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The n-exponential convexity for majorization
inequality for functions of two variables and
related results

M. ApiL KHAN, SADIA KHALID, AND J. PECARIC

ABSTRACT. We apply the refined method of producing n-exponential
convex functions of J. Pecari¢ and J. Peri¢ to extend some known results
on majorization type and related inequalities.

1. Introduction

In [11], J. Pecari¢ and J. Peri¢ introduced the notion of n-exponentially
convex functions. In this paper, we give extensions of some results given in
[1] - [4]. For several results concerning exponential convexity, see [5, 8, 11].

In order to obtain our main results, let us recall some known results.

Matrix majorization. The notion of majorization concerns a partial
ordering of the diversity of the components of two vectors x and y such that
x,y € R™. A natural problem of interest is the extension of this notion from
m-tuples (vectors) to n x m matrices. For example, let

X:(xl,x%...,xn)’ and Y:(yl,yz,...,yn)/

be two n X m real matrices, where x1,X2,...,Xp; ¥1,¥a,...,¥, are the
corresponding row vectors.

Definition 1 (see [12]). Let X,Y be two n x m real matrices for n > 2,
m > 2. X is said to row-wise majorize Y (X >"Y) if x; > y; holds for
i=1,2,....n.

In the following result, the inner product on R™ is defined in the usual way.
Furthermore, e = {ej,es,...,€,} is abasisin R™, and d = {dy,ds,...,d}
is the dual basis of e, that is (e;,d;) = 0;; (Kronecker delta). One denotes
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J={1,2,...,m}. Let J; and J3 be two sets of indices such that J;UJy = J.
Let ve R™ and p € R. A vector z € R™ is said to be u, v-separable on J;
and Jy (with respect to the basis e) if

(€j,z—pv) >0 forie Jy, and (ej,z— puv) <0 for j € Jo.

A vector z € R™ is said to be v-separable on J; and Jo (w.r.t.e) if z
is p,v-separable on J; and Jy for some p. For an interval I, one says
that a function ¢: I — R preserves v-separability on J; and Jo w.r.t. e, if
(p(21),¢(22),-..,9(2m)) is v-separable on J; and Jo w.r.t. e for each z =
(21,22, ...,2m) € I such that z is v-separable on J; and Jo w.r.t. e.

Theorem 1 (see [2]). Let ¢: (a,b) — R be a convex function and X =
(23], Y = [yi;] and W = [w;;] be matrices, where x;j,y;; € (a,b) and w;j € R
(i=1,2,....n,j=1,2...,m).

(a) If X ="Y, then

DD i) = DD oluiy). (1)
i=1 j=1 i=1 j=1
If ¢ is strictly convex on (a,b), then the strict inequality holds in (1) if and
only if X #Y.

(b) If (i) ;=1 » Wis)j=1m (i = 1,2,...,n) are decreasing and satisfy

the conditions

k k
Zwijxij Zzwijyija k=1,2,....m—1, (2)
P =1
and
m m
> wimip =Y wiyig, (3)
P j=1
then

n m n m
Z Z wijp(wij) > Z Z wijH(Yij)- (4)
i=1 j=1 i=1 j=1

(c) [f(yij)jlen (i =1,2,...,n) is decreasing with w;; >0 (i =1,2,...,n,
j=1,2,...,m) and satisfying conditions (2) and (3), then (4) holds. If ¢
is strictly convex on I, then the strict inequality holds in (4) if and only if
X£Y.

(d) If(:):ij)j:L—m (t=1,2,...,n) is increasing withw;; >0 (i =1,2,...,n,
j=1,2,...,m) and satisfying conditions (2) and (3), then the reverse in-
equality in (4) holds. If ¢ is strictly conver on (a,b), then the reverse strict
inequality holds in (4) if and only if X # Y.

() If (wij — yij) j=17m and (Yij)j—1m (i = 1,2,...,n) are nondecreasing
(nonincreasing) with w;; >0 (i =1,2,...,n, j =1,2,...,m) and satisfying
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condition (3), then (4) holds. If ¢ is strictly convex on (a,b) and w;; > 0,
then the strict inequality holds in (4) if and only if X #Y.

