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Common fixed point theorems for -weakly
commuting maps in fuzzy metric space

BHAGWATI PRASAD AND RITU SAHNI

ABSTRACT. In this paper we obtain some fixed point and common fixed
point theorems for mappings satisfying general contractivity condition
in the setting of fuzzy metric spaces. Some recent results are also derived
as special cases.

1. Introduction and preliminaries

The notion of a fuzzy set was first introduced by Zadeh [12] in 1965. Af-
ter that a number of extensions of this idea enriched the literature and the
concept of fuzziness is supplied in almost every direction of mathematics
such as arithmetic, topology, probability theory, logic etc. Fixed points and
common fixed points of maps with varying structures are widely studied by
a number of authors. Kramosil and Michalek [4] and many others have in-
troduced the concept of fuzzy metric spaces in various ways. George and
Veeramani [2] modified the concept of fuzzy metric spaces introduced by
Kramosil and Michalek. Grabiec [3] obtained the fuzzy version of Banach
contraction principle. Grabiec’s results were further generalized by Subra-
manyam [9] for pair of commuting mappings. Mishra et al. [6] introduced
the concept of compatible mappings in fuzzy metric spaces which is more
general than the commutativity. In the sequel, several authors proved fixed
point and common fixed point theorems for compatible maps in fuzzy metric
spaces. To study fixed-point theorems in fuzzy metric spaces for the map-
pings which are discontinuous at their common fixed point, noncompatible
mappings are generally taken into consideration. Vasuki [10] introduced the
concept of R-weakly commutativity in fuzzy metric spaces for studying com-
mon fixed points of noncompatible maps. Recently the notion of y-weakly
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commutativity, more general than that of the R-weakly commutativity was
introduced by Saadati et al. [8]. In this paper we prove some common fixed
point theorems for -weakly commuting mappings which are not necessarily
continuous.

The following are useful definitions to prove our theorems.

Definition 1.1. A binary operation * : [0,1] x [0,1] — [0, 1] is a ¢-norm
if * satisfies the following conditions for all a,b, ¢, d €0, 1]:
(i) axb="0bxa,
(ii) (a*xb)*xc=ax(bxc),
(iii) a* b < ¢* d whenever a < ¢ and b < d,
(iv) ax1l=a, ax0=0.

Definition 1.2 ([2]). The triplet (X, M, x) is said to be a fuzzy metric
space if X is an arbitrary set, x is a continuous tnorm and M is a fuzzy set
on X2 x (0, co) satisfying the following conditions:

(i) M(x,y,t) >0,
(ii) M(z,y,t) =1 if and only if z =y,
(iil) M(z,y,t) = M(y,z,1),
(iv) M(z,y,t)« M(y,z,8) < M(x,z,t+s), t,s >0, Vx,y,z € X
(v) M(z,y,.):(0,00) — [0, 1] is continuous.

Definition 1.3. Let (X, M, ) be a fuzzy metric space. A sequence {x,}
in X is said to be

(i) convergent to a point z € X if lim,,_yoo M (2, x,t) =1, for all ¢t > 0,

(ii) a Cauchy sequence if lim,, o0 M (Zp4p, Tpn,t) =1, forallt > 0, p > 0.

Definition 1.4. A fuzzy metric space (X, M, ) is called a complete fuzzy
metric space if every Cauchy sequence of it converges to a point in it.

Definition 1.5 ([11]). Two mappings A and S of a fuzzy metric space
(X, M, *) into itself are R-weakly commuting provided there exists some
positive real number R such that

M(ASx,SAx,t) > M(Az, Sz,t/R) for each z € X and ¢ > 0.

Definition 1.6 ([8]). Two mappings A and S of a fuzzy metric space
(X, M, *) into itself are i-weakly commuting provided there exists some
real function ¢ : (0, o) — (0, oo) such that

M(ASz,SAz,t) > M(Az, Sx,(t)) for each z € X and t > 0.

