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Results on the number of zeros in a disk for three
types of polynomials

DEREK BRYANT AND ROBERT GARDNER

ABSTRACT. We impose a monotonicity condition with several reversals
on the moduli of the coefficients of a polynomial. We then consider
three types of polynomials: (1) those satisfying the condition on all of
the coefficients, (2) those satisfying the condition on the even indexed
and odd indexed coefficients separately, and (3) polynomials of the form
P(z) = ao+377_, a;2’ where i > 1 with the coefficients a,, a1, ... ,an
satisfying the condition. For each type of polynomial, we give a result
which puts a bound on the number of zeros in a disk (in the complex
plane) centered at the origin. For each type, we give an example showing
the results are best possible.

1. Introduction

A classical result in the study of the location of the zeros of a polynomial
in the complex plane is the Enestrom-Kakeya theorem.

Theorem 1.1 (Enestrém-Kakeya theorem). If P(z) = 377 a2l is a
polynomial of degree n with real coefficients satisfying 0 < ag < a1 < --- <
an, then all the zeros of P lie in |z| < 1.

There is a huge number of generalizations of the Enestrom—-Kakeya theo-
rem, most of which involve some sort of variant on the theme of monotonicity
of the coefficients. For a recent survey of such results, see [4]. One example
of such a result, which is particularly related to the results of this paper, is
due to Chattopadhyay et al. [3].
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n
Theorem 1.2. Let P(z) = Zajzj where for some t > 0 and some
j=0
0=ko <kl < <k <krp1 =n we have

0 < lao| < tlar| < *Jas| < -+ < tMfag, | > " Hag, 1] > -

> 7 ag,| < T ap, | < <t ag,| >

(with inequalities reversed at indices ki, ka, ..., k. and t"|ay| is the last term
in the inequality). Also suppose |arg(a;) — ] < a < w/2 for 0 < j < n
and some real o and . Then all zeros of P lie in Ry < |z| < Ro, where
Ry = min{t|ag|/Mi,t}, Ry = max{My/|aol|,1/t},

T
M, = — {2 cosaZ(—l)é|ak[‘tke + |ag| + (_1)€+1|an|tn}
(=1

n—1
+ 2sinaz |a;[t! + (—|ao| + |an|t") sina + |an|t"
(=0
and
r ker1—1
My = —cosal (2 1) DA N Jagler!
=0 s=ky+1

— (4 1)) (=D lag, [t = Jagt" (L +#2) + (= 1) |anlt

+sina > (tHaj| + a1 )" 5 + |agt™ .
j=1

Another related area of study is the number of zeros of a polynomial in
a disk of a certain radius. For example, Pukhta [8] put a monotonicity
condition on the moduli of the coefficients of a polynomial to prove the
following theorem.

n
Theorem 1.3. Let P(z) = Zajzj where 0 < |ag| < |a1] < -+ < ay).
j=0
Also suppose |arg(aj) — B| < a < 7/2 for 0 < j < n and some real o and f.
Then for 0 < § < 1 the number of zeros of P(z) in the disk |z| < § is less
than

1 o |an|(cosa +sina + 1) +25ina2?:_01 |ajl
log(1/4) |ao|
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The purpose of this paper is to apply the r reversals hypothesis of Chat-
topadhyay, Das, Jain, and Konwar to three types of polynomials and to pro-
duce corresponding number of zeros results similar to Theorem 1.3. The first
type involves those polynomials which satisfy the multiple reversals mono-
tonicity condition on the moduli of the coefficients, as given in Theorem 1.2.
The second type involves polynomials which satisfy the same condition on
the moduli of its even indexed coefficients and on its odd indexed coefficients
separately. The third type involves those polynomials for which there is a
gap in the coefficients; that is, polynomials of the form ag + Z?: " ajz’ for
some 1 < p < n. The multiple reversals monotonicity condition is then
imposed on the moduli of coefficients a,,a,+1,...,a,. These three types of
polynomials are addressed in the following three sections, respectively.

