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Geometry of Banach spaces
with an octahedral norm

RAINIS HALLER AND JOHANN LANGEMETS

ABSTRACT. We discuss the geometry of Banach spaces whose norm is
octahedral or, more generally, locally or weakly octahedral. Our main
results characterize these spaces in terms of covering of the unit ball.

1. Introduction

Let X be a Banach space over the field of real numbers R. A norm on
X is called octahedral (see, e.g., [9, 8, 4, 11]) if, for every finite-dimensional
subspace E of X and ¢ > 0, there exists an element y of X with |ly|| = 1
and

lz =yl = (L =)=l + llyll) for all z € E.

Note that only infinite-dimensional Banach spaces may possess an octahedral
norm.

In addition to the octahedral norms, two wider classes called locally oc-
tahedral norms and weakly octahedral norms (see definitions below in Sec-
tion 3) were introduced and studied in a very recent preprint [11] (cf. [4]),
whereas these three octahedrality conditions came up in relation to the di-
ameter two properties [1].

In this paper, we shall study the geometry of those Banach spaces whose
norm is octahedral or, more generally, locally or weakly octahedral. Our
main results characterize these spaces in terms of covering of the unit ball.

The starting point of our investigation is the following observation made
by G. Godefroy in [9]:

The norm on X is octahedral if and only if Bx, the closed unit ball of X,
has the property that in every finite covering of Bx with closed balls at least
one member of the covering itself contains Bx.
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We shall recall the result in Proposition 2.3 below and provide its proof
for completeness. In the special case when X is separable, the preceding
equivalence is contained in [10, Lemma 9.1].

We consider only infinite-dimensional real Banach spaces. Let us fix some
notation. By B(z,r) we denote the closed ball in X with center at z € X
and radius 7 > 0. The closed unit ball of a Banach space X is denoted by
Bx and its unit sphere by Sx. The dual space of X is denoted by X*.

2. Octahedral spaces
We recall a simple criterion for the octahedral norm.

Lemma 2.1 (see [11, Proposition 2.4]). Let X be a Banach space. The
following assertions are equivalent:
(i) the norm on X is octahedral;
(ii) for everyn € N, x1,...,2, € Sx, and € > 0 there is a y € Sx such
that
lzi —y|| >2—¢ forallie{l,...,n}.

The following characterization of octahedral norms is given by P. L. Papini
in [13]. We shall give its proof for completeness. Our proof is not essentially
different from the one in [13], but the benefit of Lemma 2.1 is clear.

Proposition 2.2 (see [13, Theorem 2.1]). Let X be a Banach space. The
following assertions are equivalent:

(i) the norm on X is octahedral;
(ii) p2(X) =2, where

1

X)= inf  sup = L~ z.

p2(X) wl,...l,gnesmélsinzy’x’ 2|
neN i=1

Proof. (i) = (ii). Assume that the norm on X is octahedral. By Lemma 2.1
(i), we have sup,eg, Y iy lzi — x| = 2n for every x1,...,x, in Sx. Thus
p2(X) = 2.

(ii) = (i). Assume that pug(X) = 2. Let z1,...,2, € Sx and let € > 0.
Since pa(X) = 2, we have

1 n
sup — Z |z — z|| = 2.
TESx n i=1

It follows that there is an element z in Sx with

1 — €

SN i —all 22 S

n 4 n
i=1

This yields
lz; —z|| >2—¢ forallie{l,...,n}.
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By Lemma 2.1 (ii), the norm on X is octahedral. O

For a Banach space X, R. Whitley [15] introduced the thickness parameter
T(X), defined by

T(X) = inf{e > 0: there exists a finite e-net for Sx in Sx}.

For finite-dimensional Banach spaces X, one has T(X) = 0. If X is an
infinite-dimensional Banach space, then Whitley showed that 1 < 7T'(X) < 2.