Definition 1.7 ([7]). A fuzzy metric space (X, M, *) is said to have the
property (C) if it satisfies the following condition: M(x,y,t) = C, for all
t > 0, implies C' = 1.
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The following lemmas are required for our results.

Lemma 1.1 ([6]). Let (X, M, x*) be a fuzzy metric space. Then M (x,y,t)
s non-decreasing with respect to t, for all x, y in X.
Lemma 1.2 ([1]). Let a function ¢ : [0,00) — [0,00) satisfy the condition
(®) @(t) is non-decreasing and Y o7 ¢™ (t) < oo (t > 0), where ¢™ (t)
denotes the n-th iterative function of ¢(t).
Then ¢(t) < t, for all t > 0.

Lemma 1.3 ([7]). Let (X, M, x) be a fuzzy metric space and define Ex pr -
X2 — [0, 00) by
Exym(z,y) =inf{t >0: M(x,y,t) >1— A},
for each X € (0,1) and z,y € X. Then
(i) for any p € (0,1) there exists A € (0,1) such that

Eyv(z1,2n) < Ex vz, 22) + - + Ex m(@n—1, Tn),

for any x1,...,x, € X,

(i) the sequence {xy}tnen is convergent with respect to a fuzzy metric M
if and only if Ex p(xn,x) = 0. Also the sequence {xy,} is a Cauchy
sequence with respect to a fuzzy metric M if and only if it is a Cauchy
sequence with Ey pr, i.e., Ex p(2n, Tm) — 0 as n, m — oo, n < m.

2. Main results
We first present the following lemma.

Lemma 2.1. Let A, B, S, T, I and J be mappings from a fuzzy metric
space (X, M, x) into itself satisfying

AI(X)CT(X),BJ(X) C S(X), (2.1)

M(AIz,BJy,¢(t)) >r(M(Sz,Ty, t)), (2.2)

where the function ¢ maps [0,00) continuously onto itself and satisfies con-

dition (®) and r : [0, 1] — [0, 1] is a continuous function such that r(t) > t,
for each 0 <t <1 and for all z, y € X. Then the sequence {y,} defined by

Yon = Tx2n+1 = AIZ‘Qn, Yon+1 = Sx2n+2 = BJx2n+17 n = 0, 1, 2, e (2.3)
is a Cauchy sequence in X .

Proof. From condition (2.1), we may construct a sequence {x,,} as follows.
Pick an arbitrary point g in X and choose 1 in X such that Txz; = Alx.
For this point x1 we fix a point z9 in X such that Szs = BJzi, and so
on. Thus we get the sequence {x,} such that Tza,+1 = Alxe, and Sza, =
BJxzg,— for any n = 0,1,2,.... Now, using the sequence {z,}, we define
an another sequence {y,} in X by the equalities (2.3).
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We first prove the inequalities
M (Yn; ynt1,9" () = M(yo,y1,t), n=1,2,.... (2.4)
Consider M (yan, Y2n+1, 92" (t)). For n = 1 we have
M (y2,y3,¢°(t)) = M(Alze, BJxs, ¢*(1))
2 r(M(Sze, Txs, ¢(t))) = r(M(y1,y2, 6(1)))
> M(y1,y2,6(t)) = M(yo, y1,1)
in view of Lemmas 1.1 and 1.2. Further, for n = 2 we get
M (ya, ys, ¢"(t)) = M (Alza, BJzs, ¢'(t))
> r(M(Sz4, Tas, ¢°(1))) = r(M(ys, y1, ¢°(1)))
> M(y3,ya, @>(t)) > ... > M(yo, y1,1).
Thus, by induction, we have

M(y2na Yan+1, d)Qn(t)) > M(y07 Y1, t)a n= 15 27 BRI (25)
Similarly we show that

M (Yont1, Yons2, @ THE) > M (yo, y1,t), n=1,2,...