(f) Let wiy; >0 (1 =1,2,...,n, j = 1,2,...,m) and u,v € R™ with
(u,v) > 0. If there exist index sets J, and Jo with Jy U Jy = J such that,
for eachi=1,2,...,n,

(1) (Yij)j=17m is v-separable on Jy and Jp w.r.t. e,
(ii) (zij — Yij) j=17m @ A u-separable on Ji and Jy w.r.t. d, where
A= (Tij = Yij) j—tm » V) / (W, V),

(ili) (@i = Yi5) jotm > V) = 0, 07 (@i — ¥i5) j—17m - VI {(235) jomw) 2 0,

where (2i5)j—17m = (P(Wi1), - -, 0 (Yim)),

(iv) @ preserves v-separability on Jy and Jo w.r.t. e,
then (4) holds.

The following theorem is an integral analogue of the above theorem.

Theorem 2 (see [1]). (a) Let ¢: I — R be a continuous convex function
on an interval I, let w,x,y: [a,b] X [¢,d] — I be continuous functions such
that z(t,s),y(t,s) are decreasing in t € [a,b], and let p: [a,b] — R be a
function of bounded variation and w: [c,d] — R an increasing function.

(a1) If, for each s € [c,d],

/Vw(t,s)y(t,s)d,u(t) < /Vw(t,s)x(t,s)d,u(t), velnl, ()

and

b b
[ttt dut) = [ wit.s)ue.s) duco), (6)

then

d b
/ / w(t, $)6 (y(t, 5)) dpu(t)du(s)
c a 4 ) (7)
< / / wit, 56 (x(t, 5)) dp(t)du(s).

(ag) If, for each s € [c,d], inequality (5) holds, then, for any continuous

increasing conver function ¢: I — R, inequality (7) holds.

(b) Suppose that ¢: [0,00) — R is a convex function and w,z,y: [a,b] X
[c,d] — RT are integrable functions. Let u: [a,b] — R, u: [c,d] — R be
increasing functions and satisfying conditions (5) and (6).

(b1) If, for each s € [c,d], the function y(t,s) is decreasing in t € [a,b],

then (7) holds.

(be) If, for each s € [c,d], the function xz(t,s) is increasing in t € [a,b],

then the reverse inequality in (7) holds.
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(c) Let ¢: I — R be a continuous convex function, let w,x,y: [a,b] X
[e, d] — I be continuous functions with w(t, s) > 0 being of bounded variation,
and let p: [a,b] = R and u: [c,d] — R be increasing functions. If y(t,s)
and x(t,s) — y(t,s) are increasing (decreasing) in t € [a,b] and satisfying
condition (6), then (7) is true.

(d) Let ¢: I — R be a continuous convex function, ¢ € d¢ (¢ is the
subdifferential of ¢), let w,z,y,g,h: [a,b] X [c,d] = R be continuous func-
tions with x(t,s),y(t,s) € I, w(t,s),g(t,s), h(t,s) >0, and let p: [a,b] — R
and u: [c,d] — R be increasing functions. Denote

Syt s)(a(t5) = y(t, 5)) du(t)
J2w(t,s)g(t, s)h(t, ) dul(t)

and suppose that there exist two intervals I1 and Iy with Iy U Iy = [a, b] such
that, for each s € [c,d], t1 € Iy and to € I2, we have

ply(t2,8)) _ plylts,s))

h(tQ,S) - h(tl,s)
and
$(t2>$) — y(t27 S) <\ < .iU(tl,S) — y(tla S)
g(ta, s) o g(t1, s) '
If

b b
[l wltes) = ult Dbt ) dutt) [ it elolt, (e, du(t) = o
then (7) holds.

Consider the Green function G defined on [a, 5] x [a, 5] by

(t=B)(s—a)
EElsma) - a<s<t
Gt:s) =9 Bty ,_ . (8)
{<s o g
The function G is convex in s, it is symmetric, so it is also convex in t. The
function G is continuous in s and continuous in t.

