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First-order random coefficient autoregressive
(RCA(1)) model: Joint Whittle estimation and
information

MAHENDRAN SHITAN, A. THAVANESWARAN, AND TURAJ VAZIFEDAN

ABSTRACT. Random coefficient autoregressive model, RCA(p), has been
discussed widely as a suitable model for nonlinear time series. The con-
ditional least squares and likelihood parameter estimation of RCA(p)
model has also been discussed in [3]. The statistical inference of RCA(1)
model has been presented in [4] while the conditional least square es-
timates for nonstationary processes is studied in [7]. The optimal es-
timation for nonlinear time series using estimating equations has been
investigated in [6].

Recently there has been interest in joint prediction based on spectral
density of popular nonlinear time series models such as RCA(p) models.
Another way of estimating the parameters of the RCA(1) model is to
do Whittle’s estimation. In this paper the Whittle estimates of the
parameters of an RCA(p) model are studied. It is shown that the Whittle
information of the autoregressive parameter in an RCA (p) model is larger
than the corresponding information in an autoregressive (AR) model.

1. Introduction

As a result of growth of interest in dynamic systems such as financial,
environmental and biological science, lots of studies have been done to inves-
tigate an appropriate model for such systems. In the statistical literature,
the random coefficient autoregressive model (RCA(p)) has been discussed
widely as a suitable model for nonlinear time series (see [3]). The RCA(p)
model is simply a generalisation of the standard autoregressive (AR) models
where the coefficients are allowed to vary over time. Specifically, the RCA(1)
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model is defined as

Y= (¢ +bt)Yeo1 + s, (1)
where ¢ is constant coefficient, {b;} is a sequence of independent and iden-
tically distributed (i.i.d.) random variables with mean zero and constant
variance o7, {u;} is a white noise process with mean zero and variance o2
and {b;} and {u;} are mutually independent. Note that if 7 = 0, then the
RCA(1) model reduces to the standard AR(1) model. The AR(1) model has
a constant coefficient while the RCA(1) model includes the extra random
variables {b;} which vary over the time, thus the RCA(p) model is more
general and appropriate for nonlinear data sets.

The conditional least squares and likelihood parameter estimation of
RCA(p) model is discussed in [3]. The statistical inference of RCA(1) model
has been presented in [4] while the conditional least square estimates for
nonstationary processes is studied in [7]. The optimal estimation for nonlin-
ear time series using estimating equations has been investigated in [6] while
the optimal estimation functions for RCA(p) model have been studied in
[1]. The moment properties and the corresponding squared RCA(p) process
have been investigated in [2]. It has been illustrated in [2] that the autocor-
relation structure of the RCA(p) model is the same as for the AR(p) model,
while they have different marginal variances. Furthermore, it is also shown
that in [2] the joint prediction of mean and volatility of the RCA model and
the spectral density function of the RCA(1) model is given as

__ a-¢? LF
JA) = 2r(1 — ¢% — of) ‘ 1 — et
provided ¢? + o7 < 1 (see [2]).

)

Another way of estimating the parameters of the RCA(1) model is to do
Whittle’s estimation. The Whittle estimates are obtained by minimizing the
function (see [5])

n—1 n—1
2nlIn 2w + Zln flwj) + Z ;EZZ;,
=0

J=0

where n in the number of observations, w; = 2%, and I(wj) is given by

1 n—1 . .
) =5 > Yiexp(—iwit)]*, j=0,1,2,...,n— 1.
t=0

The Whittle estimates of the parameters of an RCA(1) model have not
been fully investigated and hence in this paper the Whittle estimates of the
parameters of an RCA(1) model are studied. It will be shown in Section 2
that the Whittle information of the autoregressive parameter in an RCA(1)
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model is larger than the corresponding information in an AR(1) model. Fi-
nally, the conclusions are drawn in Section 3.
2. Whittle’s information matrix

Proposition. For the RCA(1) model as defined in (1), the Whittle infor-
mation matrix is

2¢°a; + pop pop
(1-¢2)2(1 ¢2—02)2 (1- ¢2) (1-¢2)(1-¢?~03)2  02(1-¢2)(1-¢%~0})
n dop 1 1
(1-¢%)(1 ¢2—U )? 2(1-¢%~0;)? 203 (1-¢?—07)
po} 1 1
oz (1-¢?)(1-¢2—0o7) 203 (1-¢2—07) 207,
(2)
Proof. The spectral density function of RCA(1) model is given as
ol = ¢%) rP
f()‘) = — 9 — ix
2r(1 — ¢ — o) |1 — ¢e™
oa(1—¢%) 2
1-2 A
om(l— g7 )[ pcos A+ ¢!
while the Whittle information matrix is
Wi Wiz Wis
War Waa Was |, (3)
Wa1 Wsa Wi
where )
Oln f(A
Wi = —
g L)
1 dln f(A))?
= dA
War dm | _. ( do} ) ’
1 Oln f(A 2
Wss = » ( 902 > dA,
1 Oln f(A Oln f(X)
= = dA
e [ (00) (250)
B 1 Oln f(A Oln f(X)
Wiz = Ws = 47r/ < 96 ) ( 902 dA,
and oIn fF(V)\ (010 F(N)
1 (" n n
Waz = Wiay = — d.
AP < do? )< do? )

The natural logarithm of f(A) is
Inf(A) =Ino? +1In(1 - ¢?) —In(27) —In(1 — $* — 02) — In(1 — 2p cos A + ¢?)
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and the partial derivative of In f(\) with respect to ¢ is

dlnf(A)  —2¢ 2¢ 2(cos A — @)

96 (-0  (1-¢2—o0)  (1-20c0sA+¢?)
=20+ 2% + 2¢0} + 2¢ — 2¢° 2(cos X — ¢)
(=)= —ap) (1 —2¢cos A+ ¢?)