2. Monotonicity condition on the moduli of all coefficients

First, we consider polynomials which satisfy the hypotheses of Theorem
1.2 and give a bound on the number of zeros in a disk.

n

Theorem 2.1. Let P(z) = Zajzj where for some t > 0 and some
j=0
0=ko <k < - <k <krp1 =n we have

0 < lag| < tlar| < $lag| < -+ <t ag, | > 1 ag, 1] > ---

>t |ag, | <2 ap, | <0 < ag| > -
(with inequalities reversed at indices ki, ka, ..., k, and t"|ay| is the last term
in the inequality). Also suppose |arg(aj) — B| < a < 7w/2 for 0 < j < n and
some real o and 3. Then for 0 < § < 1 the number of zeros of P(z) in the
disk |z| < 9t is less than
1 | M

—— _log—

log(1/6) "~ lao|’
where

,
M = |ap|t(1 — cosa —sina) + 2 cos Z(—l)”l\akéltkﬁl

(=1
n—1
+ QSinaZ a7+ Jan|t" (1 + sina + (—1)" cos ).
j=0

When r = 1, Theorem 2.1 reduces to Theorem 1 of [5], which in turn
implies Theorem 1.3.

If the coefficients of polynomial P are real and nonnegative, then we can
take a = 0 in Theorem 2.1. If, in addition, we take ¢ = 1, then we get the
following corollary.
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n
Corollary 2.2. Let P(z) = Zajzj where each a; is real and nonnega-
J=0
tive, and for some 0 = ko < k1 < -+ < ky < ky41 = n we have
O<ap<ar<as < < apy 2 Qg1 =0 2 Ay < Qhgy1 <o gy > 0

(with inequalities reversed at indices ki, ka, ..., k, and ay, is the last term in
the inequality). Then for 0 < § < 1 the number of zeros of P(z) in the disk
|z| <6 is less than
1 1 M
log(1/6) % ap’
where M =25 ,_ (=1 ay, + an(1 + (=1)").

We now give an example showing that Theorem 2.1 is best possible in
certain cases. That is, there exists a polynomial P and a §, with 0 < 0 < 1,
where the number of zeros of P in |z| < §t equals the number predicted by
Theorem 2.1.

Example 2.3. Consider P(z) = 14+10z+22+1.12340.12*. The four roots
of P are approximately —10.916, —0.1001, 0.0082 + 3.01314, and 0.0082 —
3.0131¢. We can apply Corollary 2.2 to P with r = 3, a;, = 10, ag, = 1,
and ap, = 1.1. We get M = 2(ax, — a, + ag,) = 20.2 and with 6 = 0.20,

1 M\ _ 1 20.2\ __ : :
m log (a) = W log (T) = 1.8675. SO Corollary 2.2 1mphes that

P has at most 1 zero in |z| < 0.20 and, in fact, P has exactly 1 zero in this
disk. This example shows that Theorem 2.1 is best possible in some cases.

The next example shows that it is possible to use the number of zeros
results to actually locate all zeros of a polynomial. This can be done for a
given n degree polynomial P which satisfies the hypotheses of the result by
finding a value of § such that the result predicts that n zeros of P lie in the
given disk.

Example 2.4. Consider P(z) = 1+ 2z + 22 + 10023. We can apply
Corollary 2.2 to P with r = 2, a3, = 2, a, = 1, and a, = 100. We
get M = 2(ag, — ax, + a,) = 202 and with § = 025, A7 log (%) -
m log (Q) = 3.829. So Corollary 2.1 implies that P has at most 3

zeros in |z| < 0.25. Since P is of degree 3, this means that all of the zeros of
P lie in this disk.

3. Monotonicity condition on the even indexed and odd
indexed coefficients

Cao and Gardner [1] gave an Enestrom—Kakeya style result by imposing
a monotonicity condition on the even indexed and odd indexed coeflicients
of a polynomial separately.
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Notice that for any n € N, we have:
(i) if n is even, then 2|n/2] =n and 2|(n+1)/2] —1=n—1,
(ii) if n is odd, then 2|n/2] =n —1and 2[(n+1)/2] —1=n.
In either case, 2|n/2] is the largest even integer less than or equal to n
and 2[(n + 1)/2] — 1 is the largest odd integer less than or equal to n. We
need this observation when imposing the monotonicity condition on the even
indexed coefficients and odd indexed coefficients, as illustrated in the next
result.
n .
Theorem 3.1. Let P(z) = Z a;z’ where for some t > 0, for some
j=0
0 =2k§ < 2k§ < -+ < 2kE, <2k | =2[n/2] we have '

0 < lag| < ?lag| < tY]as] < -+ < M |agge| > M1 agpe 1] > -+
> 1%z | < 75 aggg ] < e <t faggg| > -