For any function ¢: [o, 8] — R, ¢ € C?*([a, B]), we can easily show by
using integration by parts that

8—x Tr—«

/8 /!
o) = G—mola) + 5—0(8) + [ Glas)o/(s)ds,

where the function G is defined by (8) (see [14]).
The following theorem is given in [2].

Theorem 3 (see [2]). Let X = [z3;], Y = [yi5] and W = [w;;] be matrices,
where ;5,5 € o, B] and wij € R (i =1,2,...,n, j=1,2,...,m) such that
condition (3) is satisfied. Then the following two statements are equivalent.
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(i) For every continuous convex function ¢: |a, 8] — R, inequality (4)
holds.
(ii) For all T € [a, ],

Z Z wijG(xiju > Z Z wz] yl]7 . (9)

i=1 j=1 i=1 j=1

Moreover, the statements (i) and (ii) are also equivalent if we reverse the
inequalities in (4) and (9).

Theorem 4 (see [1]). Let w,z,y: [a,b] X [¢,d] = R, p: [a,b] = R and
u: [¢,d] = R be continuous functions, and let [«, 5] be an interval such that
x(t, s),y(t, s) € [a, 5] for (t,s) € [a,b] x [¢c,d]. Also, let (6) hold.

Then the following statements are equivalent.

(i) For every continuous convex function ¢: [a, 3] — R, the inequal-
ity (7) holds
(ii) For all T € [a, f3],

// (t,s)G(y(t,s), 7)du(t)du(s)
g/c /a w(t, s)G(x(t,s), 7)dp(t)du(s).

Moreover, the statements (i) and (ii) are also equivalent if we reverse the
inequalities in (7) and (10).

(10)

Theorem 5 (see [9]). Let ¢: (a,b) — R be a differentiable convex function
and let xz; € (a,b),i=1,2,...,n (n >2). Define

=1

where w; >0 (i =1,2,...,n) are such that W, = >""" ; w; > 0. Ifd € (a,b),
then we have

<

g S + I17 sz Zi 7,) (11)
Also, when ¢ is strictly convex, we have the equality in (11) if and only if
x; = d for all i with w; > 0.

Inequality (11) of Mati¢ and Pecari¢ is the best in the sense that if

- o _ i wixd (x)
Zwiqﬁ (x;) #0 and T = Zil wrdl ()

€ (a,b),
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then, by setting d = Z in (11), we immediately obtain Slater’s inequality

1 - wib(z: Yo wid ()
7, 2 Z>s¢( L )

i=1

This is more general than the inequality obtained by Slater for monotone
convex functions in [13]. For a multidimensional version of Slater’s inequal-
ity, see [10]. Also, by setting d = z in (11), we get the converse of Jensen’s
inequality given in [7]. For further refinements of Jensen’s inequality, see [6].

The following theorem is the integral analogue of Theorem 5.

Theorem 6 (see [9]). Let (Q, A, ) be a measure space with 0 < u(2) < oo
and let ¢: (a,b) — R be a differentiable convex function. If f: Q — (a,b)
is such that f, ¢(f),d'(f) and ¢'(f)f are in L' (u), then, for any d € (a,b),

we have
1 / 1 .
oy [onan <o+ o [ (- ) d 12
M(Q)Q() ()M(Q)Q( )¢’ (f) (12)
Also, when ¢ is strictly convex, we have the equality in (12) if and only if
f =d almost everywhere on 2.

From (12), we can obtain Slater’s integral inequality and a converse of
Jensen’s inequality.

In [1] - [4], the authors used some families of convex functions and proved
exponential convexity and log-convexity of the functionals associated with
majorization type inequalities and the inequalities (11) and (12). They es-
tablished improvements and reversions of Slater’s and related inequalities.
In this paper, we give all these results for some general family of functions
having some special property. In this way the results given in [1] - [4] become
special cases of our results (see Examples 1 and 2).