Remark. In an infinite-dimensional Banach space X a finite covering of
Sx with closed balls covers the entire unit ball Bx (for the proof see, e.g.,
[2], [14, Proposition 3ter|, [6, Proposition 2]). Therefore, for an infinite-
dimensional X,

n
T(X) =inf{e > 0: I{x1,...,2,} C Sx such that Bx C U B(zi,e)}.
i=1
We shall soon see that the octahedrality of the norm on X is also charac-
terized by the condition T(X) = 2. In fact, this is a direct consequence of
the following observation.

Proposition 2.3 (cf. [9, p. 12]). Let X be a Banach space. The following
assertions are equivalent:

(i) the norm on X is octahedral;
(ii) if x1,...,2p € X and r1,...,m, > 0 are such that

SX C CJ B(a?i,n-)

i=1
then Sx C B(x;,r;) for some i in {1,...,n};
(iii) of z1,...,2y € Sx and r1,...,r, > 0 are such that

n
SX C U B(wi,m)
i=1
then Sx C B(wx;,r;) for some i in {1,...,n}.
Proof. (i) = (ii). Assume that the norm on X is octahedral, and consider
a finite number of closed balls B(x1,71),..., B(xy,r,) in X with

n
Sx | Blai, ).
i=1
Since the norm on X is octahedral, for every ¢ > 0 there are i in {1,...,n}
and norm one y in B(x;, ;) with
i = yll = (1 — &) ([l + 1),

which yields r; > (1 — €)(]|z;]| + 1). Consequently, r; > ||z;|| + 1 for at least
one i in {1,...,n}.
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(i) = (iii) is trivial.
(iii) = (i). Assume that (iii) holds. Let n € N, x1,...,z, € Sx, and
g > 0. By Lemma 2.1 it suffices to find a y € Sx such that

|lzi —y|| >2—¢ forallie{l,...,n}.

Suppose that, on the contrary, for every y € Sx there is an x; such that
|lx; — y|]| <2 —e. Then

n
Sx ¢ | B(zi,2-e).
i=1
By our assumption, Sx C B(x;,2 — ¢) for some ¢ in {1,...,n}, which is a
contradiction.
O

Condition (iii) of Proposition 2.3 is clearly equivalent to 7'(X) = 2.

Corollary 2.4. Let X be a Banach space. The norm on X is octahedral
if and only if T(X) = 2.

Remark. In general T(X) > T(X™*). Since C[0,1] is octahedral and
C10, 1]** fails to be octahedral (see [9, p. 12]), we have T(X) > T'(X**) for
X = C0,1] (cf. last paragraph in [7]).

Banach spaces that admit octahedral norms are exactly the spaces con-
taining isomorphic copies of £;.

Theorem 2.5 (see [8, Theorem 2.5, p. 106]). Let X be a Banach space.
The following assertions are equivalent:
(a) X contains a subspace isomorphic to {1;
(b) there is an equivalent octahedral norm on X.

Combining Theorem 2.5 and Corollary 2.4 leads to the following result.

Theorem 2.6 (cf. [12, Theorem 1.2]). A Banach space X can be equiv-
alently renormed to have thickness T(X) = 2 if and only if X contains an
isomorphic copy of £1.

Theorem 2.6 strengthens Theorem 1.2 of [12], which asserts that a sep-
arable Banach space X can be equivalently renormed to have thickness
T(X) = 2 if and only if X contains an isomorphic copy of ¢;. Moreover,
it justifies Corollary 6 in [6]. It also improves Proposition 3.1 in [3], which
asserts that a Banach space X with pe(X) = T(X) = 2 contains an isomor-
phic copy of /1.

