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Multi-norms

H. G. DALES

ABSTRACT. We give a survey of the theory of multi-norms, based on a
talk given in Tartu on 5 September 2013.

1. Introduction

A theory of multi-norms based on a normed space E was first introduced
by Dales and Polyakov in [7], and there have now been several papers on
this topic. The present paper is a survey of the theory, somewhat expanded
from the talk in Tartu.

1.1. Some history. The work on what were to become “multi-norms” was
begun in 2003, when Maxim Polyakov arrived from Moscow as a Royal So-
ciety Fellow at my then university of Leeds; Maxim had been a student of
Alexander Helemskii at Moscow State University. We decided to attack to-
gether the question when various Banach left modules over group algebras
were respectively projective, injective, or flat. Our work appeared in [6].
Most questions were resolved in [6], but one in particular was left open, and
I first explain this.

Let G be a locally compact group. Then the group algebra (L'(G), %) is
a Banach algebra for the convolution product, and the Banach space LP(G)
is a Banach left L'(G)-module in a canonical way for each p > 1. The
most important case is that in which p = 2, and so LP(G) is the Hilbert
space L?(G); of course the theory of representations of L!(G) as an algebra
of bounded linear operators on L?(G), which is equivalent to the theory of
L?*(G) as a Banach left L'(G)-module, is of fundamental importance in very
many areas of harmonic analysis and operator theory. The following is a
consequence of the famous theory of Barry Johnson in [16].
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Theorem 1.1. Suppose that G is an amenable locally compact group and
that 1 < p < oo. Then LP(G) is an injective Banach left L*(G)-module.

Both Barry Johnson and Alexander Helemskii had asked whether the
converse of this theorem holds. Our attempt in [6] concentrated on the case
where G is a discrete group, and we proved the following in [6, Theorem
5.12].

Theorem 1.2. Let G be a group, and take p with 1 < p < co. Suppose
that £P(G) is an injective Banach left £1(G)-module. Then the group G is
pseudo-amenable.

Here we say that a group G is pseudo-amenable if, for each € > 0, there
exists ng € N such that, for each n € N with n > ny and each finite subset
F of G with |F| = n, there is a non-empty, finite subset S of G such that
|SF| <en|S]|.

This should be contrasted with the famous Fglner condition, which char-
acterizes when a group G is amenable: for each € > 0 and each finite subset
F of G, there is a non-empty, finite subset S of G such that |SxASy| < €|95]
for each z,y € F'. Here A denotes the symmetric difference of two sets.

It is easy to see that every amenable group is pseudo-amenable, but we
were unable to prove the converse; this still seems to be a very interesting
and challenging question in the combinatorical theory of groups. A counter-
example will not be easy to find because a pseudo-amenable group cannot
contain Fo, the free group on two generators, and there are not many groups
that are not amenable and do not contain Fs.

Maxim returned to Leeds in 2005 as a Marie Curie Fellow, and we decided
to try again to resolve the above problem. We discovered that one could
reformulate it and several others in terms of what we called “multi-norms”,
and this was the seed from which the theory of multi-norms developed.
Tragically, Maxim Polyakov died in Moscow in January 2006, and the work
[7] that subsequently emerged was prepared in later years. Happily, the
idea that this theory would resolve the above question was correct, and the
following theorem is proved in [8].

We need the notions of a (p, ¢)-multi-norm and a multi-bounded set; these
will be defined below.

Definition 1.3. Let G be a locally compact group, and take p,q such
that 1 < p < ¢ < co. A continuous linear functional A on L>*(G) is left
(p, q)-multi-invariant if the set {s-A : s € G} is multi-bounded with respect
to the (p, ¢)-multi-norm. The group G is left (p, q)-amenable if there exists
a left (p, ¢)-multi-invariant mean on L*°(G).

The following theorem combines [8, Theorems 8.4 and 9.6].
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Theorem 1.4. Let G be a locally compact group.

(i) Take p,q with 1 < p < q < 0o. Then G is amenable if and only if G is
left (p, q)-amenable.

(ii) Take p > 1. Then LP(G) is injective as a Banach left L'(G)-module
if and only if G is amenable.

1.2. Basic definitions. The theory of multi-norms developed a life of its
own, and it seems to have applications in quite a few different arenas. The
fundamental idea is that we start with a normed space (E, | - ||) and define
a sequence (|| - ||,,) of norms, where || -|,, is a norm on the Cartesian product
E"™ for n € N. Of course certain axioms must be satisfied. This scenario is
reminiscent of the theory of operator spaces, which is now very fashionable,
but it has significant differences.

Here are the basic definitions. We write N for the set of natural numbers,
and set N, = {1,...,n} for n € N; the collection of permutations of the set
N,, is denoted by &,,.

Definition 1.5. Let (E, || -||) be a complex normed space. A multi-norm
on the family {E™ : n € N} is a sequence (|| -||,, : n € N) such that |- ||, is
a norm on E™ for each n € N, such that ||z||; = ||z| for each x € E, and

such that the following Axioms (A1)—(A4) are satisfied for each n € N and
x=(x1,...,2p) € E™

(A1) H( To(1)s- - To(m) |, = 12l (0 € &n);
(A2) H(alxl, s any) ||, < (maxen, o)) 2], (o1,..., 0, € C);
(A3) [[(z1, s 20, 0) |y g = N5
(A4) ||($1,...,xn_1,$n,l‘n)"n+l HmH
In this case, (E", [ -,,) = (E™, | -],,) : n € N) is a multi-normed space.

We shall sometimes say that (|| - ||,,) is a multi-norm based on E.

In the case where (E, || -||) is a Banach space, each space (E", || -||,) is a
Banach space, and ((E"™, || -||,)) : » € N) is termed a multi-Banach space.

In fact, Axiom (A3) is a consequence of Axioms (Al), (A2), and (A4)
[7, Proposition 2.7].

To obtain a dual multi-norm and a dual multi-Banach space, we replace
Axiom (A4) with a variant, (B4):

(B4) [[(z1, s n, wn)ll gy = (@1, -5 01, 220 -
In this case, (E",[-,,) = (E™|"],) : n € N) is a dual multi-normed
space.

