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Slight extensions of some theorems on the rate of
pointwise approximation of functions from some
subclasses of L?

XHEVAT 7. KRASNIQI

ABSTRACT. In this paper we prove some results on the rate of pointwise
approximation of functions by means of some matrix transformations
related to the partial sums of a Fourier series, removing the assumptions
that entries of the considered matrix belong to the classes RBV'S or
HBVS. In fact, with weaker assumptions, our results give better degrees
than those obtained previously. Moreover, some results that have been
obtained earlier follow from our results as special cases. Finally, we
present some theorems of such type involving the so-called yYRBV' S or
vyHBV' S classes of numerical sequences.

1. Introduction and preliminaries

Let L? (1 < p < 4+00) be the class of all 2r-periodic real-valued functions
integrable in the Lebesgue sense with p-th power over T := [—7, 7] with the

norm
A= 11fllze = (/ If(t)!pdt)l/p
p— Lp — T .

Consider its trigonometric Fourier series

Sf(z) = % + Z(au cosvz + b, sinv)

v=1
and the conjugate one
. oo
Sf(x):= Z(b,, COsS VT — a, sin vx)
v=1
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with their partial sums S f and §k f, respectively. It is a well-known fact
that if f € L, then

_ 1 (7 _
fla)=—5- /0 alt) cot 1 dt = lim (<),

1 (7 t
= — () cot =dt
)= —ge [ deltycor

Yo(t) = flx+1) = fx—1),

exists for almost all z (see, e.g., [10], Theorem (3.1), Chapter IV).
Let A := (a, ) be a lower triangular infinite matrix of real numbers such
that

where

g
—~
8

with

U >0, Y anp=1, (k,n=0,1,...),
and let the A-transformations of {Sif} and {gk f} be given by

nAf-:U Zankskfa (TLZO,I,)

and
nAfx Zankskfx (n=0,1,...),

respectively. B

The estimates of the deviation T, ao(f) — f were obtained by K. Qureshi
[7, 8] for monotonic sequences {a, }. This deviation was estimated in the
norm of LP by S. Lal and H. Nigam [2], while later on their result was
generalized by M. L. Mittal, B. E. Rhoades, and V. N. Mishra [6]. Recently
W. Lenski and B. Szal [5] considered the same deviation and additionally

the deviations Tn,Af(-) —f (-, ﬁ) and Ty, o(f) — f in the case when the

sequence {ay 1} is of Rest Bounded Variation or of Head Bounded Variation.
Also some results of this type are obtained very recently in [1].

A sequence ¢ := {¢,} of nonnegative numbers tending to zero is called of
Rest Bounded Variation, or briefly ¢ € RBV S, if it has the property

o0
> len = enia] < K(c)em

n=m

for all natural numbers m, where K(c) is a constant depending only on c.
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A sequence ¢ := {c,} of nonnegative numbers will be called of Head
Bounded Variation, or briefly ¢ € HBV' S, if it has the property
m—1
Z len — cng1| < K(c)em
n=0

for all natural numbers m, or only for all m < N if the sequence ¢ has only
finitely many nonzero terms, and the last nonzero term is cy.

As a measure of approximation W. Lenski and B. Szal used the generalized
moduli of continuity of f in the space LP defined for 5 > 0 by

510 T l/p
/ |¢$<t>|pd:c} ,
0

,Bp T l/p
/0 |%<t>|pdx} ,

Pa(t) == flz+1)+ flz—1t) = 2f(2).
Also they defined two subclasses of LP class as follows.

Let w be a function of modulus of continuity type on the interval [0, 27],
i.e. a nondecreasing continuous function having the following properties:
w(0) =0, w(d1 + d2) < w(d1) + w(d2) for any 0 < d; < §y < §; + d2 < 27.

Then the above-mentioned classes are

@) = (] € 17 53 (B)10 < B0)}
LP(w)g={f e LP :waf(0)rr <w(d)},

where w and @ are some functions of modulus of continuity type.

