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Some remarks on H?® analytic function spaces in
the unit disk and related estimates

MIiLoOS ARSENOVIE AND RoMI F. SHAMOYAN

ABSTRACT. We prove new projection theorems involving certain Hardy—
Lorentz analytic function spaces based on Lorentz classes on the unit
circle which are related to p-Carleson type measures. We also study the
action of fractional derivative in related analytic spaces in the unit disk
partially extending previously known assertions.

1. Definitions and preliminaries

The goal of this note is to provide new estimates for Bergman-type projec-
tions and the fractional derivative acting in certain Hardy—Lorentz analytic
function spaces based on Lorentz classes on the unit circle. Here we intro-
duce notation and recall definitions which are well known in literature. Then
we list preliminary results which will be used in proofs of main results of this
paper.

We denote, as usual, Borel measures on the unit disc D = {z € C: |2| < 1}
by i, normalized Lebesgue measure on D by dA(z) and the Lebesgue measure
onT ={z¢€C:|z| =1} by dm or d§. If (X,d)\) is a measure space and
0 < p,g < oo, LP(\) denotes the Lorentz space on X with respect to
measure dA. These spaces are complete metric spaces, if p > 1, ¢ > 1 they
are Banach spaces, see [5] for details on these spaces. In the special case
X = T with measure dm we use notation LP4(T) = L. For 0 < r < q we
will need the following equivalent quasinorm on L% (see [5]):
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146 HPS ANALYTIC FUNCTION SPACES

Also, we have
[ a0 < U8~

where 1 < p < oo, p’ denotes the exponent conjugate to p and (X, d)) is a
measure space (see [5]). The convolution of functions f,g € L!(T) is denoted
by f % g. We note, for future use, Young’s inequality

If*gllr < CllflIpllglle: 1 <pigr <oo, 1/p+1/g=1+1/r,

and its generalization to Lorentz spaces (see [10]),

1F*9llrs < Clifllpsillgllass,  /p+1/a=141/r, 1/si+1/s2=1/s, (2)

where, again, 1 < p,q,r < 0.

The following definitions are standard, these can be found, for example,
in [17], [4], [16], [14]. For an arc I C T we denote the tent over I by T'(I),
the Carleson box over I by OI and the length of I by |I|. The Stolz angle,
of aperture t > 1 at £ € T is defined by

L&) = {z € D [1 - 2| < t(1 - |2])}.

The space of all holomorphic functions on D is denoted by H (D). The non-
tangential maximal function of a function f € H(D) is defined by

Af(§) = sup [f(2)], €£€T.
2€I'¢(€)

To any holomorphic function f with Taylor coefficients a; we associate an-
other holomorphic function g with coefficients (k + 1)%ag, where « is real.
This function g is a fractional derivative of f of order o and it will be denoted
by D®f. This definition can be easily extended also to functions analytic
in the unit polydisk (see, for example, [3] and references therein). Clearly,
D*f e HD) for f € HD), o € R.

H? as usual stands for the classical Hardy space on the unit disc, 0 < p <
00. We set also for all 0 < p < oo and 0 < s < 00

HPS(T) = {f € H(D) : Asof € LP*(T)}.

Spaces h?*(T) are defined analogously, the only difference is that non-tangen-
tial supremum is replaced by the radial supremum.

Clearly HP(T) c HPP(T), for all positive p. This follows directly from
the maximal theorem for Hardy spaces (see, for example, [14]).

Definition 1. A positive Borel measure p in the unit disk is a p-Carleson

measure, 0 < p < 1, if

< Q.
Loo(T)

leellp =

a
sup —— du(z
eer [P Jor =)
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Definition 2. We define, for 0 < ¢ < o0, s < k, Kk € N, s € R and
0 < p <1, the following space of analytic functions on the unit disc:

Fryt = {f € HD) | DR F(2)11(1 = [2) 571 dA(z)

s,p,k

is a p-Carleson measure},

and, for f € F,>
measure.

o Yl Feo is the norm of the corresponding p-Carleson

We often write Fsy? instead of F :;: & When k is clear from the context. The
spaces Ff;k include as special cases many important function spaces. For
example, FOO;’E = @Qp(D), and @, classes where studied by several authors
(see [16] and [3]). Also, ng’Z = BMOA(D) . The relation

1 _8)p—
£y, =suw o [ [ IDEFGP( = ) 2 dm(€)
sok e I[P J; Ta(é)

follows from the following relations, valid for all 0 < p < 1 and all positive
Borel measures p in D:

1
sup ——

d = (1-—
w1 [ an) = supt = ol [ 2 ,1 szp
= sup —— // 13
et P Jr Jrace 1—2\ mi(¢).
(3)

These relations provide direct connection between p-Carleson measures when
p < 1 and the so-called Luzin area integral, in fact, they provide characteriza-
tions of p-Carleson measures. Various other characterizations of p-Carleson
measures are known (see [16]). We would like to mention that various spaces
like mixed norm spaces, Bergman spaces and Hardy spaces can also be char-
acterized using the mentioned area integral (see [12] and references therein).