The dual space to a normed space FE is denoted by E’, and the closed unit
ball of F is Em
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Let |- ||,, be a norm on E". Then | -|!, is the dual norm on (E™,|-|,,)’
when this latter space is identified with (E’)”. The dual of (E™|-|,) is
((E"™,|-]I)- The dual of a multi-normed space is a dual multi-Banach

space, and the dual of a dual multi-normed space is a multi-Banach space.
Thus the second dual of a multi-normed space based on E is a multi-normed
space based on the second dual space E”. Here we have a clear difference
from the theory of operator spaces; in the latter theory the dual of an oper-
ator space is an operator space.

One can ask: “What are multi-norms good for?”. Here are some answers.

(1) Solving some specific questions — for example, characterizing when
some modules over group algebras are injective, as above; see [8].

(2) Understanding the geometry of Banach spaces that goes beyond the
shape of the unit ball.

(3) Throwing some light on absolutely summing operators.

(4) Giving a theory [7, Chapter 6] of “multi-bounded linear operators”
between Banach spaces; this gives a class of bounded linear opera-
tors that subsumes various known classes, and sometimes gives new
classes.

(5) Giving results about Banach lattices [7, §6.4].

(6) Giving a theory of decompositions [7, Chapter 7| of Banach spaces,
generalizing known theories.

(7) Giving a theory that “is closed in the category”.

We can only glance at some of these aspects in this review.

1.3. First examples — the maximum and minimum multi-norm. Let
E be a normed space, and let (E", || -||,,) be either a multi-normed space or
a dual multi-normed space based on E. Then it is a little exercise to see
that

n
max [l < [|[(@1,- . @), <Dl (1)
i=1

for all x1,...,2, € E and n € N.

It follows that there are a maximum multi-norm and minimum multi-norm
based on E; they are denoted by (|| ||, : n € N) and (|| - ||, : n € N),
respectively, and they are defined by the property that

lzll™ < llzll, < |lzl7™ (z<€E" neN)

for every multi-norm (|| -[[,, : » € N) based on E. The formula for || - ||;Lnin is:
||| = max lzill  (x=(z1,...,2,) € E", n € N).
1€NR,

It easy to see that there is a maximum multi-norm based on E, but it is not
so easy to obtain a formula for this multi-norm; one might suspect that the
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right-hand side of (1) would be the answer, but this gives not a multi-norm
but a dual multi-norm.

In fact, the dual of || - ||;** is the weak 1-summing norm p,, (see below)
[7, Theorem 3.33], and hence

n

2l = sup q | (25, M) | = (X)) < 1o (2)
j=1
for all x = (x1,...,2,) € E™ and n € N, where the supremum is taken over

all A= (A1, ..., A\n) € (E)".

1.4. Matrix descriptions of multi-norms. Let M,, , denote the linear
space of m x n matrices over the complex numbers, C. We may give M,, ,, a
norm by identifying it with the Banach space B(¢,°,£5°) of bounded linear

n rm

operators from £3° to £°, where £° = (£5°,]| - ||.) denotes the space C"
with
(a1, ..y am)|lo = max{|oa],..., o]} (a1,...,0, € C).

Let E be a normed space. Then M,, ,, acts from E™ to E™ in the obvious
way. Consider a sequence (|| -||,,) such that each || -||,, is a norm on E™ and
such that ||z||; = ||z for each x € E.

Theorem 1.6 ([7], Theorem 2.35). This sequence of norms is a multi-
norm if and only if

la - @ll,, <lla: €2 = &2l ],

for allm,n €N, a € My, ,, and x € E™.

We could calculate ||a| for a € M, ,, in different ways. For example, we
could identify M, ,, with the Banach space B(tE 0) for other values of p
and ¢ in [1,00]. The case where p = ¢ = 1 gives a dual multi-norm. Cases
of more general p and ¢ seem to be rather messy.

1.5. Tensor-norm characterizations. We now explain how multi-norms
correspond to certain tensor norms, and thus relate the theory of multi-
norms to that of tensor products of Banach spaces. In fact, in retrospect,
one can see that one could have started with norms on tensor products and
avoided multi-norm theory, but this would seem to be a loss.

We describe briefly the connection; details are given in [8, §3]. We write
d; for the sequence (d;; : j € N) for i € N; ¢ is the Banach space of all null
sequences.
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Definition 1.7. Let E be a normed space. Then a norm ||« || on ¢y ® E
is a co-norm if ||0; ® z|| = ||z|| for each x € E and if the linear operator
T®Ig is bounded on (co®E, || - ||), with norm at most ||T’||, for each compact
operator T on F.

In the above definition, we used compact operators 1" on F, but we could
replace “compact” by “bounded” and obtain an equivalent definition. The
co-norms that we obtain are “reasonable cross-norms”, in the sense of [25,
§6.1].

Suppose that || - || is a co-norm on c¢o ® F, and set

n
(@1, an)ll, =Y 6@z (21,...,2, € B, n€N).
i=1

Then (||-||,, : n € N) is a multi-norm based on E.
Let E be a Banach space. Then a norm || - || on co ® E satisfies condition
(P) (due to Pisier) of [22, §2, p. 12] if

(T @)l < Tl llzll (2 €co® E, T € B(co)) -

Such norms are exactly the co-norms of Definition 1.7, and so the definition
of a multi-normed space corresponds to the theory in [22] of norms on co® E
satisfying property (P).

A more general and detailed version of the following theorem is given as
[8, Theorem 3.4 and Corollary 3.7].

Theorem 1.8. Let E be a normed space. Then the above construction
defines a bijection from the family of co-norms on co ® E to the family of
multi-norms based on E. The maximum and minimum multi-norm struc-
tures based on E correspond to the projective tensor norm || -||,. and the
injective tensor norm || -||. on co ® E, respectively.

There is an analogous construction that gives a bijection from the family
of “¢1-norms on ¢! ® E” to the family of dual multi-norms based on E; see
[8, Theorem 4.3].

2. Multi-norms and absolutely summing operators

There is a close connection between the theory of multi-norms and that
of absolutely summing operators that we first describe. The latter theory
has been studied by many authors; see the fine texts [11, 12, 15, 20, 25], for
example.
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2.1. The weak p-summing norm. We recall the definition of the weak
p-summing norms on a normed space; the following standard definition was
given in [7, Definition 4.1.1] and [9, §2.3]. For further discussion, see [11,
12, 15].

