,1,2,3,...};

(vi) E(S) is a discrete subspace of S.

Proof. The first part of the theorem and assertion (i) follow from Theo-
rem [3.11

(ii) We fix arbitrary i, j, k,l € Z and define the map gof’?: Byw — Bw by
the formula gofjl(a:) = (k,e,i)-x-(j,e,l). Then formula (4)) implies that the

restriction cpf’jl : Gij — Gy, is a bijective map. Now the compositions

|Gm‘
'i,j Zv] kvl M 3 ..
i,jO(pkvl}Gk,l and ‘%,l‘ck,lo%‘,j ‘Gm’ are identity maps of the sets G; ; and

k.l
Pijla

G, respectively, and hence the map gpfjl : Gij — Gy, is invertible to

i . Qs . . . .
Sok,l‘ckyl : G, — G . Since Py is a semitopological semigroup, we conclude

k)l

that ©i ‘Gi,j

: Gij — G}y and ‘P;c]z Gy G, — G;j are continuous maps,

and hence the map <prl‘G _
’ 2y

(iii) Formula implies that G;; and Gy, ;, are semitopological subgroups
of %y with the topology induced from Ay for all i, k € Z. Simple verifica-

tions show that the map gof’ik : G i — Gy is a topological isomorphism.

: G;,j — G}, is a homeomorphism.

6.

(iv) Assertion (iii) implies that for arbitrary i,k € Z the subspaces Gii
and G, ;, with the induced semigroup operation are topologically isomorphic
subgroups of %y, and hence the semitopological group G is correctly de-
fined. Next we consider the map f: G = Gop — G = G1,1 defined by the
formula f(x) =z -(1,e,1). Then by formula (4f) we have

(0797 0) '(17 €, 1) = (17 fl_,& '9(9)']0170-6, 1) = (17 e_l 9(9) e-e, 1) = (17 6(9)7 1)7
and since the translations in %y are continuous, we conclude that 6 is a
continuous endomorphism of the semitopological group G.

(v) Since left and right translations in a semitopological semigroup are
continuous maps and left and right translations by an idempotent are re-
tractions, [I8, Exercise 1.5.C] implies that (i + 1,e,i + 1)ZBw and By (j +
1,e,7+ 1) are closed subsets in %y. Hence there exists an open neighbour-
hood W(; 4 iy of the point (4, g, ) in %y such that

Wiigg) C Bw \ ((i +1,e,i+1)Bw UBw(j+1,e,j+1)).
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Since the semigroup operation in By is separately continuous, we conclude
that there exists an open neighbourhood Uj; 4 ;) of the point (1,9,7) in Bw
such that

Utigg) € Weigiys (6560 Utigg) € Wiig )
Next we shall show that Uj, ;) € (H{Gikjk: k = 0,1,2,3,...}. Sup-
pose the contrary: there exists (m,a,n) € Uy ;) such that (m,a,n) ¢

UHGi—k,j—r: k=0,1,2,3,...}. Thenwe havem < i,n < jand m—n # i—j.
If m —n > i — j then formula implies that there exists u € G such that

(maaan) '(j7e>j) = (m_n+]au7]) ¢<%7W\(Z+1a€7@+1)=%7w

because m —n +j > i — j+j = i, and hence (m,a,n) - (j,e,5) ¢ W g j)-
Similarly, if m —n < ¢ — j then formula implies that there exists v € G
such that

(1,e,1) - (mya,n) = (l,v,n —m+1i) ¢ Bw \ Bw(j + 1,e,7+ 1)

and U(i,g7j)'(j7eaj) - W(i,g,j)‘

because n —m +1i > j —i+i = j, and hence (i,e,q) - (m,a,n) & W 4.
This completes the proof of our assertion.