The proofs of these relations can be found in [2] or [16]. We will also need
the following assertion (see [12]):

L=l < [ / e du()de,  (4)

valid for all f € H(D) and 0 < p, & < co. We also have, for f € H(D),

([1reia-1praic )<c [1r@pa- s aac), @
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where o > =22 p P and 0 < p < 1. Next, for 8 >0,qg>1, a > —1, a>—f
and € > 0 we have

F @)~ Jw])* [F)|(1 = Jw])*a(1 — |z])~
</ ’1 - wz‘ﬁﬂ ) = C/ |1 — wz|(B-e)a+2 dA(w)
(6)

for f € H(D). For the above two inequalities we refer to [12], [3]. Note that
the estimate (5) is valid also if f is only harmonic. Namely, the proof of this
estimate is based only on subharmonicity of |f|, combined with properties
of so-called dyadic decomposition of the unit disk (see [3]). This remark is
relevant for our discussion after the proof of our first result below.

One of our aims is to use results on p-Carleson measures to obtain re-
sults on continuity for Bergman-type projections on Hardy—Lorentz analytic
function spaces with quasinorms which are based on Lorentz spaces on the
unit circle. We present proofs of some new results on p-Carleson measures
which were known before for particular values of parameters. Let us note
that characterizations of p-Carleson measures via Luzin’s area operator are
crucial for our considerations. We alert the reader to the fact that char-
acterizations of the classical analytic Hardy spaces and mixed norm spaces
APYD) and FPY(D) via Luzin’s area operator are well known and have nu-
merous applications in the theory of analytic function spaces (see [12]). The
action of Bergman-type projections on various spaces of analytic functions
is a topic of great interest in function theory (see, for example, [12], [3], [14]
and references therein).

We will use also the following estimate from [2] (see also [12]). For f,g €
H (D) we have

/!f P Lg(2)P (1—|2])*dA(2 / / 2)[PHg(2) P2 (1| 2)* L dA(2)de,

(7)
where a > 0 and 0 < py, ps < 0.
Let us note that (4) and (7) are special cases of the following relation:

g GO
[ cGu = [ ( [T >) de, )

valid for all Borel measures ¢ on DD and all positive measurable functions
G on D. Under the same assumptions this yields the following one-sided
estimate

[ @lane <€ [ sw s 9N gyge. ()

D Ty(¢) rie) 1 — ]
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There is also a “pointwise” version of (8):

1 ~
[icoain <c [ 16@RED, sem cenm,
0 T4 (6) 1 —|z]

where dy is a measure on [0, 1] and dji is the product of measures du(r) and
1
ﬂrde

Definition 3 ([16]). Let 0 < p,q,7 < co. Trp?(D) = T;p? denotes the
space of all measurable functions f on D such that

sup ! / (’f( 2l dA(z) < 00

rct [ L—|z])P

For particular values of parameters these classes were extensively studied
(see, for example, [17], [16]).

The Bergman-type operator is one of the main objects on which we will
focus our attention in this paper. The action of various versions of operators
of this type in various domains in C" was studied by many authors during
past several decades (see [17], [3], [16], [12], [14] and various references con-
tained in these papers). We are interested in the following Bergman-type
operator. Let

(1 —[2)**"g(2) s
Ly sg(w) = D~ / (1= wz) 20— dA(z) = D™ "Ly s9(w), weDb,
where D% denotes fractional integration of order k, where k is an integer.
This Bergman-type operator was investigated in [12]. It was proved there
that Ly maps 1777 into F7? provided s € R, k > s and 1 < ¢ < oo.

This was used in [12] to establish important duality between F2 and F?,
s € R, 1/g+1/¢ = 1. One of the main results of the present paper is
a partial extension of this result, moreover we provide a new approach to
estimates of such type. In addition, this approach allows to extend our result
below to the case of the unit polydisk in a standard way. We note that in
order to define such operators in a polydisk one has to increase the number of
variables in the definition above in a standard manner, see the last chapters
of [3].