(with inequalities reversed at indices 2k§,2kS, . . ., 2k;, and 2ln/2] |a“2Ln/2J| is
the last term in the inequality), and for some 1 =2k§—1 < 2k{ —-1<--- <
2k0, — 1 <2k2,, —1=2[(n+1)/2] — 1 we have

|a1| < Plas] < tYas| < -+ < M2 |agro_1| > 1P [agpo | > -+

> 12552 agpe 1| < 77 |agpga| < -0 <P agpg | > -
(with inequalities reversed at indices 2k{ — 1, 2k§ — 1, ..., 2k?, — 1 and
tQL(nH)/?J*?‘a2L(n+1)/2J_1‘ is the last term in the inequality). Also suppose

larg(a;) — B] < a < @/2 for 0 < j < n and some real o and 3. Then for
0 < d < 1 the number of zeros of P(z) in the disk |z| < dt is less than

b e M
log(1/9) *® Jaol
where
M = (Jao|t* + |a1[t?)(1 — cos a + sina) + (|an—1[t" T + |an [t"?)(1 — sina)
+lag|n /2] ‘tztn/zﬂz ~1)™ cosa+ ’a2t(n+1)/2jil’t2L(n+1)/2J+1(_1)r2 cos &

n T
+2sin Z |a;|t? % 4 2 cos [Z(—l)”ﬂa%g\t%EH
J=0 (=1

T2
+ Z(_l)ZJrl |a2kg—1 |t2k:g+1] )
(=1

We use a superscript of “e” on the indices k; when dealing with even indexed coeffi-
cients and use a superscript of “o” when dealing with odd indices.
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When 7 = 1, Theorem 3.1 reduces to Theorem 2.1 of [6].

If the coefficients of polynomial P are real and nonnegative, then we can
take a = 0 in Theorem 3.1. If, in addition, we take ¢ = 1, then we get the
following corollary.

n .
Corollary 3.2. Let P(z) = Zajz] where each a; is real and nonneg-
j=0
ative, and for some 0 = 2k§ < 2k{ < --- < 2k;, < 2ky . = 2|n/2] we
have
0<ap<ag<ag < < aggs = Aoke1 = -0 = A2k
S Qopgy1 <o Saggg 2> v
(with inequalities reversed at indices 2k§, 2kS, ..., 2k7, and ag|y, 2| is the
last term in the inequality), and for some 1 = 2k§ —1 < 2k{ —1 < --- <
2k, —1<2ky, = 1=2[(n+1)/2] — 1 we have
0<ar <ag<as <--- < aggg—1 = A2kl = -+ = A2kg—1
S Agkg41 = S Agkg—1 = v
(with inequalities reversed at indices 2k{ — 1, 2k§ — 1, ..., 2k?, — 1 and
ag|(nt1y/2)—1 18 the last term in the inequality). Then for 0 < § < 1 the
number of zeros of P(z) in the disk |z| < § is less than
1 1 M
—— _log —,
log(1/3) % aq
where
M = an—1+ an + agpns2) (=1 + ag|(ny1)/2)-1(=1)"
T1

T2

¢ ¢

+2 D (D) T azg + 3 (1) oz
/=1 /=1

We now give an example showing that Theorem 3.1 is best possible in
certain cases.

Example 3.3. Consider P(z) = 1+ 2 + 222 + 223 + 2% + 2% 4+ 10002° +
227. The seven roots of P are approximately —499.999, —0.2666 + 0.01514,
—0.2666 — 0.0151%, —0.0145 + 0.30737, —0.0145 — 0.3073%, 0.2806 + 0.1839¢,
0.2806 — 0.1839i. We can apply Corollary 3.2 to P with r1 = 2, 9 = 2,
agko—1 = 1, agge = 2, agkg—1 = 2, and agks = 1. We get M = an—1 + a, +
an—1 + an + 2[a2kf — Q2kg + agko—1 — agkg_ﬂ = 2008, and with § = 0.336,

1 M\ __ 1 2008\ __ : :
mlog (a) = W log (T) = 6.9728. SO Corollary 3.2 anhes

that P has at most 6 zeros in |z| < 0.336 and, in fact, P has exactly 6 zeros
in this disk. This example shows that Theorem 3.1 is best possible in some
cases.
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4. Monotonicity condition on the moduli of the coefficients
for polynomials with a gap in the coefficients