Using the notation

0 = 1 ano when  {a,;} € RBVS,
" | ann when {ani}€ HBVS,

.t
sin —
2

0<|t[<s

waf(d)rr := sup {

wgf(0)pr := sup {sin;

0<[t|<é

where

W. Lenski and B. Szal [5] have proved the following three theorems.

Theorem 1. Let f € LP(w)g with B < 1 — %, {anr} € HBVS (or
{an i} € RBVS) and let W be such that

1/p

/D by (1) \ P gp b _ -1
(/0 ( 0 > sin 2dt> =0, ((n+1)7") (1)

1/p

) a0l psinﬁpE = n
</ﬂ/(n+1)< w(t) ) 2dt> Oa ((n+1)) (2)

and
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hold with 0 < v < 8+ %. Then

(o) o (5

for considered x.

Theorem 2. Let f € LP(w)g with B < 1 — %, {anr} € HBVS (or
{ank} € RBVS) and let w satisfy (2) with 0 <~y < B+ %,

7/ (n b !
</O /(n+1) <|1f~f(%)|> o ;dt> p:Oz ((n—i-l)*l/P) (3)

(/Oﬂ/(nﬂ) <t§f1?§>th) " =0, <(n + 1) <nj—1>> "

where g = p/(p —1). Then

Toaf(z) - J?(f)‘ =0y <(” + )M 0 <ni 1))

and

for considered x such that f(x) exists.

Theorem 3. Let f € LP(w)g with B < 1 — %, {anr} € HBVS (or
{ank} € RBVS) and let w satisfy

1/p
) M ’ sin?P E = n v
</7r/<n+1>< w(t) ) 2dt> Oz ((n+1)7) (5)

with 0 <y <+ 1,

(Ammnaﬁ?UZW”Qﬁw:04m+nwﬂ, (©)
(/Oﬂ/(mrl) <t;;(172§)th> La o <(n+1)ﬁ+1/pw (7111))7 -

where ¢ = p/(p —1). Then
|Rﬂﬂ@—f@N=0x«n+Dmﬁﬂ%w<7r>>

and

n—+1

for considered x.
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The aim of the present paper is to prove the counterparts of the above
results (Theorems 1-3) without assuming that {a,} € HBV S or {a, 1} €
RBVS.

Throughout this paper we write u = O(v) if there exists a positive con-
stant C' such that u < Cwv.

2. Helpful lemmas

To prove the main results we need some auxiliary statements. Also we
shall use the following equalities from [5]:

Toaf(z) = f(z) = i/w 0x(t) D ankDi(t)dt,
0 k=0

Toafle) = F0) = 1 [ 6a0) 3 nsDitrat,
0 k=0

and
~ - T 1 [m/(n+1) n _
nad@ =T () = 2 [ 0 ansbul)
1 [ - ~
s [ 0 anbia
T Jr/(n+1) k=0
where
(2k+1)t
~ cos
Dy(t) = =
k( ) 2sin%
k . (2k41)
1
Dy(t)=-+ ) cosvz = o 2
2 2sin
v=1 2

and

k t (2k+1)t

~ COS 5 — COS
Di(t) = invr = —2 2
k() Vzlsmum 2sin’

Lemma 4 ([10]). If0 < |t| < 7/2, then
~ s ~ T
D} < — d |Di(t)] < —

and for any real number t we have

|Dy(t)] < %k(k}—F D|t| and |Dg(t)| <k +1.
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Lemma 5 ([10]). If0 < [t| < 7/2, then
T
and for any real number t we have
|Di(t)] < k+1.

Lemma 6. For any lower triangular infinite matriz (@ i), k,n=0,1,2,. ..,
of nonnegative numbers, it holds uniformly in 0 <t < m, that

Zan,kﬁz(t)‘ <0 (tlz (Z |Aan,k|>> :
k=0

k=0

Proof. Using the following equality (see [5], page 19)

- (k+1)t . ¢t
Z Qp, | COS ——(——— SIn <
k=m

2 2
o Zm A1t Lt
—a —————sin ¢
n,m 5 5
n—1
k=—m-1t (F 1)t
+ Z (@nk — @njt1) sin ( ”; ) cos (k + 77; +1)
k=m+1
—m— 1)t 1)t
o, s oDt m D
b 2 2
we obviously obtain
n -
26+ 1)t .t
Z Qp, k. COS (2) sin 2' < An.m + Z ]an’k — an’k+1| + -
e k=m+1