which together with (2.5) gives (2.4).
Now, because ¢ maps [0, 00) onto [0,00) and is continuous, from Lemma
1.3 and equation (2.4) we have

Ex o (Yny yYnt1) = inf{@" (1) > 02 M(yn, ynt1, 9" (t)) > 1 — A}
< 1nf{¢n(t) >0: M(yﬁaylvt) >1- A}
= ¢n(lnf{t >0: M(y07y17t) >1- A})
= ¢n(E>\,M(yan1))7

for every A € (0,1). Again, by Lemma 1.3, for every p € (0,1) there exists
A € (0,1) such that

EM,M(ynv Ym) < EA,M(ym Yn+1)
+ E)\,M(yTLJrl: yn+2) + ...+ E)\,M(ymfla ym)
m—1 .
< Z ¢ (Exm(yo,y1)) — 0 as m,n — oo, m > n,
j=n
because the function ¢ satisfies condition (®). Thus {y,} is a Cauchy se-
quence in X. O

Theorem 2.2. Let (X, M, x) be a complete fuzzy metric space with the
property (C) and let A, B,S,T,1,J,¢ and r be the same as in Lemma 2.1.
Suppose that one of A, B, S, T, I or J is continuous and the pairs (Al S),
(BJ, T) are ¢-weakly commuting on X. Then A, B, S, T, I and J have a
unique common fized point.
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Proof. By Lemma 2.1, {y, } is a Cauchy sequence and by the completeness
of X, {yn} converges to a point z € X. Consequently, the subsequences
{Alza,}, {Sront2}, {BJront1} and {Txo,41} of {y,} also converge to .

Assume that S is continuous. Since the pair (A, S) is ¢-weakly commut-
ing, it follows that

M(AISxy, SAlzy, ¢"(t)) > M(Alzy, Sxy, (t)).

Letting here n — oo, we get AISz, — Sz.

By (2.2), we obtain
(AISx2,, BJxoy 1, d°"(t)) > r(M(SSxan, Txony1,t))
and taking n — oo, we have
M(Sz, z, t) > r(M(Sz, z, t)) > M(Sz, z, t),
z.

which is a contradiction. Therefore Sz =

By (2.2), we also obtain
M(AIz, BJxony1,*™(t)) > r(M(Sz, Txony1,t)).
Taking here n — oo, we have
M(Alz, z, t) > r(M(z, z, t) > M(Alz, z, t),

which is a contradiction. Therefore Alz = z.
Since AI(X) C T(X), for any v in X there exists a point z in X such
that AIz = Twu. Hence z = Alz = Tw and so

M(z, BJu, ¢"™(t)) = M(Alz, BJu,¢"(t)) > rM(Sz, Tu,t))
=rM(z,z,t)) =rM(BJu,z,t) > M(BJu, z,t).
On the other hand, by Lemmas 1.1 and 1.2, this implies that
M(z, BJu, ¢"(t)) < M(z, BJu, t).

Hence M(z,BJu, t) = C for all t > 0. Since X has the property (C), it
follows that C' =1, i.e., BJu = z.
Since the pair (BJ, T) is 1-weakly commuting on X, it follows that

M(BJTu, TBJu, ¢"(t)) > M(BJu, Tu, (t)).

Also Tu = BJu = z. This implies that Tz = TBJu = BJTu = BJz.
Moreover, by (2.2), we obtain

M(z,Tz,¢"(t)) = M(Alz,BJz,¢"(t)) > r(M(Sz,Tz,t))
=r(M(z,Tz,t)) > M(z,Tz,t).
Again, by Lemmas 1.1 and 1.2, this implies that
M(z, Tz, ¢"(t)) < M(z, Tz, t).
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Hence M (z,Tz,t) = C for all t > 0. Since X has the property (C), it follows
that C =1, i.e., z = Tz. Consequently, z is a common fixed point of A, B,
S, T, Iand J.

Similarly, we can also complete the proof by assuming any one of the
mappings A, B, T, I and J is continuous.