The behavior of Whitley’s thickness with respect to £,-products has been
recently studied in [5] and [7]. If X and Y are Banach spaces and 1 < p < oo,
then T'(X @, Y) < max{T(X),T(Y)} (see [7, Theorem 2]), and for finite-
dimensional X one has T(X @, Y) < 2'/P (see [5, Lemma 2.3]). We have
the following estimation for X @, Y.
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Proposition 2.7. If X and Y are Banach spaces and 1 < p < oo, then

p (W+1)P+1‘

TX@,Y) < 5
Thus
T(X @ Y) <2+ V2
Remark. This estimation is sharp since T'(f; @2 £1) = V2 + /2 (see [7,

Lemma 2]). On the other hand, T'(¢, ®, Y) = /2 (see [7, Proposition 1])
which is strictly less than our estimation shows.

(V24 1)P +1

Proof. Denote Z = X @, Y and r = 5

x1 € Sx and y; € Sy. We will show that
Sz C B((x1,0),7) U B((0,51),7).
Let (z,y) € Sz and set
m = min{{|(z1,0) = (,9)p. (0, 1) = (z,9)lp}-

. Fix arbitrarily

Then
m? = min{|[zy — =" + [ly[]”, [[z[|” + [[s1 =y}

< Nz =P+ [lyll” + [|=]]” + [y — ylI”

- 2

_ @~z —y)P+1

2
Since
(21 = 2,91 = I < @yl + (@)l = V2 +1,
we get
mP < <€/§+21>p+1'

O

Corollary 2.8. If X and Y are Banach spaces and 1 < p < oo, then
X @, Y is never octahedral.

Proof. By Proposition 2.7 we have

V2+1)P+1
2

T(X @, Y) < ( < 2P,

The last inequality is easily obtained from the Minkowski’s inequality by
considering ({/2,0), (1,1) € R2. O
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3. Locally and weakly octahedral spaces

According to the terminology in [11], the norm on a Banach space X is

e locally octahedral if, for every x € X and € > 0, there is a y € Sx
such that

Isz —yll > (L —e)(Isllz] + lyll) forall s € R;

o weakly octahedral if, for every finite-dimensional subspace E of X,
x* € Bx+, and € > 0, there is a y € Sx such that

lz =yl > (1 =€) (2" (@) + [lyll) for all z € E.

Our aim in this section is to find analogous results to Proposition 2.3 for
locally and weakly octahedral spaces.
We recall a simple criterion for the locally octahedral norm.

Lemma 3.1 (see [11, Proposition 2.1]). Let X be a Banach space. The
following assertions are equivalent:

(i) the norm on X is locally octahedral;
(ii) for every x € Sx and € > 0, there is a y € Sx such that

o ty] >2—c.

For locally octahedral spaces we have the following geometric characteri-
zation.

Proposition 3.2. Let X be a Banach space. The following assertions are
equivalent:

(i) the norm on X is locally octahedral;

(i) iof Sx C B(x,r) U B(—z,r) for some x € X and r > 0 then Sx C
B(z,r);

(iii) if Sx € B(xz,r) U B(—=x,r) for some x € Sx and r > 0 then Sx C
B(z,r).

Proof. (i) = (ii). Assume that the norm on X is locally octahedral, and
Sx C B(z,r)U B(—z,r) for some z € X and r > 0. We have to show that
Sx C B(xz,r). Suppose that, contrary to the claim, r» < ||| + 1. Let e > 0
be such that r < (1—¢)(||z||+1). Since the norm on X is locally octahedral,
there is a y € Sx such that

(1 =e)(llz[ +1) < flz £ y].

Thus ||z + y|| > r, which is a contradiction.

(i) = (iii) is trivial.

(iii) = (i). Assume that (iii) holds. Let z € Sx and € > 0. By Lemma 3.1
it suffices to find a y € Sx such that

letyll 22 —e.
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Suppose that for every y € Sx we have ||z +y|| <2—cor |[|[z—y| < 2—e.
Thus Sx C B(x,2—¢)UB(—z,2—¢). By the assumption, Sx C B(z,2—¢),
which is a contradiction. U

Condition (iii) of Proposition 3.2 is clearly equivalent to ¢’(X) = 2, where
the constant ¢'(X) is defined by
¢ (X)=inf{e > 0: Sx C B(z,e) U B(—z,¢) for some x in Sx}.
The interested reader can find more about this constant ¢’(X) in [14], where

Papini has compared it with Whitley’s thickness constant.