Let E be a normed space, and take p € [1,00) and n € N. Following the
notation of 7, 8, 15], we define y,,(x) for © = (z1,...,2,) € E™ by

n 1/p
p,n(x) = sup (Z |(@i, A) ]p> A€ By
i=1

Then iy, is the weak p-summing norm (at dimension n). Now equation (2)
makes sense.
Note that, for all p € [1,00), n € N, and & = (x1,...,2,) € E", we have

n n
ppn(@) = sup 1> Gl GG €C Y IGI <Te, (3)
j=1 j=1
where p’ is the conjugate index to p.
Let E be a normed space. Take n € N and & = (z1,...,z,) € E", and
define
n
To:(ClyeosCn) = Y Gy, C'—E.
j=1
It follows from (3) that
pipanl@) = |To 2 — B (4)

themap  — T, (E™, ppn) — B (E,’Z/, E), is an isometric linear isomorphism.

2.2. (¢,p)-summing operators. Let F and F' be Banach spaces, and sup-
pose that 1 < p < ¢ < oo. We recall that an operator T' € B(E, F) is
(g, p)-summing if there exists a constant C' such that

n 1/‘]
(Z ||Ta:i|]q> < Clpn(x1,...,20) (21,...,2, € B, n € N).
=1

The smallest such constant C is denoted by m,,(T"). The set of these
(g, p)-summing operators is denoted by II,,(E, F); it is a linear subspace
of B(E,F), and (Il; ,(E, F), 7y p) is a Banach space; we write (IL,(E, F'), 7p)
for (I, (E, F'), mp.p)-

There is a huge theory of these (g, p)-summing operators. At this point
I should like to remember Joram Lindenstrauss (1936-2012) and Alek-
sander Pelczynski (1932-2012), two founders of the theory of summing
operators, whom we have recently lost.
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The space I, ,(E, F) is a component of an operator ideal: see the tremen-
dous theory created by Professor Albrecht Pietsch, especially [24]. It is
an honour that Professor Pietsch was in the audience for this talk in Tartu.

2.3. The (p,q)-multi-norm. Again in retrospect, it seems that the most
important specific multi-norm is the “(p, ¢)-multi-norm”.
The following definition was first given in [7, §4.1].

Definition 2.1. Let E be a normed space, and take p, ¢ such that
1<p<qg<oo. Foreachn e Nand = (z1,...,2,) € E", define

1/q
e = sup | D1 AT | (X <1
j=1
where the supremum is taken over all A = (A,...,\,) € (E')™.

As noted in [7, Theorem 4.1], (|| - ||£Lp’q) :n € N) is a multi-norm based on
E; it is called the (p, q)-multi-norm.

Take n € N and @ € E™. Then it is clear that Ha:H;pm) < H:c||£f’m) when
1 <p< gy <q and that HwHﬁLpl’q) < ||:BH£LPQ’Q) when 1 <p; <py <gq.

We remark that the (1, 1)-multi-norm (|| - HS’I)) is exactly the maximum
multi-norm (|| - ||;**), and we note the useful fact that the (p, ¢) -multi-norm
over E” when restricted to E, is the (p,q)-multi-norm over FE; this latter
fact is a nice application of the principle of local reflexivity.

A key result from [9, Theorem 2.6] relates (p, ¢)-multi-norms to the theory
of absolutely summing operators.

Theorem 2.2. Let E be a normed space, and let 1 < p < g < co. Then
the (p, q)-multi-norm induces the norm on co® E given by embedding co®@ E
into Iy p(E', co).

Indeed, for n € N and « = (z1,...,2,) € E™, we have
]9 = 7y (T, - B = co). (5)

In the special case in which ¢ = p, we can identify the norm on co ® E
induced by the (p,p)-multi-norm: it is exactly the Chevet—Saphar cross-
norm, called dp, in [12, Chapter 12] and [25, p. 135].

We should like to identify the dual space of (E™, || - ||£Lp’q)) for any p, ¢ with
1 <p < g < oo: an abstract description of this space is given in [7, §4.1.4],
but we lack a good concrete description of this dual space.
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3. Further examples of multi-norms

3.1. The standard t-multi-norm. Let (€2, ) be a measure space, take
r > 1, and consider the Banach space L" (2, ), with the usual L"-norm,
which is denoted by || - ||, or just ||-||. In particular, we concentrate on the
Banach spaces £" and L"[0,1]. It is standard [1, Proposition 6.4.1] that, in
the case where L"(£2) is an infinite-dimensional space, we can regard {" as a
closed, 1-complemented subspace of L" ().

Now take r,¢t with 1 < r <t < co. For each family X = {Xy,..., X,,} of
pairwise-disjoint measurable subsets of €2 such that X; U---U X, = Q, we
set

1/t
(e da)) = (1P Al 4+ 1P fal)
where Px : L"(2) — L"(X) is the natural projection. Finally,

WLWMW:?mwnwm»

We see that (|| - ||7[f]) is a multi-norm. This is the standard t-multi-norm
(based on L"(£2)); see [7, §4.2]. In the special case in which ¢ = r, we have
the following representation theorem.

Theorem 3.1 ([8], Theorem 6.1). Let Q be a measure space, and suppose
that 1 < r < co. Then the standard r-multi-norm based on L"(Q) induces
the co-norm on co ® L"(Q2) which comes from identifying co ® L" () with a
subspace of the vector-valued Banach space L™ (€2, cq).

3.2. The Hilbert multi-norm. Let H be a Hilbert space. For n € N
and each family H = {Hj,...,H,} of closed subspaces of H such that
H=H 1 ---1H,, we set
) o\ 1/2
ra((@n @) = (1P + o+ 1 Pal?) (@1 o € H),

where P;: H — H; for i = 1,...,n is the projection, and then set

H
@zl = supra((zs,..., 2n))

Then we obtain a multi-norm (|- || : n € N) based on H. Tt is the Hilbert
multi-norm.

However the Hilbert multi-norm is not really a new multi-norm because
we have the following theorem [7, Theorem 4.19].

Theorem 3.2. Let H be an infinite-dimensional Hilbert space. Then

|| = |2|®? (ze H", neN).
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3.3. Banach lattice multi-norms. Let (E,||-||) be a complex Banach
lattice. Thus E' is the complexification of a real Banach lattice Ex. For the
theory of Banach lattices, see [2, 21, 23], for example; there is a summary
of the properties of Banach lattices that seem to be relevant for multi-norm
theory in [7, §1.3].