2. Main results

Definition 2 (see, e.g., [12, p. 2]). A function ¢ : I — R is convez on an
interval I if

P(x1) (3 — x2) + d(x2)(21 — 23) + P(23) (T2 — 1) 2 0 (13)
holds for all x1,x2, 23 € I such that z1 < z9 < x3.

Definition 3 (see [11]). A function ¢: I — R is n-exponentially convex
in the Jensen sense on I if

n

> arod <xk ;xl> >0
k=1

holds for oy e Rand zp € I, k=1,2,...,n.
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Definition 4 (see [11]). A function ¢: I — R is n-exponentially convex
on I if it is n-exponentially convex in the Jensen sense and continuous
on [.

Remark 1. From the definition it is clear that 1-exponentially convex
functions in the Jensen sense are in fact non-negative functions. Also,
n-exponentially convex functions in the Jensen sense are m-exponentially
convex in the Jensen sense for every m € N, m < n.

Proposition 1. If ¢: I — R is an n-exponentially convex in the Jensen

2
matriz for allm € N, m < n. In particular,

o ()] o
k=1

forallmeN, m=1,2,...,n.

m
sense function, then the matriz [qﬁ (m)hl . s a positive semi-definite

Definition 5. A function ¢: I — R is exponentially convez in the Jensen
sense on [ if it is n-exponentially convex in the Jensen sense for all n € N.

Definition 6. A function ¢: I — R is exponentially convex if it is expo-
nentially convex in the Jensen sense and continuous.

Remark 2. It is easy to show that ¢: I — R™ is log-convex in the Jensen
sense if and only if

o(a) + 286 (T3 )+ o) 2 0

holds for every «, 8 € R and z,y € I. It follows that a function is log-convex
in the Jensen sense if and only if it is 2-exponentially convex in the Jensen
sense.

Also, using basic convexity theory it follows that a function is log-convex
if and only if it is 2-exponentially convex.

When dealing with functions with different degree of smoothness, divided
differences are found to be very useful.

Definition 7. The second order divided difference of a function ¢: I — R
at mutually different points yg, y1,y2 € I is defined recursively by

[yi; 8] = (yi), i =0,1,2,
[Yi, Yiv1; @) = M, i=0,1,
Yi+1 — Yi
(Y1, y2; @] — [yo,y1;¢]' (14)
Y2 — Yo

[yo, Y1, y2; @] =
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Remark 3. The value [yo,y1,y2; @] is independent of the order of the
points g, y1, and ys. By taking limits, this definition may be extended to
include the cases in which any two or all three points coincide as follows: for
all yo, y1, y2 € I,

hm [y07y17y2’ 1= [0, Y0, y2; 6] = f(y2) = f(yo) — ¢ (ZO)(Z/Q — o)
n— (Y2 — o)

provided that ¢’ exists, and furthermore, taking the limits y; — yo (i = 1, 2)
n (14), we get

. Y2 # Yo,

" (yo)
2

[y07y07y0;¢} = yhm [yo)y17y27¢] — for 1 = 1,2

provided that qSH exists.

Let X, Y, W and ¢ be defined as in Theorem 1. We define the functional

MY, W50) =D 0> wiid(zy) — > wijd(yi)).

i=1 j=1 i=1 j=1

Let w,x,y,u, u, ¢ be defined as in Theorem 4. We define the functional
Ag(x,y,w; ¢) by

Ao w3 ) = / / (t, $)9(a(t, ))dpa(t)du(s)

-/ / (t, $)8(y(t, 9)) dpu(t)dus).

Under the assumptions of Theorems 5 and 6, we consider the functionals

(X d, ¢) sz Z; z sz¢ xz

and
1 , 1
Folfd.6) = o)+~ [ (7= ¢/ (au——o= [ o()dn.

respectively.

We use an idea from [8] to give an elegant method of producing
n-exponentially convex functions and exponentially convex functions.