Chan and Malik [2] introduced the class of polynomials of the form P(z) =
n

a0+2 ajzj where > 1. They proved a Bernstein inequality (in particular,
J=p
a generalization of the Erdés—Lax theorem) for this type polynomials. We
now consider these polynomials and impose a monotonicity condition on the
moduli of the coefficients in order to produce a number of zeros result.
n
Theorem 4.1. Let P(z) = ap + Zajzj for some 1 < p < n, where
J=p
apg # 0 and for somet >0 and somel < u=ky<k1 <--- <k, <k1=n
we have

tay] <t aup] < a0 < o < P ag | > T agga] >

> 7 |ay, | < M ap,qq] < 0 < P ag,| > -

(with inequalities reversed at indices ki, ka, ..., k, and t"|ay| is the last term
in the inequality). Also suppose |arg(aj) — B| < a < 7/2 for 0 < j <n and
some real o and 3. Then for 0 < § < 1 the number of zeros of P(z) in the
disk |z| < Ot is less than

1 | M
M
log(1/0) % Jao|

)

where

,
M = 2|ag|t + |a,|[t" T (1 — cosa — sina) + QCosaZ(—l)Hl\ake]tkHl
=1

n
+2sin « Z la; [t/ + |an [t" T (1 + sina 4 (—1)" cos a).
J=p
If the coefficients of polynomial P are real and nonnegative, then we can

take o = 0 in Theorem 4.1. If, in addition, we take t = 1, then we get the
following corollary.

n
Corollary 4.2. Let P(z) = ag + Zajzj where each a; is real and non-
J=H
negative, and for some 1 < p=ky < ky <--- <k, < kry1 =n we have

0<auy < appr < apyo <0 S Ay 2 kgl 2000 2 Ay

g1 < Lagy >
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(with inequalities reversed at indices ki, ka, ..., k, and ay, is the last term in
the inequality). Then for 0 < § < 1 the number of zeros of P(z) in the disk

|z| <6 is less than
1 M

—  _log —,
log(1/6) % [ao|
where

T
M =2a9+2) (=1)*ag, + ant" (1 + (1)),
/=1

We now give an example showing that Theorem 3.1 is best possible in
certain cases.

Example 4.3. Consider P(z) = 1+822 4823+ 2% +1.12540.125. The six
roots of P are approximately —10.6988, —1.0925, 0.0526 + 0.33477, 0.0526 —
0.3347i, 0.3430 + 2.7088:¢, and 0.3430 — 2.7088:. We can apply Corollary
42 to P with r = 3, ax, = 8, ap, = 1, and ap, = 1.1. We get M =
2a9 + 2(ag, — ag, + ag,) = 18.2 and with § = 0.35, mlog (%) =
m log (%) = 2.7637. So Corollary 4.2 implies that P has at most
2 zeros in |z| < 0.35 and, in fact, P has exactly 2 zeros in this disk. This
example shows that Theorem 4.1 is best possible in some cases.

5. Proofs of theorems

We need as a lemma a result which appears in Titchmarsh’s book [9], page
171.

Lemma 5.1. Let F(z) be analytic in |z| < R. Let |F(z)| < M in the disk
|z| < R and suppose F(0) # 0. Then for 0 < § < 1 the number of zeros of
F(z) in the disk |z| < 6R is less than

1 o M
log1/8 ° [F(0)]’

The following is due to Govil and Rahman and appears in [7].
Lemma 5.2. Let z, 2" € C with |z| > |Z'|. Suppose |arg(z*—p)| < a < 7/2
for z* € {z,2'} and for some real « and B. Then

|z — 2| < (|z] = |2']) cosa + (|z| + |]) sin a.

We now give proofs of our three main theorems.

Proof of Theorem 2.1. Consider

n

F(z)=(t—2)P(z) = (t — 2) Zajzj = Z(ajtzj —a;27th
=0

J=0
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n n n
= aot + E ajtzj - E aj_lzj — a2t = apt + E (at — aj_l)zj —ay2"tt.