(vi) The definition of an I-bisimple semigroup implies that F(S) is order
isomorphic to Z under the reverse of the usual order, and hence E(S) is a
subsemigroup of S. Then E(S) = {(n,e,n): n € Z} (see [44]). We fix an
arbitrary (i,e,i) € E(S). Since translations by (i,e,4) in S are continuous
retractions, [I8, Theorem 1.4.1] implies that the set {x € S: z- (i — 1,e,i —
1) = (i — 1,e,i — 1)} is closed in S, and [18, Exercise 1.5.C] implies that
(i+1,e,i+1)S is a closed subset in S too. It now follows that (7,e,1) is an
isolated point of F(S) with the topology induced from S. This completes
the proof of our assertion. O

Theorem 3.3. Let S be a reqular I-bisimple semitopological semigroup.
If S has a mazimal compact subgroup then the following statements hold:

(i) S is topologically isomorphic to Byw = Z x G x Z with the product

topology;
(i1) S is a locally compact topological inverse semigroup.

Proof. (i) By Theorem 3.2{(i) we know that the semitopological semigroup
S is topologically isomorphic to a semitopological semigroup Zyw = Z x G X
Z. 1t is obvious to show that for arbitrary i,j € Z the J#-class G; ; of Bw
is an open subset in Ay,. We fix an arbitrary (i,¢,7) € G; ;. Then by The-
orem V) there exists an open neighbourhood Uj; , ;) of the point (i, g, 7)
in Zyw such that Ug; 45 € U{Gi—kj—x: k=0,1,2,3,...}. Since the semi-
topological semigroup S has a maximal compact subgroup, Theorem (ii)
implies that every .#-class Gy, of Zw is a compact subset in Zy,. Then
the separate continuity of the semigroup operation on %Ay and [I8, The-
orem 1.4.1] imply that {x € Bw:z- (i —1,e,i—1) € Gi_1,—1} is a closed
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set in By . Therefore there exists an open neighbourhood V/;
the point (i, g,7) in Bw such that V;
of the statement.

(ii) Statement (i), Theorem [3.2(ii) and [I8, Theorem 3.3.13] imply that
S is a locally compact space. Then statement (i), [I8, Corollary 3.3.10]
and the Ellis theorem (see [I7, Theorem 2] or [12, Vol. 1, Theorem 1.18])
imply that every maximal subgroup G, , of %y is a topological group.
We put G = G, for some n € Z with the topology induced from %y .
Theorem (iii) implies that the topological group G is correctly defined.
Let B4 be a base of the topology of the topological group G. Then statement
(i) and Theorem [3.2{(ii) imply that the family

B, ={Ui;: U e Bgandi,jecl},

949) S U(i,g,j) of

.9.) © Gij. This completes the proof

where U; j = {(i,2,5): x € U} C G, , is a base of the topology of the semi-
topological semigroup By .

Since G is a topological group and 8: G — G is a continuous homomor-
phism, we conclude that for arbitrary integers a, b, ¢, d with b > ¢, arbitrary
g, h € G and any open neighbourhood W of the point g-fb__lc,c-eb_c(h)-fb_ad
in the topological space G there exist open neighbourhoods W, and W}, of
the points g and h in G, respectively, such that

Wg ’ fl;lc,c ) 6b_c(Wh) ’ fb—c,d cw.
Then in the case when b > ¢ we obtain
(CL, ng b)'(C, Wh, d)g(a) Wg'fl;lc7c'0b_c(wh)'fb—c,dv d—c—i—b)g(a, W, d—C+b)

Similarly, the continuity of the group operation on G and the continuity of
the homomorphism 6 imply that for arbitrary integers a,b,c,d with b < ¢,
arbitrary g, h € G and any open neighbourhood U of f;lba-Oc_b(g) “fe—pp-h
in the topological space G there exist open neighbourh(;ods Uy and Uy, of
the points g and h in G, respectively, such that

£ 07 (Uy) - feebp - Un C UL

c—b,a

Then in the case when b < ¢ we obtain
(aa U97 b)'(C, Uh7 d) c (a—b+c, f;1b7a'ec_b(Ug) 'fc—b,b'Uhv d) c (a_b+ca U: d)

Hence the semigroup operation is continuous on %y .