For example, the Banach spaces L"(Q2) (for r > 1), L>°(2), or C(K) (for a
compact space K ), with the usual norms and the obvious lattice operations,
are all (complex) Banach lattices.

Definition 3.3 ([7], Definition 4.41). Let (E,||-||) be a Banach lattice.
Forn € Nand x1,...,z, € E, set

L
(@1, zn)lly = [z V-V ] ]
and
DL
(@1, wn)lly ™ = ] -+ el ]

Then (E",|| - ||,I;) is a multi-Banach space; (|| Hﬁ) is the Banach lattice
multi-norm. Also (E",|| - ||£L) is a dual multi-Banach space; (|| - HSL) is the
dual Banach lattice multi-norm.

For each n € N, the dual of the norm || - Hg on E™ is the norm || - ||5L on

(E")", and the dual of the norm |- |2* on E™ is the norm | - ||X on (E")".
It follows easily that the second dual of the lattice multi-norm based on E
is exactly the lattice multi-norm based on E”.

For example, it follows from Theorem 3.1 that, for each n € N and

fl?"'af’n S LT(Q), we have
1oy FIE = WALV -V U fal = 1o SR

and so the standard r-multi-norm coincides with the Banach lattice multi-
norm on L"(Q).

When r = 1, it is well-known that L'(Q)® E = L'(Q, F) for any Banach
space E, and so the standard 1-multi-norm on L!(2) is the maximum multi-
norm. Thus, for each n € N and fi, ..., f, € L'(Q), we have

1o S = ALY -V al = 1 F IS = 1 )l

3.4. The [p, ¢]-concave multi-norm on Banach lattices. In [3], we in-
troduced a new class of multi-norms on general Banach lattices, and related
some of these to standard ¢-multi-norms: these multi-norms are of interest
in their own right, and also helped us to settle some questions about the
equivalence of the (p, ¢)-multi-norms and the standard ¢-multi-norms on £7,
as we discuss below.

Let (E, | -||) be a (complex) Banach lattice. We write |z| for the modulus
of an element = € E. Take n € N and an n-tuple (z1,...,z,) in E™. Recall
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1/p
that, for each p > 1, we can define the element (2?21 ]a:j\p) € E by the
Krivine calculus; see [7, §1.3.1] and [21, II.1.d].

Definition 3.4. Let (E, || -||) be a Banach lattice, take p,q > 1, and take
n € N. For each € E", define

n 1/q " 1/p
2|79 =sup 3 | D 1, AT | Do) <1y
j=1 j=1
where the supremum is taken over \,...,\, € E'.

As noted in [3, Theorem 3.4], (|| - HT[JL?’CI] :n € N) is a multi-norm based on
E whenever 1 < p < ¢ < o0; it is called the (p, ¢)-concave multi-norm based
on E. It is easy to see that Hazﬂg”q} < ||33H£Lp’q) (x € E", n €N).

These multi-norms are closely related to the (g, p)-concave operators on
E that are described on [12, p. 330].

We have the following key relationship between a standard ¢-multi-norm
and certain concave multi-norms.

Theorem 3.5 ([3], Theorem 3.9). Suppose that 1 < r < t < oo, and
define v by the formula 1/v =1/r — 1/t. Then the standard t-multi-norm is
equal to the [1,v']-concave multi-norm on £7.

3.5. A representation theorem. In all mathematical theories we would
like to find a “universal representation theorem” that gives a rather concrete
representation for all objects in an axiomatically-defined class. Thus, for
example, the great Gel’fand—Naimark theorem shows how to represent each
axiomatically-defined C*-algebra as a norm-closed, *-closed subalgebra of
the C*-algebra B(H) for some Hilbert space H [5, Theorem 3.2.29]. Again,
let £/ be a normed space. An operator space based on E is a sequence (|| -|[,,)
of “matricial norms”, where || - [|,, is defined on M, (E), the space of n x n-
matrices with terms in E, such that the sequence satisfies certain “Ruan’s
axioms”; see [4, 13, 14], for example. The concrete representation of an
abstract operator space is given by Ruan’s theorem, which represents each
such system as a closed subspace of B(H) for some Hilbert space H, the
matricial norms being recovered in a canonical way. These representation
theorems are enormously useful.

There is a “universal representation theorem” for multi-Banach spaces
and for dual multi-Banach spaces; for example, it represents an arbitrary
multi-norm as closed subspace of a Banach lattice in such a way that the
multi-norm is a restriction to the subspace of a Banach lattice multi-norm.
However it must be confessed that, so far, this representation theorem has
not proved to be very useful.
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Clause (i) of the following theorem is basically a theorem of Pisier, as given
in a thesis of a student, Marcolino Nhani [22, Théoréme 2.1]; it shows that
our multi-normed spaces are the “sous-espaces de treillis” of [22, Définition
3.1]. There is a simplified proof in [10]; clause (ii) is a new dual version from
[10].

Theorem 3.6. (i) Let (E™, | -||,,) be a multi-Banach space. Then there is
a Banach lattice X, a closed subspace Y of X, and an isometric isomorphism
J: E—Y such that

[(Jz1, .. Jea)E = 1l(x1, - zn)l,, (21,20 € B, n€N).

(ii) Let (E™,||-|l,) be a dual multi-Banach space. Then there is a Ba-
nach lattice X, a closed subspace Y of X, and an isometric isomorphism
J:E— X/Y such that

[(Jz1, o Je)IPY = [z, 20|, (%1, 20 € B, n e N).

3.6. An associated sequence. Let E be a normed space, and let (|| - ],,)
be a multi-norm based on E. We can define a rate of growth sequence

(¢n(E)) by setting
¢n(E) = Sllp{”(.%j7 . ,:En)Hn T T1,...,Tp € Em} (TZ S N) .
In particular (" (FE)) is the sequence associated with the maximum multi-
norm based on E.
Trivially, 1 < ¢, (E) < n for all n € N and
Pmtn(E) < om(E) + on(E)

for all m,n € N.
The sequence (¢,(F)) depends on the multi-norm that is based on E
(even though the notation does not show this), but the sequence (¢'**(E))

n
is intrinsic to the Banach space E; it can be shown quite easily that ¢ (E)

is equal to
sup ¢ > [Nl Y 1w, A< 1 (2 € Byy)
j=1 j=1
for each n € N, where \y,...,\, € F'.