Theorem 7. Let Q@ = {¢;: t € I C R} be a family of differentiable func-
tions defined on (a,b) such that the function t — [yo,y1,Yy2;Pe] is
n-exponentially convex in the Jensen sense on I for every three mutually
different points yo,y1,y2 € (a,b). Consider [ 1 = M (X, Y, W;¢y) and F 2 =
Ao(z,y,w; ¢r) if (9) and (10) hold for every T € [a, (], and consider F 3 =
—M (X, Y, W; ) and F 4 = —Aa(x,y, w; ¢r) if the reverse inequalities in (9)
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and (10) hold for every T € [c, B]. Then, for the linear functionals F ;(., ., ¢¢)
(1 =1,2,..,6), the following statements hold.

(i) The function t — F ;(.,., ¢¢) is n-exponentially convex in the Jensen
sense on I and the matriz [F ;(.,., ¢4 )i i a positive semi-

definite matriz for allm € Nym <n, t1,...,t, € I. In particular,

det[F (., @ty )jim1 =0 for allm € N, m =1,2,...,n.
2

(ii) If the function t — F(.,.,¢¢) is continuous on I, then it is
n-exponentially convex on I.

Proof. Fix j =1,2,...,6. To prove (i), let us define the function

w(y) = Z brbidy, (y)a

k=1

where
tr + 1

t = T, trel,bpeR, k=1,2,... n.
Since the function ¢ — [yo, y1, y2; ¢¢] is n-exponentially convex in the Jensen
sense on I by assumption, it follows that

n
[vo, y1, Y25 w] = Z bebi[yo, y1, y2; dry] = 0.
kl=1

This implies that w is convex on (a,b). Hence F;(.,.,w) > 0, which is
equivalent to

n

Z bibiF (.5 b1,) =0,

k=1
and so we conclude that the function t — F ;(.,., ¢;) is n-exponentially con-
vex function in the Jensen sense on I. The remaining part follows from
Proposition 1.

(ii) If the function ¢ +— Fj(.,.,¢¢) is continuous on I, then it is

n-exponentially convex on I by definition. (]

As a consequence of the above theorem we can give the following corollary.

Corollary 1. Let Q = {¢1: t € I C R} be a family of differentiable
functions defined on (a,b) such that the function t — [yo,y1,y2; i) is ex-
ponentially conver in the Jensen sense on I for every three mutually dif-
ferent points yo,y1,y2 € (a,b). Consider F1 = A(X,Y,W;¢) and Fo =
Ao(z,y,w; ¢r) if (9) and (10) hold for every T € [a, (], and consider F 3 =
M (XY, W;¢) and F 4 = —Na(z,y,w; @) if the reverse inequalities in (9)
and (10) hold for every T € o, B]. Then, for the linear functionals I ;(., ., ¢¢)
(1 =1,2,...,6), the following statements hold.
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(i) The function t — F j(.,.,¢¢) is exponentially convex in the Jensen
sense on I and the matriz [F j(.,., ¢4 )i, i a positive semi-

definite matrix for allm € N, t1,...,t, € I. In particular,
det[Fj(., o ¢w)]z’bl:1 Z 0.

(ii) If the functiont — [ ;(.,., ¢¢) is continuous on I, then it is exponen-
tially convex on I.

Corollary 2. Let Q = {¢¢: t € I C R} be a family of differentiable
functions defined on (a,b) such that the function t — [yo,y1,y2; P¢] is 2-
exponentially convex in the Jensen sense on I for every three mutually dif-
ferent points yo,y1,y2 € (a,b). Consider F1 = M (X,Y,W;¢y) and o =
Ao(z,y,w; ¢p) if (9) and (10) hold for every T € |«, 5], and consider F 3 =
AN (X, Y, W; ) and F 4 = —Aa(z,y, w; @) if the reverse inequalities in (9)
and (10) hold for every T € [, B]. Suppose that F ;(.,.,¢¢) (7 =1,2,...,6)
is strictly positive for ¢, € Q. Then, for the linear functionals F (.,., ¢¢)
(1 =1,2,...,6), the following statements hold.