But since (ayy) is a lower triangular matrix, that is, a, ; = 0 for £ > n, then

n
Anm S Z ‘Aank‘
k=m

holds for m =0,1,2,...,n.
Therefore from this and above we have

n n—1
~ 1
Z an,ka(t)‘ = O <t2 (anp + Z |an7k — an7k+1‘ + an,n>>
k=0

k=1

)

which completes the proof of the lemma. O
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Lemma 7. For any lower triangular infinite matriz (@ i), k,n=0,1,2,...,
of nonnegative numbers, it holds uniformly in 0 <t < m, that

Zan,ka(t)’ S 0] <t12 (Z |Aan7k\>> .
k=0 k=0

Proof. Analogously, we obtain

n n—1
. 2+t
E Qp, | SN 4( 5 )7 sin 2‘ < Qn,m -+ E |an,k — an7k+1\ + An,n-
k=m k=m-+1

Using again the fact that (ayj) is a lower triangular matrix, that is, a,, =0
for k > n, we obtain that

n
Anm S Z ‘Aank‘

k=m

holds for m =0,1,2,...,n, and it follows that

n n—1

1
§ an,ka(t)‘ = O (252 (an,O + § |an,k: - an,k—i—l‘ + an,n))
k=0

k=1

(i (ge)

The proof of the lemma is finished. O

3. Main results
We establish the following.

Theorem 8. Let f € LP(W)g with f < 1 — %, and let w satisfy (1) and
(2) wz’th0<’y<ﬁ+%. Then

Rt 1 ()| =0 (0 S (1))

k=0

for considered x.

Proof. We shall follow the idea of Lenski and Szal’s [5]. Starting from the
equality

_ . L /) noo
Taat@) = (v 55) = 1 [ el Ceneuton

17 n -
+/ $2(t) Y ankDy(t)dt :=Ry+ Ry,

T Jx/(n+1) s
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we clearly have

Toaf@) = (0757 )| < 1Rl + ol

To estimate |Ri| we use Holder’s inequality with p + ¢ = pq, Lemma 4, and

(1):
(n+1)2 ey
Rl < S [T

([ () ([ (20) o)
= 0 (n+1)</ov:rl(at(;)>th>q
= O, <(n+1)ﬁ+ <n:1>>7

for B <1— I%.
Now by Hoélder’s inequality with p + ¢ = pg, Lemma 6 and (2), for |Rs]
we have

1
ml < L o))}
_ O( u %()\dt)
k=0 T

= o et ([ () s o)
([ (+8) #) )
<n+1>wki_0man,k|( [+ ) dt)

)(/ ﬂﬁl dt)
(n+1ﬁ+ +1Z\Aank|w

e (%))

\

Il
@)
8

(n+1)7+! Z |Aay, g |w (

k=0

I
S
8
TN
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for 0 <y < B+ %.
We complete the proof by combining the above estimates. ([l

Theorem 9. Let f € LP(w)g with f <1 — f, and let w satisfy (2), (3),
and(),wzth0<’y<ﬁ+pandq—p/( 1). Then

A S

k=0

for considered x such that f(az) exists.

Proof. From the equality
~ B 1 (i1 ~ ~_
Tn,Af(J:) - f (:C) = ; 0 wx(t) Zan,ka(t)dt
k=0

1" - ~
- Lt L D2(1)dt -= RS + Ry,
+ﬂ/g¢()§a’k 0yt = RS + Ry

we have B B
Tn,af(z) = f(2) | <[RY[ + [ Ral.
For |R7| we use the estimation (see [5, p. 23])

IRS| = O, <(n+1)% (nL)) :

while for |Ry| we use the one from Theorem 8

FIRNER ~( T
= 1 g AN .
‘RQ’ O, ((n—i— ) p ‘ an,k]w (n+ 1))

k=0

Estimates made for |R7| and |R2| completely verify the theorem. O

Theorem 10. Let f € LP(w)g with f <1 — }D, and let w satisfy (5), (6),
and (7), where ¢ =p/(p —1). Then

Tuaf(z) — f(2)| = O, ((n + 17 Y | Bag e <n : 1>)

k=0

for considered x.