Theorem 1 below, which can be found in [1], will be under attention in this
note. We will partially extend it in the next section. This theorem describes
how the operator of fractional integration acts on the scale of Hardy—Lorentz
analytic function spaces on the unit disc based on Lorentz spaces on the unit
circle.

Theorems of this kind have a long history, they are well known not only
in the spaces of analytic functions in the unit disk and higher dimension,
but also in various function spaces in Euclidean space R™. For this topic
we refer reader to a classical book [15] and an extensive survey article [14].
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Results of this type have various interesting applications in function theory,
for example, in various embedding theorems. Note that the first results of
this kind in Bergman and Hardy and mixed norm analytic function spaces
in the unit disk can be found in the early work of Hardy and Littlewood (see
[4], [3]). Later these results were extended in various directions to various
other spaces and even various regions in C™.

Theorem 1. 1) Let 0 < p <r < oo, a« = 1/p—1/r. Then the operator
D=% of fractional integration is bounded from HP*' to H™*2 for s; = so,
that is || D= f||grs < C||f||lzes for 0 < s < oo.

2) Let 0 < p < qg < oo andt = 1/p—1/q. Then the operator D™t is
bounded from hy™(T) to HT>°(T), where

RDS(T) = {f € H(D): swp £rE)1oe < oo} 0 <5<

We alert the reader that our results can be considered as a continuation
of intensive investigation started relatively recently in [7] and [8] of analytic
Hardy—Lorentz spaces in the unit disk, though the approach we present below
is completely different from those in the cited papers. Some new results on
these spaces can be found in a recent note [6].

2. Main results

In this section we collected all main results of this paper. We begin this
section with a continuity result for the Bergman-type operator Ly ¢. In the
case of the unit ball and all values of k, but with special values of parameters
p = 1and r = 1, this result can be found in [12], with a proof different from
ours. On the other hand, the fact that Bergman-type projections are contin-
uous in spaces of r-Carleson measures for 0 < r < 1 is known in the context
of @, spaces and can be found, for example, in [18] and [17]. Nevertheless
we present a different, simpler proof which allows generalizations.

Theorem 2. Let 1 <p<2,1<qg<oo,0<r<1 andk>s+1—%
and k > % + s Then the operator Ly s maps Trp? continuously into Fgy9.
Proof. Let g € Trp? and set ¢ = Ly sg. Then we have
¢l e = |1 L,sgll pees = |1D~F L s pooe
= || [D¥[ID™* Ly og) (w)[2(1 = w) ¥~ dA(w)||,
= || [Lksg(w)[1(1 = [w)F=DT dA(w)] .
Using (6) we obtain

7 M1 = [w)—€9(1 — |z|)k—s—1)q
rLk,sg(wnqgc/Dg( )9(L = fw) (1 — |2|)

|1 _ @Z|(2(k—s)—1—e)q+2

dA(z)
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for every € > 0, and our task is to prove that

w = [ =l (1 — o) %519

‘1 _ 'U)Z’ k—s)—1—€)q+2

dA(2)(1 — |w])F==1 g A (w)

is an r-Carleson measure. We fix an aperture ¢t > 1 and set I'(§) = T't(§).

Fubini’s theorem and (8) give, for any 7 € T, the following pointwise esti-
mate:

v = [ )

) 1= |wl

— |w|)(k=s)4—2—¢q
/Ig )71 — |2[)a¢s- 1)/ (1= Jul) dA(w)dA(2)

T(r) |1 _ wz’q(7176+2(k75))+2

sc// g(2)]9(1 — |z]yatk=s=D-1
T JIT(§)

[ Ozt
T'(r

|1 _ wg’q(—l—e+2(k—s))+2

dA(z)dE.

Set t1 =p+ (k—s—1)g and to = —eq+ (k — s)g+ 2 — p so that t; + 12 =
(2(k —s) — 1 —€)g + 2. Using a well-known estimate of the integral of
the Bergman kernel over Luzin’s cone (see [3]) and elementary inequality
|1 —wz| > 1—|z], z,w € D, we conclude that v (7) is estimated by

_ —€q+(k—s)q+2—p
L] Jaemgepas-toa / (o) 7 PAAR) g
rm

|1 — wz|t

1
< A
[ fr T T A
1

l9(2)|7dA(z)
< S — 19 217C2%)
<C sup 11— 722 /F(S) (1— [z[)pHT 3

T zeI'(§)
=Cuxv(r),
where
= R — T
u(§) = S0 T (e,
and

|9(2)|7dA(z)
v<e>=/ W2 e

re) (1—[z)p+t
Therefore we proved the estimate

= d,u(w) u * v\T T
w(r)/wl_mgc (1), TeT. (11)