Also, since the inversion in G is continuous, we know that for every element
g of G and any open neighbourhood W -1 of its inverse ¢~ ' in G there exists
open neighbourhood Uy, of g in G such that (Ug)_1 C Wy-1. Then we get
(a,Ug,b)~* C (b, W,-1,a) for arbitrary integers a and b. This completes the
proof that &y is a topological inverse semigroup. O
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If S is a topological inverse semigroup then the maps [: S — FE(S) and
t: S — E(S) defined by the formulae [(z) = z -2~ ! and t(z) = 27! - 2 are
continuous. Hence Theorem [3.2] implies the following corollary.

Corollary 3.4. Let S be a reqular I-bisimple topological inverse semi-
group. Then every F€-class of S is a closed-and-open subset of S.

A topological space X is called Baire if for each sequence A1, Ao, ..., A;, ...

o0
of nowhere dense subsets of X the union U A; is a co-dense subset of X
i=1
(see [18]).
Since every Hausdorff Baire topology on a countable topological group is
discrete, Corollary [3.4] implies the following

Corollary 3.5. Every reqular I-bisimple countable Hausdorff Baire topo-
logical inverse semigroup is discrete.

A Tychonoff space X is called Cech complete if for every compactification
c¢X of X the remainder ¢X \ ¢(X) is an F,-set in ¢X (see [18]). Since
every Cech complete space (and hence every locally compact space) is Baire,
Corollary implies the following

Corollary 3.6. Every reqular I-bisimple countable Hausdorff Cech com-
plete (locally compact) topological inverse semigroup is discrete.

The following provides an example of a Hausdorff locally compact zero-
dimensional I-bisimple topological semigroup S with locally compact (dis-
crete) maximal subgroup G such that S is not topologically isomorphic to
By = 7 x G x Z with the product topology, and hence .S is not a topological
inverse semigroup.

Example 3.7. Let Z be the additive group of integers and let : Z — Z
be an annihilating homomorphism, i.e., §(m) = e is the identity of Z for
every m € Z. We let B(Z,7) to be the Z-Bruck extension of the group Z.
Then Theorem implies that #(Z,Z) is an I-bisimple semigroup.

We determine the topology 7 on %B(Z,Z) in the following way:

(i) all non-idempotent elements of the semigroup A(Z,Z) are isolated
points in (B(Z,Z),T); and
(i) the family B ;) = {Uf;: i,j € Z,n € Z}, where U, = {(i,e,j)} U
{(i = 1,k,j —1): k > n}, is a base of the topology 7 at the point
(i,e,j) € B(Z,Z), 1,7 € Z.
Simple verifications show that 7 is a Hausdorff locally compact zero-

dimensional topology on HA(Z,Z). We shall prove that 7 is a semigroup
topology on #B(Z,7).
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We remark that the semigroup operation on #(Z,7Z) is defined by the
formula

(i—j+m,h,n), if j<m,
(iagaj)'(mJl?n): (ivg'hvn)v if J=m,
(i, 9,n —m+j), if j>m
for arbitrary 4, j,m,n € Z and g,h € Z. Since all non-idempotent elements
of the semigroup #A(Z,Z) are isolated points in (#A(Z,Z), ), it is sufficient
to show that the semigroup operation on (#A(Z,Z), ) is continuous in the
following cases:

a) (i,g,j)-(m,e,n); b) (ive’j)'(mag’n)Q C) (iveaj)‘(mvean)7

where e is the unity of G and g € G\ {e}.
Then we have in case a):

(1) if j<m—1, then (i,g,j)-(m,e,n)=(i—j+m,e,n) and {(i,g,j)}'UrlﬁL’n

gUikfjer,n;
(2) if j=m—1 then (i,g,j)-(m,e,n)=(i+1,e,n) and {(i,g,4)}-Uk ,
C Uk+9 .