(i) If the function t — F j(.,.,¢¢) is continuous on I, then it is log-
convezx on I and, for r,s,t € I such that r < s < t, we have

(F (@)™ < (F (s @) 75 500 00))" " (15)
Ifr <t <s ors<r<t, then the reverse inequality in (15) holds.

ii e function t — F ;(.,., ¢:) is differentiable on I, then, for every
ii) If the function t — F ; o) s differentiabl I, then, f
s,t,u,v € I, such that s < u and t < v, we have

%S,t('v'aFj7Q) S %u,v(-v'vFj7Q) (16)
where
1
Fj('7'7¢s) s—t
A FiCott) ) s #t,
%g,t(g) = %s,t(-; kg Q) = ( J ;tfj)(.,.,qﬁs) (17)
exp <;}j(.7.,¢s) ) , s=t,

fOT' ¢sv ¢t € Q.
Proof. (i) By Remark 2 and Theorem 7, we have log-convexity of (., ., ¢),
and, by using ¢(x) =log F ;(.,.,¢,) in (13), we get (15).
(ii) For a convex function ¢, the inequality
b(s) — 6() _ () — 6(v)
s —1 - U — v
holds for all s,t,u,v € I such that s <wu, t <wv, s #1t, u+#v (see [12, p. 2]).
Since, because of (i), the function F ;(., ., ¢s) is log-convex, by setting ¢(s) =
Inf (.., ¢s) in (18), we have
1nFj('7 9 d)s) - lIle(.,d, ¢t) < lnF](a .y ¢u) - 1nFj(7 -y QSU)

s—t u—"v

; (18)
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for s <wu,t <w,s#t, u+# v, which is equivalent to (16). The cases s =t
and v = v can be treated similarly. O

The following improvement and reversion of Slater’s inequality are valid.

Theorem 8. Let A = {¢;: t € I C R} be a family of differentiable func-
tions defined on (a,b) such that the function t — [yo,y1,Yy2;P¢] is
2-exponentially convex in the Jensen sense on I for every three mutually dif-
ferent points yo,y1,y2 € (a,b). Let the function t — F 5(x,d, ¢;) be strictly
positive and continuous on I, > " | w¢y(z;) # 0, and

dt — Zzzl wlxl?t(xl) e (a,b).
> i Wiy (i)
Consider the function F; defined by

¢t dt Z z¢t l‘z

Then
Fy > [F 5(x,di, ¢2)] = [F 5(x, dy, 6,)] " (19)
forr,s,t €1 such thatr < s<tort<r<s, and
< [F 5 doy 6= [F 5, i )= (20)

forr s, t €I withr <t <s.
Proof. For j =5 and d = d; in (15), we have
(F5(x,de, d)) ™" < (Fs(x,de, 60)) 7 (F)°7,

where 7, s,t € I are such that r < s < ¢, which is equivalent to

(F)*" = (F5(x,de,65))" " (F5(x, de, 6,))" " (21)

From (21), we have (19) and, similarly, by setting d = d; in (15) for r,s,t € I
such that t < r < s, we get

(F5(X7 di, ¢7‘))87t < (Ft)37T(F5(X7 di, ¢S))r7t7
which is equivalent to (19).
As, for r < t < s, the reverse inequality holds in (15), by taking d = d;
for j =5 in the reverse of (15), we get (20). O

Theorem 9. Let A = {¢y: t € I C R} be a family of differentiable func-
tions defined on an interval (a,b) such that the function t — [yo,y1,Yy2; bt
s 2-exponentially convex in the Jensen sense on I for every three mutually
different points yo,y1,y2 € (a,b). Then, for every m € N and for any ty, € I,
ke{1,2,...,m}, the matriz [F 5(x, dt, QSM)]Z&:I is positive semi-definite.

2

In particular,
det[F5(X, dt, (;5@)]27[:1 Z 0. (22)
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Proof. By taking j =5 and d = d; in Corollary 1 (i), we get the required
result. (]

Remark 4. We note that [ 5(x, ds, ¢r) = F;. So, by setting m =2, ¢t = t;
n (22), we have the special case of (19) for t = t1, s = to, r = BF2 if
t1 < tg, and for t = t1, r = tg, s = # if o9 < t;. Similarly, for the case
m=2t= % in (22), we have the special case of (20) for r = t1, s = ta,
t="422if ty <ty and for r =to, s =t1, t = BE2 if ty < 3.