Now, to prove the uniqueness, let if possible z # z be an another com-
mon fixed point of A, B, S, T, I and J. Then there exists ¢ > 0 such that
M(z, 2/, ¢"(t)) < 1and

M(z,2',¢"(t)) = M(Alz, BJ?,¢"(t)) > r(M(Sz,TZ, 4" (t))
> .. >r(M(Sz,TZ 1) =r(M(z,7,t))
> M(z,2,t)
By Lemmas 1.1 and 1.2, M (z, 2/, ¢"(t)) < M(z,2',t). Hence, M(z, 2’ , t)
C for all t > 0. Since X has the property (C), it follows that C =
S, T

1.
Therefore z = 2/, i.e., z is a unique common fixed point of A, B, T
and J. 0

If we put I = J = id, i.e., the identity map, ¢(t) = t and ¥ (t) =
t/R, R >0, in Theorem 2.2, then we obtain a result of Kumar [5].

Corollary 2.3 ([5], Theorem 3.2). Let A, B, S and T be mappings from
a complete fuzzy metric space (X, M, ) into itself satisfying
AX) c T(X),B(X) c S(X)
and
M(Az, By, t) > r(M(Sz, Ty, t)).

Suppose that one of A, B, S and T is continuous and the pairs (A,S), (B,T)
are R-weakly commuting on X. Then the sequences {xy} and {y,} in X are
such that

Tn — T, Yo — Yy, t > 0 implies M(xp, yn, t) — M(x, y, t).

Now we establish some results for the maps satisfying a different contrac-
tive condition.

Lemma 2.4. Let A, B, S, T, I and J be mappings from fuzzy metric space
(X, M, %) into itself satisfying (2.1) and
M(AIz,BJy, ¢(t)) > r(min{M(Sz, Ty, t), M(Alz, Sz, t),

M(BJy, Ty, t), M(Alz, Ty, t)}), (2.6)

where ¢ and 1 are the same as in Lemma 2.1. Then the sequence {y,}
defined by (2.3) is a Cauchy sequence in X.
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Proof. We have for n =1,
M(y2,y3,¢°(t)) = M(Alzy, BJw3, ¢*(t))
> r(min {M (Sxe, Txs, 4(t)), M(Alxs, Sza, P(1)),
M (BJxs, T3, ¢(t)), M(Alze, Txs, ¢(t))}
= r(min {M (y1, y2, (1)), M (y2,y1, ¢(¢)),
M(y3,y2, 9(t)), M (y2,y2, 6(t))}
=1(M(y1,y2,9(1))) > M(y1,y2, ¢(t))
> M (yo, y1,1).
For n = 2, we get
M (ya, ys, ¢*(t)) = M(AlIzy, BJxs, ¢*(t))
> r(min {M(Sx4,Tx5, ¢3(t)), M(AIzy, Sy, gzﬁs(t)),
M (BJzs, Txs, ¢ (t), M(Alzg, Txs, ¢° (1))}
= r(min { M (y3,ys, ¢°(t)), M (ya, y3, (1)),
M (ys, ya, ¢*(t)), M (ya, ya, 6° (1)) }
= r(M(y3,ys,6° (1)) > M(ya,y3,$*(t)) > ...
> M(yo,y1,1).

Thus, by induction we have

M (Yon, Y2nt1, 2" (t)) > M (yo, y1, t).
Similarly,
M (Yont1, Yant2, 0" TH(E)) > M(yo, y1,t).

Thus, in general,

M(yna Yn+1, ¢n(t)) > M(3/07 Y1, t)'

Now the proof follows from Lemma 2.1. O

Theorem 2.5. Let A, B, S, T, I and J be mappings from a complete fuzzy
metric space into itself satisfying conditions (2.1), (2.6) and property (C).
Suppose that one of A, B, S, T, I and J is continuous and the pairs (Al S)
and (BJ, T) are 1p-weakly commuting on X. Then A, B, S, T, I and J have
a unique common fized point.