The following is a natural example.

Theorem 3.7. (i) For each p € [1,2], we have @**(¢?) = n'/P (n € N).
(ii) For each p € [2,00], there is a constant C, such that

VA< () < G/ (neN).
Further, Co =1 and Cx = V2.
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For this and further, related examples, see [7, § 3.6].

In fact, the bound y/n of the above example is a general truth; the follow-
ing theorem follows from Dvoretzky’s famous theorem on almost spherical
sections.

Theorem 3.8 ([7], Theorem 3.58). Let E be an infinite-dimensional
normed space. Then

Vi< oMNE)<n (neN).

The rate of growth constants gpﬁf’ & (E) associated with a (p, ¢)-multi-norm

are equal to known constants.

Theorem 3.9. Let E be a Banach space, and suppose that 1 < p < g < 00
and n € N. Then gpgp’q)(E) = mgf;)(E’).

4. Multi-bounded operators

Let EF and F' be Banach spaces. Then of course the “natural morphisms”
form the Banach space B(E, F) of all bounded, equivalently, continuous,
operators from E to F. Now suppose that (E", | -|,,) and (F'",|-|,) are
multi-Banach spaces based on FE and F', respectively. What are the “natural
morphisms”? Do they form a natural multi-Banach space?

4.1. Definitions. Of course, the “natural morphisms” will be the “multi-
bounded operators”; we first define these.

Definition 4.1 ([7], §§5.2, 6.1). Let (E™, || - [|,,) be a multi-normed space.
A subset B of F is multi-bounded if
cp :=supsup {||(z1,...,zn)|,, : x1,...,2p € B} < 00.
neN

A sequence (z,) in E is multi-null if, for each ¢ > 0, there exists ngp € N
such that

Sup{”(xn-l-la"'aanrk)H :kGN}<€ (nZnO)

The concept of “multi-null sequence” captures some well-known properties
in our examples. For example, let £ be a Banach lattice, and consider the
Banach lattice multi-norm based on E. Then a multi-null sequence (zy,) is
“order-null”, in the sense that there is a decreasing sequence (u,) in E™
such that |z,| < u, (n € N) and inf,eyu, = 0 in ET [7, Theorem 5.14]; for
many Banach lattices, including the examples L"(2), the converse is true [7,
Theorem 5.15]. For Banach lattices E which are “monotonically bounded”,
in the sense that every increasing net in E[Jlr] is bounded above, a subset

B is multi-bounded (with respect to the Banach lattice multi-norm) if and
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only if it is order-bounded, in the sense that there exists y € ET such that
lz| <y (z € B).

Definition 4.2 ([7], §§6.1.3, 6.1.4). Let (E",|-||,,) and (F",|-|,,) be
two multi-normed spaces. An operator T' € B(E,F) is multi-bounded if
T(B) is multi-bounded in F' whenever B is multi-bounded in F, and T
multi-continuous if (T'x,) is a multi-null sequence in F' whenever (x,) is a
multi-null sequence in E.

As one would expect, a linear map from E to F' is multi-continuous if and
only if it is multi-bounded [7, Theorem 6.14].

The set of multi-bounded operators from E to F' is a linear subspace
M(E,F) of B(E, F).

Definition 4.3 ([7], §6.1.3). Let (E™, || -|,,) and (F'™,]| - ||,,) be two multi-
normed spaces, and let ' € M(E, F'). Then
(A sup{cT(B) :BCE, cg<1}.

We must check that ||T']],,, < oo for each T' € M(E, F). Explicitly, we
have

Txy,...,Tx
I, = sup sup{”( SRRELD)] MRy o} <. ()
n (1, zn)ll,
and so T" is multi-bounded if and only if || T'||,,,, = sup,ex HT(”) H < 00, where

T™ is the n™-amplification of 7. In this case, we have
|(Tz1, ..., Tan)ll, < Nl (@1, 2n)ll,  (T1,...,20 € B, n€N).

Let N (E, F) denote the Banach space of nuclear operators from E to F,
taken with the nuclear norm v.

Theorem 4.4 ([7], Theorem 6.15). Let (E™, | -||,,) and (F'™, || -||,,) be two
multi-normed spaces, and suppose that F' is a Banach space. Then

(MCE, F), |- Nl

is a Banach space. Further, N(E,F) C M(E,F), and ||T|,,, < v(T) for
each T € N(E, F).

We can have M(E, F) = B(E, F) and M(F, E) = N(F, E) for two multi-
normed spaces (E™, | -||,,) and (F'™, || - ||,,), and so there is no “multi-Banach
isomorphism theorem”.

We find it to be interesting to determine the space M(E, F') for various
examples of multi-normed spaces (E™, | -||,,) and (F",|-|],,). For example,
suppose that F and F' are Banach lattices, and we consider the lattice multi-
norms based on E and F'. An operator T' € B(E, F') is order-bounded if T'(B)
is order-bounded in F' whenever B is an order-bounded set in F', and T is
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regular if it is a linear combination of positive operators from F to F'; see
[7, §1.3.4]. The spaces of regular and order-bounded operators are denoted
by B.(E,F) and By(E, F), respectively; clearly B,.(E,F) C By(E, F), and
often (but not always) these two spaces are the same.

In the case where F' = E, the spaces B,(E) and B,(E) are Banach sub-
algebras of B(F); I find these examples to be interesting and surprisingly
little studied; they are not mentioned in [5].

Here is a typical theorem.

Theorem 4.5 ([7], §6.4). (i) Let E and F' be Banach lattices, and con-
sider the lattice multi-norms based on E and F'. Then By(E,F) C M(E,F);
in the case where F is monotonically bounded, M(E, F) = By(E, F).

(ii) Let E = 4" and F = (°, where r,s > 1, and consider the Banach
lattice or, equivalently, the standard r- and s-multi-norms on E and F,
respectively. Then M(E,F) = B,(E, F).

More generally, one could consider the spaces £ = ¢ and F = ¢® with
standard ¢- and w-multi-norms, respectively, where 1 < r < t < 0o and
1 <s<wu<oo. Is the space M(E, F) of interest in this case?

4.2. The multi-bounded multi-norm. Let (E™, | -||,,) and (F™,|-|,)
be two multi-normed spaces. As we suggested, we would wish there to be a
natural multi-norm based on M(E, F'). In fact, it is given as follows.