The following improvement and reversion of the right inequality in [9,
(3.6)] are also valid.

Theorem 10. Let A = {¢¢: t € I C R} be a family of differentiable func-
tions defined on an interval (a,b) such that the function t — [yo,y1,y2; bt
s 2-exponentially convex in the Jensen sense on I for every three mutually
different points yo, y1,y2 € (a,b). Let the functiont — F 5(x,d, ¢;) be strictly
positive and continuous on I, and

Gi= 60 (7 S widt(a) ) € @b (23)
=1

Consider the function Gy defined by

¢t dt +7sz Zq ¢t xz - szét xz

’I’L

Then
Gy > [F 5(x, dt7¢s)}s " s(x, iy )]
forr,s,t €1 such thatr <s<tort<r<s, and

Gt [F5(X dt7¢5)}9 T[F5(X dt7¢’r‘)]
forr,s,t € I such that r <t <s.

Proof. The proof is similar to the proof of Theorem 8, but uses d; instead
of dy. O

Theorem 11. Let A = {¢: t € I C R} be a family of differentiable
functions defined on (a,b) such that the function t — [yo,y1,y2; ¢¢] is 2-
exponentially convex in the Jensen sense on I for every three mutually dif-
ferent points yo,y1,y2 € (a,b). If (23) holds, then for every m € N and for
any ty, € I, k € {1,2,...,m}, the matriz [FS(X’Jt’¢tk+tl )]Z:blzl s positive

2

semi-definite. In particular,

det[Ff)(Xa Jtv ¢zk+tl )]Zfl:l > 0. (24)
2

Proof. For j =5 and d = d; in Corollary 1 (i), we get the required results.
O
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Remark 5. We note that f5(x,d;,¢;) = Gy. So, by setting m = 2,
t =ty in (24), we have the special case of (10) for t = t;, s = to, r = 4322
if t1 < t9, and for t = t1, r = t9, s = % if to < t1. Similarly, by setting
m=2,t= % in (24), we have the special case of (10) for r = t1, s = to,
t =832 if ¢ <tp, and for r =tg, s = t1, t = B2 if 15 < t;.

Remark 6. Analogously, we can give the integral versions of Theorems
8§—11.

3. Examples

In this section, we present several families of functions which fulfil the
conditions of the results proved in the previous section. This enables us to
construct large families of functions which are exponentially convex.

Example 1. Let
E1={¢: (0,00) = R: t R}
be a family of functions defined by

t
t(tmfl)v t#oala
pr(x) =  —Inz, t=0,

rlnzx, t=1.

Since ¢ is convex on R and ¢ %apt(m) is exponentially convex (see [8]),
we have that g(y) = ZZ’ZZI brbipr,, (y) is convex on RT, implying that ¢ —
[Y0, Y1, Y2; p¢| is exponentially convex (and thus exponentially convex in the
Jensen sense). By using Corollary 1, we conclude that ¢ — [ ;(.,.,¢¢) (j =
1,2,...,6) are exponentially convex in the Jensen sense. These mappings
are continuous (see [3] - [4]), thus t — F ;(.,.,¢¢) are exponentially convex.
Therefore, the results proved in the previous section can be applied to this
family.

In [3]—[4], the authors proved all the results of the previous section for =;
and also constructed a class of Cauchy means.

Example 2. Let
Zo={Yr: R—[0,00): t € R}
be a family of functions defined by

1 _tx
_ tﬁe s t;é(),
¢t($) {5132, t=0.