j=1
For |z| =t we have
n .
IF(2)] < aolt + ) lajt — aj1[t? + |ag|t"H
j=1
k1 ‘ k2 A
= |aolt + Z lajt —aj_1|t! + Z laj—1 — a;t|t!
Jj=1 Jj=ki+1
k3 k4
+ Z ]aj_l — ajt‘tj + Z ]aj_l — ajt‘tj +
j=ka+1 j=ks+1
k'r‘fl ) kr )
-+ Z laj—1 — ajt|t! + Z laj—1 — a;t|t!
j:kr—2+1 j:kr—1+1
n .
+ > lajor — agtft? + |ag |t
j:kr"rl
r k2+1 )
= Jaolt+> | D laj+ajalt! | +laqt™"!
=0 \j=kyt1
r kot
< Jaolt+ Y- | D0 {(aglt —laj-1])cosa

£=0 j:kg—l—l
¢ even

r kot

+(laj—1| + |aj|t) sina}t?) + Z Z {(laj—1] — |a;|t) cos

£=0 i=ky+1
Codd VT

+(lajlt + |aj-1]) sina}tj) + |y, [t"
by Lemma 5.2 with z = a;t and 2’ = a;j_; for ¢ even;

and z = a;_1 and 2’ = a;t for £ odd

r
= |a0‘t + Z (_1)6 [_‘ake‘thJrl + ’aké+1|tké+l+1} cos o

£ even

+Z D [=lan [£58 + fap,,, 15477 cosa

¢ odd
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n—1
+|aplt sin o + 2 Z |a; [t/ sin o + Jan [t" T sina + |ay, |t
j=1

= Jaolt(1 +sina) + [—|ak0|tk°+1 - |ak1|tk1+1} cosa + [|ak1|tk1+1

_‘asztkﬁl} cosa+ -+ (=1)" [—\akT]tkT“ + |ak7.+1|tk’"+1+1} oS v
n—1 '

+2 Z |a; [t/ sina + |a, [t" T (1 + sin )
j=1

T
= Jaolt(1 — cosa — sina) + QCOSQZ(—I)”l]aW!tkéH
=1
n—1

+2 sinaz |a; [t/ + Jan |[t" (1 + sina + (—1)" cosa) = M.
=0

Now F'(z) is analytic in |2| < t, and |F(z)| < M for |z| =t. So by Lemma
5.1 and the Maximum Modulus Theorem, the number of zeros of F' (and
hence of P) in |z| < §t is less than or equal to

LM
log1/8* Jao|’

The result now follows. O

Proof of Theorem 3.1. Consider

G(z) = (t* = P)P(2) = (1 = 2%) > a2
7=0

n
= aot® + a1t’z + Z(ath —aj_2)z) — 12"t — a, 2" 2.
i=2

For |z| =t we have

n
G < aolt? +Jaat® + ) fagt? — ajotlt? + a1 1" + |an |t

j=2
2|n/2) - 2(n+1)/2)-1 ‘
= \a0|t2 + |a1]t3 + Z \ajtz — aj_g‘t] + Z \ath — aj_g‘tj
i Jeie2n 7 ]o:d?h

+|6Ln,1|tn+1 + |an|tn+2
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71 2k§+1

\a0]t2 + \a1]t3 + Z Z \ajtz — aj_g‘tj

(=0 J=2k§+2

J even
T2 2’“?—9—1 '
30 D g —agalt? | et o+ el
G=2kQ+1
j odd
|ao|t? + |ay [¢?
71 2k;+1 )
+ Z Z {(]aj]tz —laj—2|)cosa + (|laj—2| + |aj]t2)sina} )
£=0 J=2k§+2
{ even j even
T1 Z+1
|42 ) 142 o J
+ Z Z {(Jaj—o| — |a;|t*) cosa + (|aj—a| + |a;[t*) sina} ¢
(=1 J=2kG+2
¢ odd \'j even
T2 2kt/o+1 )
+ > > {(laj|t? = |aj-s]) cosa + (|aj—o| + |aj|t?) sina} ¢/
= j=2k9+1
¢ even j odd
2kg, 1
+ Z Z {(laj—2| — |a;|t?) cos o + (|aj_a| + |a;]t?) sin abt!
J=2k9+1

l odd j odd

Han—1[t"T 4 |an |t

by Lemma 5.2 with z = a;t and 2’ = aj_» for ¢ even;
and z = a;_o and 2’ = a;t for £ odd

\aoth(l —cosa +sina) + a1 [t} (1 — cosa + sin a)