Definition 4.6 ([7], Definition 6.18). Let (E™, || -||,,) and (F", | -||,,) be
two multi-normed spaces, and take n € N and T1,...,7,, € M(E, F). Then

(71, . ... To) | = sup{ery yo.umm) : B C E, cp < 1}.

Here is a somewhat more explicit formula for ||(771, ... ,Tn)H?b:

I(Th, .., To) || = sup |[(Tya; =i € Ny, j € Np)|l.,

where the supremum is taken over z1,...,z; € E with |[(z1,...,zg)||, < 1.
The theorem that follows easily is the following.

Theorem 4.7 ([7], Theorem 6.20). Let (E™,||-|,,) and (F™,| -||,,) be two

multi-normed spaces. Then || - ||nmb is a norm on the linear space M(E, F)",
and

(ME,F)" |- [7") :n €N)

is a multi-normed space with HTHTb = ||T||,,,p5 it is @ multi-Banach space in
the case where F' is a Banach space.
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There is a natural concept of a “multi-Banach algebra”; the obvious ex-
ample is the multi-normed space (M(E, F)",||-||™), with the “product”
defined by

(S1,....S0) - (Th,...,Tp) = (SiT4, ..., SuT)

for S1,...,8,, Th,..., T, € M(E,F)) There are other natural examples,
for example related to group algebras. It is hoped that this idea will be
investigated in the future.

5. Equivalences of multi-norms

The natural notion of the equivalence of two multi-norms was given in [7,
§2.2.4]. We would like to know when two (p, ¢)-multi-norms are mutually
equivalent, especially on the Banach spaces of the form L"(Q); also, it seems
that a (p, ¢)-multi-norm is rarely equivalent to a standard t-multi-norm, and
we conjectured in [9] that this is never the case. The investigation of these
questions seems to involve some quite delicate calculations in the classical
theory of absolutely summing operators.

Some preliminary results on equivalences were given in [7]. The question
was taken up more seriously in [9], and rather a large number of results was
obtained; some of the remaining questions are resolved in [3]. However one
or two aggravating points still remain open.

5.1. Definitions. We first give the basic definitions.

Definition 5.1. Let (E, | - ||) be a normed space. Then & is the family of
all multi-norms based on E. Suppose that (|| - ||} :n € N) and (|| - | : n € N)
belong to €. Then

(D) < A1) i el < 2l (@€ E" neN),

n

and (||-]2 : n € N) dominates (||-]|> : n € N), written (||-]12) < (|| - I?), if
there is a constant C' > 0 such that

lzll, < Cllell; (z€E™ neN); (7)
the two multi-norms are equivalent, written
1 ~ 2 1\ ~ 2
-l sneN)y= (-5 :neN) or ([-1)=-15)

if each dominates the other.

Clearly equivalent multi-norms have equivalent rates of growth (via the
sequences (¢, (FE))), but the converse does not hold.
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5.2. The Hilbert space multi-norm. We first give a result about the
Hilbert space multi-norm based on a Hilbert space H. We have noted that
it was proved in [7] that the Hilbert space multi-norm is equal to the (2,2)-
multi-norm; at that stage we guessed that it would be equivalent to the
maximum multi-norm because we could not think of any larger multi-norm.
This turned out to be correct; the proof in [8, §4.1] involves the “little
Grothendieck theorem” and obtains the best constant of equivalence.

Theorem 5.2. Let H be an infinite-dimensional, complex Hilbert space.
Then

2
H 2,2 x 2,2 .
]l = |2 < &> < = ||z|®?  (ze H", neN);

\/7? n

the constant 2/\/7 is best-possible in this inequality.

One can fix n € N and try to find the best constant ¢, such that
|| < ¢, [lo]|®?  (xe H).

It is not too hard to see that ¢; = ¢g = 1, but the calculation of c3 seems to
be very challenging; with a lot of effort, it was discovered in [8, §4.1] that
c3 = 1 and that ¢4 > 1; this seems to give some new information about the
geometry of Hilbert spaces.

5.3. Equivalence of two (p, ¢)-multi-norms. Let E be a normed space,
and take p,q with 1 < p < ¢ < co. The question of the equivalence of two
(p, ¢)-multi-norms on E can be reduced to a question about (g, p)-summing
operators from F.

Theorem 5.3 ([8], Corollary 2.9). Let E be a Banach space, and suppose
that 1 < p1 < ¢ < 00 and 1 < py < go < 0o. Then the following are
equivalent:

(a) (|- %21 :n e N) 22 (|| -[|9) : n € N) on E;
(b) Hq1,p1(El7 CO) = qu,m(E/v CO) .

One might expect that one could now just consult the classical literature
to determine when clause (b), above, holds. However it seems that earlier
theory gives only some partial results.

Look at the “triangle” 7 = {(p,q) : 1 < p < g < oo}. For ¢ € [0,1), look
at the curve Cg:

c. = {(p,q)ETzl—lzc} .
b q
Take r € (1,00). Then the curve C;/ meets the line p = 1 at the point
(1,7'), and the union of these curves is 7.
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Two points P, = (p1,q1) and Py = (p2, q2) in T are equivalent for a normed
space E if the two corresponding multi-norms (|| - H;pl"“)) and (]| - Hglp?"p))
based on E are equivalent.

Our first main question is: When are two points in 7 equivalent for £7
(where r > 1)7

The following is a fairly easy consequence of the theory of absolutely
summing operators, as given in [12, Theorem 10.4], for example.

Theorem 5.4. Let E be a normed space, and suppose that (p1,q1) and
(p2,q2) belong to T. Then (]| - \|7(1p2’Q2)) < (I ||£Lp1’(n)) whenever both q1 < ¢
and 1/p1 —1/q1 < 1/p2 —1/qa.

The following calculation gives us a start. It will show non-equivalence
between some (p, ¢)-multi-norms.

We calculate ||(51,...,5n)||$lp’q) acting on " (for r > 1 and (p,q) € T).
The answer is:

nt/m+1/a=1/P when p <7 and 1/p—1/q < 1/r,

1 when 1/p—1/q > 1/r,
nl/a when p > r.
There are similar calculations involving ||(f1,. .., fn)Hv(f 9 where

1 —1 =21 —ni
fi: 1/7.(C 7C2>"'ac >O707"')
n

and ¢ = exp(27i/n).