+1,n’
(3) if j = m, then (i, 9, 7)-(m,e,n) = (i,g,n—m+j) and {(3, 9,7)} - Up,
c{(i,g.n—m+j)},
in case b):
(1) if j < m, then (i,e,j)-(m,g,n) = (i—j+m, g,n) and Uffj-{(m,g,n)}
C{(i—j+m,gn)}
(2) if j = m+1 then (i,e,7)-(m,g,n) = (i,e,n+1) and Ui]’fj {(m,g,n)}

k+g .
c Ui,n—l—l’

(2) ifj>km+1, then (i,e,j)-(m,g,n)=(i,e,n—m+j) and Ufj-{(m,g, n)}
cU;

,n—m-j’

and in case c):

(1) if 5 < m, then (i,e,j) - (m,e,n) = (i — j + m,e,n) and UZ»’fj Uk

< UilquLm,n;
(2) if j = m, then (i,e,j) - (m,e,n) = (i,e,n) and Ufj . U,ln’n - Uf:l;
(3) if j > m, then (i,e,j) - (m,e,n) = (i,e,n —m + j) and Ufj Ul
C UFmsso

for arbitrary integers k and [. Hence (#(Z,Z), ) is a topological semigroup.
It is obvious that the inversion in (#(Z,Z), ) is not continuous.

Remark 3.8. (1) We observe that propositions similar to Theorems

and Corollaries and |3.6| hold for w-bisimple (semi)to-

pological semigroups as topological Bruck—Reilly extensions.
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(2) Example[3.7]also shows that there exists a Hausdorff locally compact
zero-dimensional w-bisimple topological semigroup S with a locally
compact (discrete) maximal subgroup G such that S is not topo-
logically isomorphic to the Bruck—Reilly extension with the product
topology, and hence S is not a topological inverse semigroup.

(3) The statement of Theorem is true in the case when the subsemi-
group C(S) = {(i,9,4): i € Z and g € G} is weakly uniform (see [43]
for the definition of a weakly uniform topological semigroup). In this
case the inversion in C(S) is continuous (see [14] and [15]). Hence by
Proposition[2.3| we get that every #-class of S is an open-and-closed
subset of S. This implies that the inversion in S is continuous, too.

The following provides an example of a Hausdorff locally compact zero-
dimensional I-bisimple semitopological semigroup S with continuous inver-
sion and a locally compact (discrete) maximal subgroup G such that S is
not topologically isomorphic to By = Z x G x Z with the product topology,
and hence S is not a topological inverse semigroup.

Example 3.9. Let Z be the additive group of integers and let : Z — Z
be an annihilating homomorphism.

We determine the topology 7 on %B(Z,Z) in the following way:

(i) all non-idempotent elements of the semigroup #(Z,Z) are isolated
points in (B(Z,Z),T); and
(ii) the family B, ;) = {Uzn i,j €EZ,m,n € Z}, where
U™ =A{(ie,5) U{(i — Lk, j—1): k < —n}
U{(G@—1,k,7—1): k>n},
is a base of the topology 7 at the point (i,e,j) € B(Z,7Z), i,j € Z.
Simple verifications show that 7 is a Hausdorff locally compact zero-
dimensional topology on HA(Z,Z). The proof of the separate continuity of
semigroup operation and the continuity of inversion in (#(Z,Z), T) is similar
to Example (3.7
Remark 3.10. Example shows that there exists a Hausdorff locally
compact zero-dimensional w-bisimple semitopological semigroup S with con-
tinuous inversion and a locally compact (discrete) maximal subgroup G such
that S is not topologically isomorphic to the Bruck—Reilly extension with
the product topology, and hence S is not a topological inverse semigroup.
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