Since 2 — p < 1, we have u € L', and since g € Trp?, we have v € LP>®
where p = 1/(1 —r) > 1 due to 0 < r < 1. Next we use an estimate from
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the Lorentz space function theory (see [5]),
[[w s vl[Lree < Cllull L [[v]lp.00,
which, together with (11), implies
[¥llp.00 < Cllullilvllpo < Cllgllzege-

Now one can apply (1), with p in place of ¢ and r = 1 < p, to deduce that
the third quantity in (3) is finite for our measure du. Therefore dy is an
r-Carleson measure and, moreover, |[dpull, < Cl|g||zgeq. This completes the
proof. Y O

The above theorem, in various forms and for special values of parameters,
appeared in [12], [18] and later in books on @, spaces we mentioned, it was
stated for functions in the unit ball as well. The above proof is based on
completely different ideas related to weak Lorentz spaces. This proof admits
generalizations to polydisk and, moreover, to various spaces defined by the
expressions

1/r
( | irera- \z|>SdA<z>> 7
()

P4
where 0 < r,s5,p,q < oo. In fact, at the last step of the proof one uses
various substitutes for the inequality || f * g||pv.cc < C|lgllpv.oe||f]L1-

Next we can consider the same Lj ; Bergman-type operator acting on
harmonic subspaces of Ty, classes. These type projection theorems are also
well known in the literature (see, for example, [3]), where such projections
from harmonic spaces to analytic spaces are considered for classical Bergman
spaces. In the harmonic case we can get results analogous to the theorem
we just proved, using (5) instead of (6) at the first step of the proof and
remarks after (6).

sup |f(2)[(1 — [z])®
I'e(§)

)

Lp:a

The next two theorems contain some new results related to Theorem 1,
their proofs are based on ideas used in the proof of Theorem 2. Namely, we
extend certain known results on the action of fractional derivatives in the
classical Hardy and Bergman spaces to some new analytic spaces in the unit
disk based on Lorentz classes on the unit circle. We remark that some of
these results were stated without proofs in [13]. The idea here again is to
combine (3) with (1), i.e., to combine characterization of p-Carleson mea-
sures via Luzin’s area integral with description of an equivalent quasinorm
in weak Lorentz spaces.

Theorem 3. 1) Let 0 < s < o0, 1 <wv,q,7r <00, 1/v+1/g=1+1/r and
B > 0. Then for f € H(D) we have

| sup | DEFAL ()1 = [2)% | prs < Ol fllprves. (12)
zel
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) Ifl<p<r,0<s,s1<00,1/s—1/s1 >1/r—1/p+1andl/p—1/r <
a <1, then for f € H(D) we have

ID™fllzrs < Clf Lo (13)

Theorem 4. 1) Let 1 <p<g<oo,«>0,7>0andt=1/p—1/q.
Then for f € H(D) we have

sup [D*f(2)|(1 - [2])”

< C||fllppr(r)- (14)
2€ls(€)

La.7
2) Let 0 < s <o00,0>0and 1l <v<r. Then for f € H(D) we have

sup [DV7TVf(z)]
zEFt(g)

L’I’,S

1/2 (15)
<C (/ IDPf(2)]*(1 — \Z|)292dA(Z)>
Tt (€)

Lv,s

Outline of proofs. We first focus our attention to estimates (12) and (14).
These estimates are proved using similar arguments so we will provide a
detailed proof of (12) and indicate small changes needed for the proof of (14).
We use dilates f,(z) = f(pz), where p < 1, in order to avoid difficulties with
boundary values of f which may not exist. Applying the Littlewood—Paley
inequality to f, we pass from integration over the unit circle to integration
over the unit disk:

D™ fp(2) (1 = |2])

:c’/Tfp(g) [D“” (1_15)} (1—\ZI)Td€’dA(w> (16)

1— (1 — 2a—1-p4
<C /D D £, (w) ||zl|)_(w2’if7|)+l dA(w).

