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Diametral strong diameter two property
of Banach spaces is stable under
direct sums with 1-norm

RAINIS HALLER, KATRIIN PIRK, AND MART POLDVERE

ABSTRACT. We prove that the diametral strong diameter 2 property of a
Banach space (meaning that, in convex combinations of relatively weakly
open subsets of its unit ball, every point has an “almost diametral”
point) is stable under 1-sums, i.e., the direct sum of two spaces with
the diametral strong diameter 2 property equipped with the 1-norm has
again this property.

All Banach spaces considered in this note are over the real field. The closed
unit ball and the unit sphere of a Banach space X will be denoted by Bx and
Sx, respectively. Whenever referring to a relative weak topology, we mean
such a topology on the closed unit ball of the space under consideration.

Diameter 2 properties for a Banach space mean that certain subsets of
its unit ball (e.g., slices, nonempty relatively weakly open subsets, or convex
combinations of weakly open subsets) have diameter equal to 2. In recent
years, these properties have been intensively studied (see, e.g., [1-11] for
some typical results and further references).

To clarify the gap between the well-studied Daugavet property [12] and
known diameter 2 properties, the diametral diameter 2 properties were in-
troduced and studied in the recent preprint [7]. In particular, the stability
under p-sums of diametral diameter 2 properties was analyzed. The ques-
tion whether the 1-sum of two Banach spaces enjoying the diametral strong
diameter 2 property also has this property, was posed as an open problem
in [7]. Below, we shall answer this question in the affirmative.
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Definition (see [7]). A Banach space X is said to have the diametral
strong diameter 2 property (DSD2P) if, given n € N, relatively weakly
open subsets Uy, ..., U, of Bx, Ai,..., A, € [0,1] with )" ;A =1, 2 €
Sty AU, and € > 0, there is a u € Y1 | \;U; satisfying

[ —ul = [Jzf| +1 —e.

Theorem. Suppose that Banach spaces X and Y have the DSD2P. Then
also the 1-sum X ®1 Y has the DSD2P.

Our proof of Theorem makes use of the following observation:
(e) in Definition, one may assume that the element x is of the form
r =Y, \xz; where z; € Sx NU;.

For (e), first notice that the space X may be assumed to be infinite dimen-
sional (because clearly no finite dimensional space can have the DSD2P)
and the sets Uy, ...,U, to be convex (because, since z = Y ;" | \;u; where
u; € Uy, for every i € {1,...,n}, it suffices to consider in the role of U; a
convex relatively weakly open neighbourhood V; of wu; satisfying V; C U;).
Now, for (e), it suffices to observe that

(o) every a € U; can be written in the form a = (1 — u;)y; + piz; where
pi € [0,1] and y;, z; € Sx NUj;,
because, if (o) holds, then the element x can be written as

2= Nl =)y + Y Aipizi
i=1 i=1
and (by the convexity of Uy,...,U,)
i=1 i=1 i=1

It remains to prove (o). Let i € {1,...,n} and let a € U, |la|]| < 1. Let
meN, z],...,x;, € X*, and § > 0 be such that

Ui D {be Bx: |z}(b) —z}(a)] <6, j = 1,...,m}.
Choose a non-zero ¢ € ﬂ;nzl ker 2% (such a ¢ exists when the space X is

infinite dimensional), and consider the function f(¢) = ||la + tc||, t € R.
Since f(0) = |la|| < 1 and f(t) Pt there are s,t € (0,00) such that
— 00

f(=s) = f(t) =1, but now y; := a — sc, z; := a+tc, and p; := & do the
s
job.
Proof of Theorem. Put Z := X @1 Y, and let n € N, let Wy,... W, be re-

latively weakly open subsets of By, let A1,..., A, € [0,1] satisfy > ;" N\i=1,
and let z = > | Nz where z; = (z4,y;) € Sz N W;. We must find a
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w = (u,v) € Y;y AW so that ||z —w| > ||z]| + 1 — ¢, i.e., putting = :=
Yoy i and y =Y Niy; (now one has z = (z,v)),
[l = ull + [ly = oll = lz] + [yl + 1 —e.
For every i € {1,...,n}, putting

~ o ifa £0, - Vi ity #£0,
7 = { |zl and 7 = < llvill

0, if 2, = 0, 0, if y; = 0,

Z;

there are relatively weakly open neighbourhoods U; C Bx and V; C By of
Z; and ;, respectively, such that (||z;||U;) x (||lys|| Vi) C W;. Indeed, letting
m €N, 25 = (2},y;) € Sz+, j =1,...,m, and ¢ > 0 be such that

Wi D {w e Bz: |zj(w) — zj(z:)] <6, =1,...,m},
and defining

U; := {u € Bx: |25 (u) — 25 (7)) < 90, j = 1,...,m},
Vii={veBy: yj(v) —yj@)| <3, j=1,...,m},
one has, whenever u € U; and v € V}, for every j € {1,...,m},

*

25 (lzillw llysllv) — 25 (=)

= |25 (llwllw, lyillv) — 25 (s, 2)

25 (lwilluw) + 97 (lyillv) — 7 (2:) — y5 ()

@ (llzillu) + 5 (lyillv) — =5 (lzillZ:) =5 (lvillg)
= [} (w = z:) + llyilly; (0 = 50)|
< el 5 (w = Za) | + Hlyill |5 (v = 5]
< (il + [lwill) 8 = [lzll6
=4.
Put

o= Z/\ZH:EZH and f:= Z)‘ZHyZH
=1 =1

Notice that

atB=> Ni(llzl + lyll) =D Millzil =D xi=1.
= i=1 i=1

We only consider the case when both a # 0 and 8 # 0. (The case when
a =0 or =0 can be handled similarly and is, in fact, simpler.)
For every i € {1,...,n}, letting

_ Al

il
Q; and f; := illyil
«

6 )
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one has a;, 8; € [0,1], and Y ;" ;a5 = > 1" B = 1. Since X and Y have the
DSD2P, observing that

g Z/\H%H Azezaz . and g Z ZHyZHA EZ& i

i=1
there are ug € Y1 a;U; and vg € Y1 | 3;V; such that

Hf_uOH%HxHH_E and H——Uo ny||+1—€

Finally, putting
n n
U= Qqug € Z@aiUz‘ = Z)‘Z”mlHUlv
=1 =1

vi=pw €Y BBVi=> \iluillVi,
i=1

i=1
one has
(u,0) € SN ((leall ) x (Jwall ) ZAW
i=1
and
o = ull + [ly = vll = [lz]| + [yl + (¢ + B)(1 — &) = [l + [yl + 1 —¢,
as desired. O

Thus the stability of the diametral strong diameter 2 property under 1-
and oo-sums is similar to that of the Daugavet property. In fact, among
all 1-unconditional sums of two Daugavet spaces only the 1- and oco-sum
have the Daugavet property. Whether the diametral strong diameter two
property and the Daugavet property coincide remains an open question.
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