Corollary 3.3. Let X be a Banach space. The norm on X is locally
octahedral if and only if ¢'(X) = 2.

For weakly octahedral spaces we have the following geometric characteri-
zation.

Proposition 3.4. Let X be a Banach space. The following assertions are
equivalent:

(i) the norm on X is weakly octahedral;
(ii) of z1,...,2n € X and r1,...,7, > 0 are such that

n
SX C UB(l‘i,TZ‘)
i=1
then for every x* € Sx+ one has Sx C {x € X: |x*(x — z;)| < r;i} for
some i in {1,...,n}.

Proof. (i) = (ii). Assume that the norm on X is weakly octahedral,
and Sx C U, B(z;,r;) for some x1,...,2, € X and rq1,...,7, > 0. Let
x* € Sx+. We have to show that for some i € {1,...,n}, one has

Sx C{x e X: |z"(x — z;)| < ri}.
Suppose that, on the contrary, for every i € {1,...,n} there is an = € Sx
such that |z*(x — x;)| > 7. Pick € > 0 satisfying
ri < (1—e)(1+ |z%(z;)|) forallie{l,...,n}.
Since the norm on X is weakly octahedral, there is a y € Sx such that
(I —e)(1+ |z"(zi)]) < ||zi —y|| forallie{l,...,n}.

This yields r; < ||z; — y|| for every i € {1,...,n}, which is a contradiction.

(ii) = (i). Assume that (ii) holds. Let E be a finite-dimensional subspace
of X. Let z* € Sx+ and let 0 < ¢ < 1. Suppose that, for every y € Sx,
there is an z € E such that

[z =yl < (1 =e)(lz"(z)] +1). (3.1)
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Then [z| < 22¢. Denote § = /2. Consider now a finite 6-net {z1,...,2,}
for %BE. If y € Sy, then find a corresponding x € E such that (3.1) holds,

and choose z; such that ||z — ;]| < 0. By (3.1), we have
lz: =yl < lle =yl +6
<(MQ—-e)(|z*(z)|+1)+0
<A —=e)(z"(z)| +0+1)+6
=1 —¢)|z"(x;)| +1—¢€d
< (1= e*/2)(Ja" ()] + 1).

Thus Sx C UL, B(z;,7;), where 7; = (1 —€2/2)(|z*(z;)| +1). On the other
hand,

Sx ¢{re X: |z*(x —x;)| <r;} forallie{l,... n}

This contradicts (ii). O

We recall a simple criterion for the weakly octahedral norm.
Lemma 3.5 (see [11, Proposition 2.2]). Let X be a Banach space. The
following assertions are equivalent:

(i) the norm on X is weakly octahedral;
(ii) for every n € N, x1,...,x2, € Sx, ©* € Bx~, and € > 0, there is a
y € Sx such that

e +ty|| > (1 —e)(|a™(z;)| +t) forallie{l,...,n} andt > 0.

Remark. It is not clear whether it suffices to take ¢ = 1 in the preceding
condition, i.e., whether condition (ii) is equivalent to the following:

(iii) for every n € N, z1,...,z, € Sx, * € Bx+, and € > 0, there is a

y € Sx such that
lzi +yll > (1 —e)(Ja*(z;)|+ 1) forallie{1,...,n}.

However, similarly to the proof of Proposition 3.4 we observe that condition
(iii) is equivalent to the following:

(iv) if x1,...,2, € Sx and r1,...,7r, > 0 are such that

SX C U B(xi,ri),
=1

then for every x* € Sy« one has Sx C {z € X: |z*(z — x;)| < ri}
for some 7 in {1,...,n}.
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