Proof. Since

Tn,Af(x) - f (aj) =
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we have
|Thaf(z) — f(2)| < |R| + R3]

On one hand, in the same way as in the proof of Theorem 3 using Lemmas
5, (6), and (7), we obtain

IRS| = O, ((n + 1) (nj—l)) .

On the other hand, by Holder’s inequality with p+ ¢ = pqg, Lemma 7, and
(5) we have

1
- |90x
T T

n+1

n T - t
[ 00
0 T

k=

| Rz

IA

Zanka ’
k=0

-

{5 )

1

> b))

_ +1 B— 1
= Oy | (n+1) Z]Aank|w( +1> (/ t” dt)

k=0

= Ogg<(n—i-16+ HZ]Aank\w )
k=0

= O, | (n+1) Zymm( <
n+1

for 0 <y <p+1
This completes the proof. ]
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4. Concluding remarks

Remark 1. Note that if ¢ := {a, ,} € RBV'S, then the inequality

n—1
ann — An,0 < ‘an,O - an,n| < Z |Aan,k|
k=0
implies
n n—1
Z ‘Aan,k = Z ’Aan,k‘ +ann
k=0 k=0
n—1
< 2 Z |Aan,k| +ano <2 (K (c)+1) Qn,0-
k=0
Also if ¢ : {a,,} € HBV'S, then
n n—1
D Akl =D [Aan k| + ann < 2(K (c) + 1) ann.
k=0 k=0

Therefore, Theorems 1—-3 immediately follow from Theorems 8 —10.

Remark 2. L. Leindler [4] has extended the definition of RBV'S to the
so called YRBV'S. Indeed: For a fixed n, let v, := {7, 1} be a nonnegative
sequence. If a null-sequence 6,, := {a,, 1} of real numbers has the property

o0

Z ’Aan,k| < K(‘gn)f}’n,m

k=m

for every positive integer m, then we call the sequence 0,, := {a, 1} ayRBV S
and denote 0,, € YRBV' S.
Similarly, the authors of [9] introduced a new kind of sequences as follows.
For a fixed n, let 7, := {v,x} be a nonnegative sequence. If a null-
sequence 0,, := {ay 1} of real numbers has the property

m—1
| Aan k| < K (0n)vn,m
k=0
for every positive integer m, then we call the sequence 6, := {a,;} a

~vHBV S and denote 6, € YHBV'S.
By an argument similar to Theorems 8 -10 and using the notation

| o when {ani}€yRBVS,
=y when {ani} € YHBVS,

we have the following generalizations of Theorems 1-3.
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Theorem 11. Let f € LP(w)g with f < 1 — 7, {anik} € YHBVS (or
{ank} € YRBVS) and let & satisfy (1) and (2) wzth 0<y< B+ %. Then

L EACHERSES)

for considered x.

Theorem 12. Let f € LP(w)g with B < 1 — f, {anr} € YHBVS (or
{anik} € YRBVS) and let W satisfy (2), (3), and (4), with 0 < v < —i—;l)
and g =p/(p—1). Then

1 ~ ™
Bt 7] -0 (10 1743 (2)

for considered x such that J?(a:) exists.

Theorem 13. Let f € LP(w)g with f < 1 — %, {an} € YHBVS (or
{an i} € YRBV'S) and let & satisfy (5), (6), and (7), where ¢ = p/(p — 1).

Then
Taf (@) — f(@)] = O, (<n+1>6+;+lw< ™ >>

n+1
for considered x.

Remark 3. If ~, = 6,,, then clearly yHBV S = HBV S and yRBV S =
RBV S. Therefore Theorems 1—3 are also special cases of Theorems 11—-13.

Remark 4. If we consider the LP norms of the above-discussed deviations,
we can obtain the same estimations without any difficulty.
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