Now using (2) and (7) and letting p — 1 we obtain the estimate

sup [D™*TTf(2)|(1 = [2])7

ZEFt(ﬁ) LS
1 20—2-4 (17)
<c| sw pPrl| x| [ CE o aaw)
weT'(€) e | 1w Lo
=CI x J,

where 1/p+1/q=1+4+1/r and 1/s; +1/sy = 1/s. Clearly, J = J(«, 3, s2,q)
and our next step is to show that J < oo for a suitable choice of parameters
involved.
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Let us prove (12). Set, in (17), # =0 and o = 1 — 1/q. Now we apply
(17), with p replaced by v, s by +o00, 7 by 5 and s; by s, to obtain

I sup ID"I @I = 2D e < CI e
zely

where J is the L?°° norm of the function
(1= Jw])**2

(1 — [w[)?*~?
P(&) = /1;t(§) 11— [t dA(w) = /Ft(l) 11— wé[ott dA(w), £€T.
(18)

Since o = 1 — 1/q, we obtain, by elementary estimates, ¢(&) < C|1 — &|~1/4.
Therefore we have ||¢[/q00 < +00 and (12) is proved.

It is of some interest to note that there is another proof of (12). Namely,
one can set § = o — 1+ 1/q in (17) where 2« > . Then, using (3) and
so-called composition formula, see Lemma 2.5 in [11], we obtain

/ (1= [21)?* 771 (1 — [@])' ~V/dA(2)
D

<
J=C sup 11— zw[ori|l — z|>2/4

w,weD
and this suffices to establish (12).

Note that the proof of (14) in Theorem 4 is similar to the first of the
above proofs of (12) in Theorem 3. Indeed, the integration over Luzin’s
cone should be replaced by integration over the unit interval in the above
arguments. Using (10) the integral over the unit interval can be estimated
from above by an integral over Luzin’s cone (see [12], [11]). Therefore we
obtain an analogue of (17) and proceed as in the above proof of (12), we
leave details to the interested reader.

Next we consider the estimate (13). Since HP*1 < HP*! for s} < s/, we
can assume that % - % = % — % + 1. Let us set, in (17), 7 = 8 = 0 and
choose ¢ and sy so that % =1- (Il7 -1 = é Note that ¢ = s3. This choice
of parameters satisfies conditions required for (17), and we obtain

D™ fllarrs < Cllfllprwsa T,

< C < oo,

where J is the L?52 norm of the function ¢ appearing in (18). As above, we
have an estimate ¢(¢) < OJ1 — &|%71, ¢ € T, and the L%°2 norm is simply
the L7 norm due to equality ¢ = s5. Since a—1 > —1/¢q, we see that J < oo,
and this proves (13). Note that the limit case & = 1/p —1/r is excluded due
to the fact that here J is the L? norm of ¢, not a weak L? norm of ¢ as in
the proof of (12).

The remaining estimate (15) can be proved in a similar manner. Let us
set a =1/v—1/r > 0. Letting p — 1 we obtain, from (16) and (8),

— |lw 2a—246 Alw
pserse [ [0 e i em a9
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Next we set

1/2
b(E) = / DY fw) P(1— ) 2dA(w) |, €e€T
T+ (&)

and deduce from (19), using Cauchy—Schwarz—Bunyakowsky inequality,

1 —|w|)**2dA 2
|ID7f(2)] < C/Tw(f) (/Ft(g) ( |1|T_UB)Z|2((I+1)(W)> d¢, zeD.

The inner integral can be estimated using well-known estimates of the in-
tegrals of weighted Bergman kernels over Luzin’s cones (see [3]), as in the
proof of Theorem 2:

(1— [w])*2dAw) )"
sup (/ ) <Clp—¢€°t, &neT.
T'¢(&)

|1 — wz|2e+D)

z€l¢(n)
Therefore,
h(n) = sup [D™f(z)| <C(Y*)(n), neT,
z€l¢(n)
where ¢(£) = |1 — £[*7 ! is in LT, Now the desired estimate follows
immediately from (2). O

These two theorems extend some known results from the case of Hardy
spaces or weighted Hardy spaces to the more general case of analytic Hardy—
Lorentz classes. Indeed, if in our results one replaces Lorentz spaces and
Lorentz (quasi) norms by standard LP spaces and LP norms, then these re-
sults can be found in literature (see, for example, [14], [12], [3] and references
therein). Part 1 of the first theorem in the special case § = 0 is contained in
Theorem 1. Also, the part 2 of the second theorem for r = v = s is contained
in [12] in the case of the unit ball.

We note also that some of the above estimates can be partially extended
to the case of several variables, namely to functions defined on the unit
polydisc in C". In fact, most of the arguments can be applied to each
of the variables separately. This type of procedure is quite common and
appeared in literature in various topics in function theory on polydomains.
We omit details. Also, some similar estimates using the same approach can
be obtained for the action of the operator D acting into (not from as we
had above) spaces with (quasi) norms

)

/ Fw)|(1 — |w])™2dA(w)
r'i(§)

Lpss(T)

where all parameters p, r, s are positive.
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