T1

+2 E Z+1|a2ke t2Ket2 cos o + 2 E \agke t% gsina
/=1

2kg, | —2

r2
t2sinay [y o[t ] +2) (~1)F aggg |t cosa

/=0 J=2kg+2
j even
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2k 3

o —
0+1

r2 r2
o . . y
+2 g \a%g,l\t%fﬂ sina + 2sina g E |a;|t7 T2
/=1 =0 J=2kQ+1
7 odd

Flan_1[t" T (1 + sina) + |a, [t" T (1 + sina)
+lag|n/2) 22042 (1) cos o

Hlag) (1) /2)—1 [ELOTD2IF (1) cos a

= Jao|t?(1 — cosa + sin ) + |a1 [t3(1 — cosa + sin a)
+lag|n/2 22042 () cos o

+as|(nt1)/2)-1 2LHD 2L ()72 cos o

Flan_1 [t"TH(1 + sin @) + |a,[t"T2(1 + sina)

2|n/2]-2 2[(n+1)/2) -3
+2sin a Z la; |72 | 4+ 2sina Z | |t77+2
j=2 =3
J even j odd
[r—1 ro
+2cos o Z(fl)“l]a%ﬂt%ﬂ? i Z(*l)e+1|a2kg_1|r2kg+1
Lé=1 (=1

= (Jaolt® + |a1|t®)(1 — cosa + sin @) + (Jan_1[t" T + |an[t"T2)(1 — sina)
+lazn 2 \t2m/2J+2(—1)’"1 COoS &

+laz| (nt1)/2)-1 (2L D24 (172 cos o

n r1
+2sin o Z |aj[t! T2 + 2 cosa [Z(—l)”lmzkﬂt?kﬁ?

§=0 =1

T2
+ Z(l)”llazk;—llt%w] =M.
(=1

The result now follows as in the proof of Theorem 2.1. O
Proof of Theorem 4.1. Consider
F(z) = (t—2)P(2) = (t—2) | ao+ »_ a;2' | = ao(t—2)+) (ajtz’—a;z/t)
J=H J=H
n+1

n
=ag(t—2z)+ Zajtzj - Z aj-17
J=p

J=p+1
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n
=ag(t — z) + autz" + Z (ajt —aj—1)2" —apz"*t
J=pA1

For |z| =t we have

n
IF(z)] < 2laolt+lau[t"T + > ajt —aj 1|t + |an |t
J=p+1
k1 ' ko '
= 2lap|t + ’ault'u’-i_l + Z |ajt — aj,1|t3 + Z |CLJ’71 — ajt\tj
J=p+1 Jj=k1+1
k3 ) ka )
+ Z lajt —a;_1|t! + Z laj—1 — a;t|t!
j=ko+1 j=k3+1
krfl ] kr )
+---+ Z |ajtfaj,1|tj + Z |ajtfaj,1|tj
j=kr_2+1 Jj=kr—1+1
n .
+ ) Jajt — ajoa [t + |an |t
]:kr"rl
r ket '
= 2laglt + |a|t'T + Z Z lajt —aj_1]t) | + |an|t™ ™"
(=0 \ j—ko+1
r kg1
< 2laft+ o+ 3 (30 Aoyl agal)cosa

£=0 j=kg+1
¢ even

+(laj1] + lajlt) sina}t?)

ket1

.,
+ Z Z {(laj—1] — |aj|t) cosa + (|aj|t + |a;—1]) sina}t/

£=0 j—=kp+1
Codda VT

+an [t
by Lemma 5.2 with z = a;t and 2’ = a;j_; for ¢ even;
and z = a;_1 and 2’ = a;t for £ odd
= 2laglt + |au ' (1 + sina)

,
+ Z (-1)* [—\akf\tk”l + ]ake+l|t’“+1+1 cos «
=0

¢ even
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.,
+ Z (-1)* {—]akéltkﬁl + Jak,,, [tF+1 T | cosa

£=0
¢ odd
n—1
+ay |t sin o + 2 Z |a; [t/ sin v + [an [t" T sin a4 |ay, |t
J=p+1

= 2|aolt + |a,|t"T (1 + sina)
T
32D [lag 7 + fag [+ cosan
=0

n—1
+2 Z |a; [t/ sin o + |a, [t (1 + sin @)
J=p+1

r
= 2|ao|t + |au|t'TH (1 — cosa — sina) + 2 Z(_1)£+1|ake|tk5+1 cos «
(=1
n—1
+2 Z |aj [t/ sina + [an [t" (1 + sina + (—1)" cos ).
j=p

The result now follows as in the proof of Theorem 2.1. O
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