2007 2(cos A — ¢)

1=¢*)(1—¢?—0p) (1 —2¢cosA+¢%)
Next we evaluate the integral
2

T[omfN, [T 2607 2(cos \ — ¢)
/[ 96 ]dA_/_w[(1—¢2)(1—¢2—U§)+(1—2¢COS)\+¢2) A

[
- / 10— P02 o™

i 8o (cos A — ¢)
dX

" / 11— o) " (1—20cos A+ ?)

™ 4(cos A — ¢)?

dA. 4
+/,, (1 —2¢cos A+ ¢2)2 (4)
The above integrals in (4) could be evaluated as follows:
/7r 4¢2021 A\ — 87T(b20'21
B ) (R ()

g 8¢po? (cos A — @)
[ st
8(/502
(1-¢2)(1-¢? —0})

" / (cos A — @) D\
(1 =2¢cos A+ ¢?)
However, according to proof of Lemma 5 [5],

T (cos A — @) B
/,r (1—2¢cos)\+¢2)d/\ =0

Hence, we have
s 2 _
/ 8¢ " (cos A — @) D — o
A= - —op) - 2c0sA+67)
In addition, based on the proof of Lemma 1 [5],

g 4(cos A — ¢)? D — 4w
/_ﬂ (1=2¢cosA+¢2)2" — (1-¢?)
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Thus we have

Ll

and, consequently, Wy is

1 ™

dr ) o

dln f(N)]? 8oy A

96 }dA A= 20-®— a2 (=)
alnf(N]? 20%a7 1
[ 96 }dA‘[a—¢%%r—w—a@f+u—¢%‘

The partial derivative of In f(\) with respect to o7 is

and thus

dInf(\) 1
803 (1—¢2— O'g)
1 T 0ln f(A
Wa = e (00'];2())2(1/\
1 & 1

— 55 dA
4m - (1 - ¢2 - 03)2

1 T
(mmwﬁﬂlfA
2w
(am)(1— ¢% — o2)?
1
2(1— 2 — 02)2‘

The partial derivative of In f()\) with respect to o2 is

and we have

dlnf(A) 1

do o2
1™ Ol f(N) .y
4r /_,T( do? ) dx
1 [ 1
— —dA
).

1 ™
Aol | ax

2m
dmod

1

P
20;;



8 MAHENDRAN SHITAN, A. THAVANESWARAN, AND TURAJ VAZIFEDAN

Next we compute W19 = Woy as follows:
1 ”(8lnf(/\))(8lnf(/\)
dr J_.°  O¢ do?

T 0.2
— e

Wip = Way = )dA

dr ) (1= (1= ¢ —0}) ' 1—¢? -0}
1 [T, 2(cosA—9) 1
e _W(l —2¢cos)\—|—d>2)(1 — ¢? —O'g)dA
¢op

==
Similarly, W13 = W3y is computed as

Wiz =Ws3 = : ”(811:9{;()\))(81352()\)

dr ) .
1 [ 2007 1
= G )
1 [T, 2(cosA—¢)
(1 — 2¢cos \ + ¢?
¢o}
o2(1—¢?)(1 ¢ —o3)
Finally, Wa3 = W3s is computed as follows:
1 (™ dlnf(A),,0ln f(N)
4m _W( do? I do?
1 (7 1
T wai-g-ap”
1
202(1— 6 — o2
Upon substituting the expressions of Wy1, Was, Was, Wia, Woy, Wis, Wiy,
Was, Wss into (3) we obtain (2). O

)dA

(o)A

dr ),

Waoz = W3 =

)dA

Remark. If we assume that the parameters o7 and o2 are known values,
then Whittle’s information associated with ¢ for the RCA(1) model is

2020} 1 ]

”h1¢wuwﬁﬁ+u—w> ®)

while it is important to note that the information associated with ¢ in the
AR(1) model is
1
n[]. (©)

(1—-¢?)
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Some numerical calculations for the information associated with ¢ using
equations (5) and (6) are listed down in Table 1.

TABLE 1. Numerical values for the Information associated
with ¢ for the RCA(1) and for the AR(1) models

& 02 =03 02 =06
RCA(1) AR(1) RCA(1) AR(1)
Equation (5) Equation (6) Equation (5) Equation (6)
—0.6 293.1 156.3 39707.0 156.3
-0.5 172.8 133.3 1555.6 133.3
—0.4 133.0 119.0 402.5 119.0
-0.3 115.1 109.9 191.3 109.9
-0.2 106.0 104.2 128.3 104.2
—0.1 101.4 101.0 105.8 101.0
0.0 100.0 100.0 100.0 100.0
0.1 101.4 101.0 105.8 101.0
0.2 106.0 104.2 128.3 104.2
0.3 115.1 109.9 191.3 109.9
0.4 113.0 119.0 402.5 119.0
0.5 172.8 133.3 1555.6 133.3
0.6 293.1 156.3 39707.0 156.3

Clearly we can see that the Whittle information for the RCA(1) model
is larger than the AR(1) model when o # 0. Of course when o7 = 0, the
RCA(1) model reduces to the standard AR(1) model. Since the information
is larger for the RCA(1) model, this would give rise to estimators with a
smaller variance.

3. Conclusion

The objective of this paper was to study the Whittle estimates for the
RCA(1) model. It was shown that the Whittle information of the autore-
gressive parameter in an RCA(1) model is larger than the corresponding
information in an AR(1) model. The implication of this study is that since
the information is larger for the RCA(1) model, this would give rise to esti-
mators with a smaller variance, and hence more accurate estimates.
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