Proof. By Lemma 2.4, the sequence {y,} is a Cauchy sequence and by
the completeness of X, {y,,} converges to some point z € X. Consequently,
the subsequences { Alxa, }, {Szanta}, {BJxont+1} and {Txa,41} of {y,} also
converge to z.
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Assume that S is continuous. By the y-weakly commutativity of the pair
(AL, S) we get AISzs, — Sz asn — oco. By (2.6), we obtain

M(AISx9,,BJxoni1, ¢52”(t)) > r (min {M(SSxaopn, Txon+1,1),
M(AISw2,, SSxon,t), M(BJxony1, TToni1,t),
M(AISl’Qn, T$2n+1, t)}) .

Taking here n — oo, we arrive at a contradiction, thus Sz = z.
By (2.6), we also obtain

M(AIZ7BJx2n+17 ¢2n(t)) > (mln {M(S27T$2n+17t)7 M(Ajzv SZ,t),
M(BJzan+1, Toon41,t), M(Alz, Toon41,1))}) -

Taking here n — oo, we again have a contradiction. Therefore Alz = 2.
Since AI(X) C T(X), for v in X there exists a point z in X such that Alz
= Tu. Hence z = Alz = Tu. Now

M(z,BJu,¢"(t)) = M(Alz, BJu,¢"(t) > r (min {M(Sz,Tu,t),
M(Alz,Sz,t), M(BJu,Tu,t), M(Alz,Tu,t)}})
=r (min{M(z,2,t), M(z,2,t), M(BJu, z,t), M(z,2,t)})
=r(M(BJu,z,t)) > M(BJu, z,1t).
Lemmas 1.1 and 1.2 imply that
M(z, BJu, ¢"(t)) < M(z, BJu, t).
Hence M(z,BJu, t) = C for all t > 0. Since X has the property (C), it

follows that C' = 1. Therefore BJu = z.
Since the pair (BJ, T) is y-weakly commuting on X, it follows that

M(BJTu, TBJu, ¢"(t)) > M(BJu, Tu, (t)).
Also Tu = BJu = z. This implies
Tz = TBJu = BJTu = BJz.
Moreover, by (2.6), we obtain
M(z,Tz,¢"(t)) =M (Alz,BJz,¢"(t)) > r (min{M(Sz,Tz,t),
M(Alz, Sz, t), M(BJz,Tz,t), M(Alz,Tz,t))})
=r(min{M(z,Tz,t), M(z,z,t), M(Tz,Tz,t), M(z,Tz,t))}
=r(M(z,Tz,t)) > M(2,Tz,t).

By Lemmas 1.1 and 1.2,
M(z, Tz, 6"(t) < M(z, T=, 1).
Hence M(z, Tz, t) = C for all t > 0. Since X has the property (C), it

follows that C' =1, i.e., z = Tz Therefore, z is a common fixed point of A,
B, S, T, I and J.
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The proof follows on a similar manner if any one of the mappings A, B,
T, I and J is continuous.

Uniqueness is obvious if we proceed on the pattern of Theorem 2.2 with
condition (2.6). O

Corollary 2.6. Let A, B, S and T be mappings from a complete fuzzy
metric space (X, M,x*) into itself satisfying

A(X) C T(X), B(X) c S(X)

and
M(Azx, By,t) > r (min {M (Sz,Ty,t), M(Azx, Sx,t),

M(By,Ty,t), M(Ax,Ty,t)}).

Suppose that one of A, B, S or T is continuous and the pairs (A, S) and (B,
T) are R-weakly commuting on X. Then A, B, S, T, I and J have a unique
common fized point.

Proof. The result follows at once when we set I = J = id, the identity
map, and ¢ (t) = ¢t/R, R > 0, in Theorem 2.5. Then the proof follows
similarly to the proof of Theorem 2.2.

O
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