We have %wt(m) = ¢! > 0, which shows that vy is convex on R for every

teRand t — j—;iﬁt(:p) is exponentially convex by definition (see [8]). It is
easy to prove that the function t — [yo, Y1, y2; ] is exponentially convex.
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Arguing as in Example 1, we have that ¢t — f;(.,.,¢) (j = 1,2,...,6)

are exponentially convex. Therefore, for this family of functions, results of
Theorems 8 —11 hold. For =5, means are of the form

s—t
j Fi(.,.,idabs
InB), = 7;5,(.711;5) -2 s=1#0,
Fi(.y,id.abo) .
3‘7FJ(7’/¢0) ’ 5= t B O‘

For j = 1,2,3,4, the authors in [2] and [1] proved all the results of the
previous section for Zp and also constructed a class of Cauchy means.
For j =5, we have

- Lo (£ Bl e
’ s—t s2 3 wiletd — et — tetri(d — a;)]
S wilde’? — ziesti — e5%i(swy 4+ 1)(d — 3;)] 2
Dy wiles? — et — sesti(d — ;)] —e 07
Do wild® — @} — 323 (d — xy)]

33 wild? — 2? — 2x(d — x;)]

In %g’,s =

In %870 =

By (16), these means are monotonic.

Example 3. Let

[11

3=1{6;: (0,00) = (0,00): t € (0,00)}

be a family of functions defined by

The function ¢ — d—QQHt(x) — ¢~*V! is exponentially convex (see [8]). By
dx . . .
the same argument as given in Example 1, the functions F;(.,.,0;) (j =

1,2,...,6) are exponentially convex. Therefore, for this family of functions,
Theorems 811 hold. Also, B],(Z3) (j = 1,2,...,6) from (17) becomes
FiC00)) 0
. J\Us s—t , s # t’

Fi(s.,id.05) 1 _
exp | — 2\/§(Fj(.,.,93)) S), s=t.
In particular, for j = 1, 2, using the notation

n

m d rb
S =3 5y, T(a(t,5))= / / 2(t,s) du(t) du(s),  (25)

i=1 j=1
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we have

and

T(w(t,s) (e_w(t’s)ﬂ—e—y(t,s)\fl)> -
m o
1 T(w(t,s)(e—x(t,s)\/m_e_y(tﬂs)m)) ’ |

w(t,s)(x(t,s) e~ TEDVM _y(t 5) e=y(ts)vm
exp (T( e ult) e VEIVT)) 1) , l=m.

2y/m T (w(t,s)(e=¥(t)Vm —e—a(ts)vim)) m
By (16), these means are monotonic in parameters s and ¢ .

Example 4. Let

Z4 =16 (0,00) = (0,00): t € (0,00)}

be a family of functions defined by

Since %5,5(30) =t = e "It 5 ( for z > 0, by the same argument as given
in Example 1, the functions ¢t — F ;(.,.,0;) (j = 1,...,6) are exponentially
convex. Therefore, for this family of functions, Theorems 811 hold and
%St(;_azl) (j=1,2,...,6) from (17) becomes

1
Fi(y,0s) ) s—¢
| (F=59) s# 1
J (=) — Fj(.,.,id.ds
SBS’t(HZL) - exp | — s]f(](l 0s )) B sl%ls)’ s=1 7£ L,
1 (177*d61) _ _
exXp gw>, s=t=1.

In particular, for j = 1,2, we have

1
(Int)? S(wij(s Fij — 37””)) s—t
((1115)2 S(’ll)”( —Tij ¢ yzg)) 9 S % t?
1 - . S(wz(yz —Yij zi ng)) 2
%S,t('_‘4) - eXp ssf(wzj(siz” sj yzg) - slns 9 S = t % 17
1 S(wis (v =) i
OP 8 Sl =2)) ) o=l
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and
1
(Inm)? T(w(t,s)(l—z(tas),l—y(t,s))) [ l
D) T(w(t,s)(m=2) —m—u(t))) ) #m,
B y(t,s) 1—u(t,s) —a(t,s) l—x(t,s)))

7 n(Ea) = exp (T( w(t,s)

T(w(t,
exp (§ T

t

( , -

( (l z(t,s) _Jy(t, s))) mrE l=m 7§ 1’
5)

)

(4 (t9)—%(1.5))) o
(@ (ts)y (t,s»)) t=m=1,

where S and T are defined by (25). The monotonicity of %i’t(E4) follows
from (16).
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