The techniques used in the proofs of equivalence include the following.
First, the generalized Holder’s inequality gives the next lemma; here E is
any Banach space.

Lemma 5.5. Take p,q1,q2 such that 1 < p < q1 < qo. Then, for each
x = (r1,...,2,) € E", the number Haz|]$f’q2) is equal to

n
sup { [(G1z, -, Guan) [P DTG <1
j=1
where u satisfies 1/u = 1/q1 — 1/qq.

Second, the famous Khintchine’s inequality gives the following involving
the Rademacher functions ry. See [1, Theorem 6.2.3], for example.
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Theorem 5.6. For each u > 0, there exist constants A, and B, such
that
1/2 u 1/u 1/2

n 1| n n
Ay | oy < / > agry(t)| dt < Bu D layl?
j=1 0 lj=1 j=1
forall ay,...,an € C and all n € N.

Third, we need of course to use a result connected with Grothendieck’s
constant K¢; we use the following factorization theorem of Grothendieck
from [12, Lemma 2.23], for example.

Theorem 5.7. Let F = L*(Q)), where Q is a measure space and s > 1,
and let n € N. Take u > s and u = 2 in the cases where s > 2 and
s € [1,2], respectively. Then there is a constant K, > 0 such that, for each
A= (A1,.., ) € F™ with py p(X) = 1, there exist (1,...,¢, € C and
v=(vi,...,vn) € F" such that:

(1) Aj =Grj (J €Nn);

(i) D5 IGl* <1

(iii) p (V) < Ky .

In the case where s € [1,2], we can take K,, = Kg.

Finally, we need the identification of the spaces Il ,(H) for a Hilbert
space H in terms of various Schatten classes, essentially as given in [12]. For
details, see [9, Theorem 3.15].

These preliminaries allow us to obtain a full solution of the equivalence
question when 7 = 1 and when r > 2. Here is the solution when r > 2; see
also Figure 1.

Theorem 5.8. Let Q be a measure space such that E := L"(Q) is an
infinite-dimensional space, where r > 2. Then the triangle T is decomposed
into the following (mutually disjoint) equivalence classes:

(1) the region Tmin :== Ay ={(p.q) € T: 1/p—1/q > 1/2};

(2) the curves Te:={(p,q) € Cc: 1 < p <2}, force (0,1/2);

(3) the line segment Tmax := {(p,p): 1 < p < 2};

(4) the singletons T, q) := {(p, @)} for (p,q) € T with p > 2.
Moreover:

(5) there is a constant K > 0 such that

-2 < 19 < - )5 < K- (ne N),

and so the (p,q)-multi-norm is equivalent to the minimum multi-
norm for E, for each (p,q) € Tmin ;
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(6) for each c € (0,1/2) and each (p,q) € Tc, we have
|- [|@2/A=2) < ||| D <) | (WY A=eD) < fe || 22/072) (e N);

(7) for each (p,p) € Tmax, the (p, p)-multi-norm is equivalent to the maz-
imum multi-norm for E, and the (1,1)-multi-norm is equal to the
mazimum multi-norm.

(1) 5 D

FIGURE 1. The various mutually disjoint equivalence classes
of (p, q)-multi-norms on L"(Q) for r > 2.

(1,1) r Te 2 p

FIGURE 2. The various mutually inequivalent sets of (p, q)-
multi-norms on L"(Q2) for 1 <r < 2.
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The corresponding picture in the more difficult case in which 1 < r < 2
is the following. Here our knowledge is incomplete. Consider the following
sets and Figure 2:

Twin ={(p,q) € T2 1/p=1/q 2 1/1};

Te:={(p,q) €Cc: 1 <p<r}U{(p,uc): r<p <z} wherel/r—1/u.=c
and 1/z, — 1/u. = 1/2 for some c € (1/2,1/r);

the curves 7. := {(p,q) € C.: 1 < p < r} for some ¢ € (0,1/2];

the line segment Thax := {(p,p): 1 <p<r};

the singletons 7, 4) := {(p,q)} for (p,q) € T with either p = ¢ = r or
both p >rand 1/p—1/¢ < 1/2.

No two points in distinct sets are equivalent, and it may well be that
these are exactly the equivalence classes. However, we cannot say whether
the points (r,u.) and (x.,u.) are equivalent when 1/2 < ¢ < 1/r. Now
consider the points on the curve C, with 1 < p < r; the left-hand point of
this curve is (1,1/(1 — ¢)), and each such point with 1 < p < r is equivalent
to (1,1/(1 — ¢)). This leaves open the question whether the point (r,u.) is
equivalent to (1,1/(1—c)). An old example of Kwapien [19] shows that this is
not the case for ¢ = 0, and it is proved in [3] that it is true for ¢ € (1/2,1/r),
but we do not know what happens when ¢ € (0,1/2].

5.4. Equivalence of a (p,¢)-multi-norm and the standard t-multi-
norm. Fix the space £”, where » > 1, and fix ¢ > 7, so the standard
t-multi-norm on £7 is defined. We wish to determine the two sets

Bre={m.0) e T+ (Il < (113}
and
Drei={ma) €T (I- 17" < (I 1)} -

Clearly there is a (p,q)-multi-norm which is equivalent to the standard
t-multi-norm on £7 if and only if these regions have a non-empty intersection,
and so we wish to determine these two sets.

First, it is easy to see that

Bry={(p,aq) €T :1/p—1/q<1/r—1/t, q<t}.
However it is harder to determine the set D,;. Again this is rather easy in
the case where r > 2: we have

DTﬂf:{(p?q)ET:l/p_l/q21/2}7

and so the the two sets B,.; and D, ; are indeed disjoint.

Now suppose that 1 < r < 2, and define v by 1/v = 1/r — 1/t. Again,
provided that v > 2, the (p, ¢)-multi-norms on £ are never equivalent to the
standard ¢-multi-norm on £.
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FIGURE 3. The set B,; and (the possible range for) the set
D,; when 1 < r < 2,¢t>r,and 1/r — 1/t < 1/2. When
r > 2, the set D,; contains the dotted line.

