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Spaces of entire functions represented by vector
valued Dirichlet series of two complex variables

ARCHNA SHARMA AND G. S. SRIVASTAVA

ABSTRACT. Let Y be the space of all entire functions f : C> — E de-
fined by the vector valued Dirichlet series, where E is a complex Banach
algebra with the unit element. We study various topologies defined on
the space Y and characterize continuous linear transformations on Y.

1. Introduction

Let
o0
f(s) = Z ane, s=o +it (o,t are real variables), (1.1)
n=1
where a,, (n € N) are complex numbers and the real sequence {\,,} satisfies
the conditions: 0 < A\ <A < - <Ay <---, Ay = 00 asn — o0, and
. log |ay,| B
imsup —— = —o0,
n—oo A'I’L
log A
lim sup & n < 0.
n—00 n

Then the Dirichlet series (1.1) represents an entire function f(s). Kamthan
and Gautam ([3], [4]) defined various norms on this space. They obtained
the properties of bases of the space using the growth parameters of entire
Dirichlet series. In [1] and [2], S. Daoud studied properties of the space X
of entire functions defined by Dirichlet series of two complex variables.

In [5], B. L. Srivastava considered the vector valued Dirichlet series where
the coefficients {a,} belong to a complex Banach space. He also defined the
growth parameters such as order, type, lower order and lower type of the
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vector valued entire Dirichlet series. He also obtained coefficient characteri-
zations of order and type.
Let the coefficients a, , (m,n =0,1,...) belong to a complex commuta-

tive Banach algebra (E, ||-||) with the unit element w, and the real sequences
{Am} and {u,} satisfy the following conditions: 0 = A\g < A} < -+ < Ay <
Yy A —ooasm =00, 0 = po < pp << pp < cvvy fy — 00 as
n — oo, and
In(m+n)
hmsu 7:D<+oo, 1.2
lim sup M = —00. (1.3)

m,n—00 A +,Um,

In the following we may assume, without loss of generality, that Ay, u; > 1.
Let us consider the mapping f : C> — E defined as

f(s1,82) = Z am.n €Xp(Ams1 + pns2) (8j =05 +itj, j=1,2). (14)

m,n=0

Then f(s1,s2) is an entire function (see [5]). In [6], the authors introduced
two equivalent topologies on the space Y of entire functions (1.4) and ob-
tained some properties of bases in Y. In this paper we prove some additional
properties of the space Y. We also give a characterization of certain contin-
uous linear transformations on the space Y.

2. Topologies on the space Y

Let us assume that {agk)} and {agk)} are two non-decreasing sequences of

k) (k)

positive numbers such that ag — 00 and 05’ — oo with k — oco. For each

f €Y we put (see [6], p. 84)

k k k
£ o) = Z amnll expAmot™ + ol

m,n=0
where f(s1, s2) is a vector valued entire function defined by (1.4), and define
a metric topology on Y with the metric

o0

1 |f—g0i”, 0|
im 2 1+Hf—g;a§>,a§>u

Another metric topology on Y is determined by the metric (see [6], p. 84)

() (J))

]- f 9701 9
fg § Y ) f,gGY,
SV 14+ M(f g0, 08
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where, for 0 < g1, 02 < 00,

M(f;01,00) = sup  ||f(o1 +ity, 00 +it2)]|.

—oo<t1,tg<00

For each f € Y, let us define a function

p(f) = sup {llaooll, lamall /47 m,m >0, m+n 40}

which is well defined in view of (1.3). The function p satisfies the following
properties:

(i) p(f) =0 = [ =0,
(i) p(=f) = p(f),
(iii) p(f +9) <p(f) +p(9), fgeY.
Indeed, (i) and (ii) are obvious. To prove (iii) let f, g € Y, where f is defined
by (1.4) and

S
9(51732) = Z bmm, eXP()\msl + HnSQ)-

m,n=0

Then
00

(f + g)(slv 32) = Z (am,n + bm,n) eXp()‘msl + MnSQ)
m,n=0
and so,

p(f+g)=sup {Ha0,0‘f‘b0,0H |@m,n + b nul/ Ambiin) im,n >0, m+n# 0} .
Therefore, using the inequality
@, + bl M/ A0 < g |/ A0 by [ O FH),

we get (iii).

Let us put d(f,g) = p(f — g). Then from (i), d(f,g) = 0 if and only if
f = g. The symmetry of d is evident from (ii) and the triangle inequality
follows from (iii). Hence d(f,g) defines a metric on Y.

Now we prove our first two results.

Proposition 1. The three topologies on Y defined, respectively, by p, d
and T are equivalent.

Proof. First we consider the topologies defined by the metrics p and d.
For this we take a sequence {fg} C Y,

o)

f5(51782) = Z afﬁl exp()‘msl +Mn52)a B = 1727 cee

m,n=0
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and assume that fz — f in the metric d, where f € Y is definad by (1.4).
For an arbitrary large number r we have

lafy — aooll < 1/r, B> Bo(r),
and, for m,n >0, m+n # 0,
a$f), = Qmpn||V/ ) < 1/ B> Bo(r).

Hence, as in [1, p. 413], for each k we get

15 = i o < 1/r+ 37 exp{(01" ~1ogr)Am + (o ~ log )i |

m,n>0

<1/r+0(1) exp{—(A\1 + u1)log /r}.

Therefore fz — f with respect to each norm || f ;agk),aék)H. Hence fz — f

in the metric p.
Now, suppose that fg — f in the metric p. Then fg — f with respect

k)

to each norm || f; 05 ,Uék)H. Therefore, for a given € > 0 we can choose k

large enough such that exp(—oy) < €, where o} = min(a%k), Uék)), and there
exists Sy = Bo(e) such that

Haé,@ — 40,0

and, for m,n >0, m+n # 0,

‘<€7 ﬁZﬁO,

a2, = amanll < expl—(Amo™ + oS, B> Bo, k> 1.