But now we finally come to the case where 1 < r < 2 and v < 2. Here we
can use the notion of [p, g]-concave multi-norms and some deep theorems of
Maurey given in [12] to see that

1 1_1 1 1 1_1
{(p7q)€T:___2___}CDr,tC{(p,Q)GCr,tZ———>—}.
p p q

The situation is shown in the next diagram:

FIGURE 4. The set B,; and (the possible range for) the set
D,; when1<r<2,t>r,and 1/r —1/t >1/2

Thus we see that, in the case where 1 < r < 2 and 1/r — 1/t > 1/2, the
points (p, q) such that 1/p —1/qg=1/r — 1/t and 1 < p < r are indeed such
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that the (p, ¢)-multi-norm is equivalent to the standard ¢-multi-norm on £",
thus refuting a conjecture in [9].

6. Decompositions and multi-duals

We conclude with some remarks about decompositions of Banach spaces,
taken from [7, Chapter 7]. This theory was developed as a step towards
finding a good notion of a “multi-dual space”. Throughout F is a Banach
space.

6.1. Decompositions. Let £ = E; ® --- ® Ej, be a direct sum decompo-
sition of E. Then the decomposition is hermitian if

Gz + - 4 Geagll < [y + -+ + |
whenever |(1|...,|¢x| < 1and 21 € Fy,...,zx € Ek.

The reason for this terminology is that the decomposition is hermitian if
and only if the projections P; : £ — Ej; are each hermitian operators (in the
sense of numerical range theory).

For example, take p € [1,00] with p # 2, and let /P = E; @ --- @ E}, be
an hermitian decomposition. Then there exist subsets S1,...,S; of N such
that B; = £7(S)) (j € Ny).

We now consider decompositions related to multi-norms.

Definition 6.1. Let (E", || -|,,) be a multi-normed space, let k € N, and
let £ = E1®---®Fy be a direct sum decomposition of E. The decomposition
is small (with respect to the multi-norm) if

|’P1$1++Pkl'k|| < ||($1>7xk)”k: (xlv"'vwk € E)7

and the decomposition is orthogonal (with respect to the multi-norm) if

H(yla-- . ayj)Hj = ||(.T1,.. . 7x/€)||k

whenever 1 € Ey, ...,z € Ej, and there is a partition {S; : j € N;} of N,
such that y; = Y {z; : i € S;} for each j € Nj.

Let £ = E1 & --- & E; be an orthogonal decomposition of E. Then
certainly

Iy, ae)lle = lles + - +axll (21 € By, an € Ey) .

It is a little exercise to see that a small decomposition is always an orthog-
onal decomposition and that an orthogonal decomposition is an hermitian
decomposition of the Banach space E. It is an aggravating fact that I do
not know an example of an orthogonal decomposition that is not a small
decomposition; if the two concepts were always the same the theory would
be cleaner.

Here are some examples.
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Theorem 6.2. Let K be a compact space, and let C(K)=E1 & ---® Ej,
be a direct sum decomposition of C(K). Then the following are equivalent:

(a) E; = C(K;) (j € Ng) for some partition {K,..., K} of K into
clopen subspaces ;

(b) the decomposition is small with respect to the lattice multi-norm ;

(¢) the decomposition is orthogonal with respect to the lattice multi-norm ;

(d) the decomposition is hermitian.

Theorem 6.3. Let H be a Hilbert space, and let H = H{ ®--- & Hy be a
direct sum decomposition of H. Then the following are equivalent:

(a) the decomposition is orthogonal in the classical sense ;

(b) the decomposition is small with respect to the Hilbert multi-norm ;

(c) the decomposition is orthogonal with respect to the Hilbert multi-norm ;

(

d) the decomposition is hermitian.

Now suppose that F is a Banach lattice and that we are considering the
lattice multi-norm based on F. It is easy to see that every band decomposi-
tion of E is a small decomposition, and hence an orthogonal decomposition.
I wondered if the converse of this statement held: if so, the concepts of
“band decomposition” and “orthogonal decomposition with respect to the
lattice multi-norm” would coincide for Banach lattices. This required the
following theorem; it was a surprise to me that the result was not standard
in the Banach-lattice literature, but this seemed not to be the case. Happily,
I asked the late Nigel Kalton if the result were true, and he provided a very
elegant new proof; the result follows from the following theorem.

Theorem 6.4. Let E = F1 @ --- @ Ey be a direct sum decomposition of
a Banach lattice E. Suppose that

o1+ -+ apll = [z V- Vil (x5 € By, j € Ng).
Then the decomposition is a band decomposition.
This provides the following result.

Theorem 6.5. Let E = FE1 @ --- @ Ey be a direct sum decomposition of
a Banach lattice E. Then the following are equivalent:
(a) the decomposition is orthogonal with respect to the lattice multi-norm;

(b) the decomposition is small with respect to the lattice multi-norm;

(c) the decomposition is a band decomposition.

In fact, Kalton [17, Theorems 5.4 and 5.5] proved the following stronger
and considerably deeper result.
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Theorem 6.6. Let E = F®G be a direct sum decomposition of a Banach
lattice E.

(i) Suppose that the decomposition is hermitian. Then
lo+yl = || (el + 1w @eFyea).
(ii) Suppose that, for some p € [1,00) with p # 2, we have
o+ yl = (el + 1w (@eFyea).
Then the decomposition is a band decomposition.

6.2. Multi-dual spaces. We now consider how to form the “multi-dual”
of a multi-normed space.

Let (E™, || - ||,,) be a multi-normed space. It is tempting to regard M(E, C)
as the “multi-dual” of the space E. However recall that M(E,C) = E’
when we regard C as having its unique multi-norm structure, and that, as a
multi-normed space, M(E, C) has just the minimum multi-norm. Thus the
approach of using this multi-normed space as a “multi-dual” is not satisfac-
tory.

A second temptation is to look at the family ((E)", | -|") for a multi-
normed space (E™, ||-|,,), where || -|/! is the dual of the norm ||-||,. But
this is an even worse failure: (||-||, : n € N) is a dual multi-norm, not a
multi-norm, on {(E’)" : n € N}.

In [7], we give a different approach, using the notion of orthogonal de-
compositions. It is somewhat complicated to describe even the definition of
the “multi-dual of a multi-normed space” (maybe the theory can be simpli-
fied?), and we conclude by merely giving one theorem.

Theorem 6.7. Take p > 1 with conjugate index q. Then the multi-dual
of (€7, I1- 1Y) ds (€)™ 11 1)
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