Thus

sup Ha%)n — || O ) < eXP(—Uk)Supmmgl/()‘erﬂn)

m,n
<g, B > 50'

Hence d(f3, f) < € for all § > By and, consequently, fg — f in the metric
defined by p. Combining the two sides, we obtain the equivalence of p and
d.

It has been shown earlier by the authors (see [6], p. 85) that the topologies
defined by p and T are equivalent. This gives the result. U

Proposition 2. The space Y endowed with any one of the topologies given
by p, d or T is complete.

Proof. In view of Proposition 1, it is sufficient to prove the completeness
of Y under one of the above topologies. We consider the topology generated
by the metric d. Let {fg} be a Cauchy sequence in Y. Then for a given
e, 0 < e < 1, there exists an integer N = N(e) such that

laly — a$dll <&, B,y =N,
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and
), — alD [V Omtrn) < e By > N, m,n>0,m+n#0.
Hence, the sequence {a,(fi)n}is a Cauchy sequence in the Banach algebra F

for each fixed m and n . Therefore, {a,(f}n} — Qmp as B — oo for each

m,n > 0.
Now

| < lllafh = amnll + lalnl
§5+eXp{_()\m+Mn>k}7 B >N, m—H”LZno(k),
in view of (1.3). This shows that

@ ||V Prtin) < exp(—k),  m +n > ng(k).

[,

Thus f(s1,52) = Y s neo @mn €XP(AmS1 + fns2) is an entire function. For
all 8 > N we have

d(fs, f) = p(fs— f)
= sup {lafd —aooll, a4~ amnl /O i, > 0, m 4 £0}

sn
<e,
where f € Y. The result is proved. O

3. Linear transformations on the space Y

In this section, we characterize certain linear transformations on Y. In
what follows, for each f € Y | let p(f) be defined as above and for f,g € Y

we have d(f, g) = p(f — g).

Theorem 1. Let {cmn},. .o be a sequence of complex numbers and
amn € E (m,n > 0). If sequence {amn} satisfies condition (1.3), then the
series Yy o0 o Cmnm,n converges absolutely in E if and only if the sequence

{m o], In |cm7n|1/(xm+un>}mn>0 o (3.1)

s bounded.
o
Proof. Let us assume that the series Y ¢y nam,n is absolutely conver-
m,n=0

gent but the sequence (3.1) is not bounded. Then we have
lemp il = exp{k(Am, + pny,)}, k> 1.

Now we define a sequence {a,,»} C E such that

w exp{—k(Am, + tin,)} i m =mg, n=ng,
Qmn = .
0 otherwise,
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where w is the unit element of E. Then (1.4) holds but

Hamk,"kcmk,nkn >1, k>1
Therefore, the sequence ||y, 5 @m n|| does not tend to zero as m+n — oo and
so, the series Y " ||Cm,n @m,n|| does not converge. This is a contradiction
and hence, the necessary part is proved.

To prove the sufficiency part let us suppose that the sequence (3.1) is
bounded. Then there is a positive constant M such that

lcoo] < €M and |cm’n|1/(’\’”+“") <eM m,n>0,m+n#0,

and (see [1], Lemma 1) the series ), exp{—M (A +puy,)} is convergent.
Now, using (1.3), we find a positive integer ng such that

lamnll < exp{—2M N\, + pn)}, m+n>ny,

or
llemn amnll < exp{—M(Am + pn)}, m—+n>ng.
Hence
oo
Z [emn amnll < O(1) + Z [[Cmn Gl
m,n=0 m+n>ng
<O+ Y. exp{—MOm+pn)}
m4+n>ng

which shows that the series Y . |/¢m.n @mn| converges. The proof of
Theorem 1 is complete. O

Theorem 2. Let {¢yn} be a sequence of complex numbers. The trans-
formation ¢ :' Y — E of the form

o(f) = Z Cm.n Gm.n (3.2)

m,n=0

is linear and continuous if the sequence (3.1) is bounded and Y is endowed
with any one of the topologies given by metrics p, d or T

Proof. The transformation ¢ is correctly defined in view of Theorem 1.
The linearity of ¢ is immediately clear.

To prove that ¢ is continuous it is sufficient to show that if { fq};il is a
sequence in Y and f; — 0 as ¢ — oo, then ¢(f;) — 0. Since all three
topologies on Y are equivalent by Proposition 1, we take the metric d on Y
for our proof. Let

[e.e]

fq(s1,82) = Z a,(f{?n exp(Ams1 + pns2), q>1,

m,n=0
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and suppose that
M = Sup{ln ’CO,O|7 In ‘cm,n‘l/()\m—i_un) :m,n >0, m+n 7é 0}

Since (1.2) is satisfied, by [1, Lemma 1] there exists a number «, 0 < o < 00,
such that the series ) . - gexp{—a(\m + pn)} is convergent. Now we
choose € > 0 so that M —1/e < —a. Since f; — 0 as ¢ — 00, there exists a
positive integer @ = Q(&) such that

laSll < exp(~1/2), [[al@, ]l < exp{—(Am + )/}, a2 Q.
Then, for ¢ > Q,

loUl = || 2 afemal| < 3 |alih,
0 0

m,n=

‘Cm,n|

m,n=

<exp(M —1/e) + Z exp{(M —1/¢) (A + pn) }
m~+n>0
—0 as ¢ — 0.

Hence ¢ is continuous and the proof of Theorem 2 is complete. O
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