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Markov-modulated multivariate linear regression

ALEXANDER ANDRONOV

ABSTRACT. The article concerns parameter estimation for the Markov-
modulated multivariate linear regression model. It is supposed that the
parameters of the linear regression are dependent from states of a random
environment. The last is described as a continuous-time homogeneous
irreducible Markov chain with known parameters. The procedure of
estimating the regression parameters is established.

1. Introduction

We consider the case where a process, described by multivariate linear
regression (Srivastava [6], Turkington [7], Kollo and von Rosen [4]), operates
in a random environment. The last is presented (Pacheco et al. [5]) as a
continuous-time homogeneous irreducible Markov chain J(t), ¢ > 0, with
finite state set N = {1,2,...,k}. Let A; ; be the known transition rate from
state ¢ to state j (A;; =0).

The following notation will be used for the n-th observation (n=1,...,n):

a:’(kn) = (33;;,17 . ,m,‘;’q) is the g-row vector of known independent variables,
Y(’;) = (Y,1,...,Y, ) is the p-row vector of observed dependent variables,

Zy=(Zn1,-- -, Znp) is the p-row vector of random variables, Z, €N, (0,%),
t, is the observation time, and 7}, ; is an unobserved sojourn time in the
state j € N, (Tyq + -+ + Ty = ty). Further, B(j) = (by,.(j)) is the ¢ x p-
matrix of regression parameters for the j-th state of the random environment
(j=1,...,k) and B = (B(1)T,...,B(k)")T is the kq x p-matrix. Let the
positive definite matrix ¥ = (0y,,)pxp be unknown and identical for all
observations.
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Thus, if T(;) = (T,1,. .., Ty k), then we have the model for the n-th ob-
servation:

Y(T7) - (Ynfl’ e 7Yn*,p) =Ty ® x?n))B + \/EZ(W n=1,...,n

Using notation
=T n)/\/t7777 }/(T]) = }/‘(2)/777
we rewrite this formula as
Y(TI) = (le, - 7Y777p) = (T(U) () :c(n))B + Z(ﬂ)’ n = 1, e, M. (1.1)

Further, we use the notation

Za Zin ... Ziy
Z=|...1=|........... .
Zn) Znt o Znp

Now the general model is of the form

Yle . Yva T(l) & 33(1)
1 R B+Z (1.2)
le o Yn,p T(n) ® T (n)

Let us use the notation
‘/(77) = (Vn,la ey V”]:P) = T(U)_E(T(W)) = (Tn,l_E(T(n,l)>7 . 7T77,p_E(T(77,p)))'
Then

Y E(T1)) ® () Vi ® zq)
v=_..\=1I.... .. . BZ+ ... . . B. (1.3)
Yin) E(T(n)) © (n) Vin) ® z(5)

This expression is the main one for the statistical analysis. We note that
the rows Z,y = (Zy1,...,2yp) and Y,y = (Y3 1,...,Y, ) for different ob-
servations of matrices Z and Y are independent. The same property holds
for the rows Vi,y = (Viy,1,. .., Vi p) of matrix V. Further, we get formulas for
the expectation and the covariance matrix of the response (1.1):

E(Y(y) = (E(Tw) © 2()) B,
Cov(T(y) © ()
= B((Tty) ® 2(y) — B(T1)) © 2())" (L) @ 2 — B(T) © 7))
= B((Tty) = E(Tty))) @ 2)" (T = B(T())) @ )
= E((T(y) — E(Tep))" (Tty = E(T(y)))) @ (@)
= COV(T(n)) (m%;? x(n)),
Cov( 77)) = Cov((T(n) ® x(n))B) + 3

= BT(COV(T(H)) X (‘Tz;])$(77)))B + 3.

(1.4)
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In particular,
E(Yyu) = (E(t)) ® 2)) B,

D(YW#) = (B<“>)T(COV(T(7])) & (Zﬁa)l‘(n)))3<u> + UZ, (1.5)
where B<F> denotes the pu-th column of matrix B. Let
Yig Ty ®zq)
vy = | = B> 4 Z<K>, (1.6)
Yn,u T(n) X Ty

S = (Y1, ,n=1,...,n, are independent, we have
As Yy = (Yot Yo 1 independ h
Cov(Y<H) = diag(D(Y1,4), -, D(Yn )

and we can use formula (1.5).
Now let v # p. Then from (1.4) it follows that

COV(Yn,,u,,Yn,U) = COV((T(W) & .’L'(n))B<M>, (T(n) & x(n))B<”>)
+ Cov(Zy s Zpo) (1.7)
= (B<“>)T COV(T(T]) & x(n))B<”> + opup-

The last formulas determine the covariance matrix Cov(Y <#~ Y <Y>) for
arbitrary g and v.

We consider estimators B and 3 of B and ¥ = (o3 ,.) for the following data
on n observations, n = 1,...,n: the vectors Y(,) and z(,) denote dependent
and independent variables, respectively, observation time is ¢,, the initial
state of Markov chain is J(0) and finite state is J(¢,). It is supposed that
all n observations are independent.

Note that a case of multiple regression was considered by Andronov [1].

We need to know expressions for E(T(,)) and Cov(1{,)) for statistical
inference. Therefore a random environment must be considered.

2. Random environment as Markov chain

Let A = (A j) be a k x k matrix, A = diag (Z] )\i,j) be a diagonal matrix,
P, j(t) = P{X(t) = j|X(0) = i} be the transition probability of Markov
chain X (t), and let P(t) = (P;;(t))kxr denote the corresponding matrix.
If all eigenvalues of the matrix A = A — A are different, then probabilities
P(t) = (P;,j(t))kxk can be represented simply. Let v, and x,, n = 1,...,k,
be the eigenvalue and the corresponding eigenvector of A, x = (x1, ..., X&)
be the matrix of the unit length eigenvectors, and ¥ = x™' = (X1, ..., X )
be the corresponding inverse matrix (here Y, is the 7-th row of Z). Then
(Bellman [3], Pacheco et al. [5])
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P(t) = exp(tA) = x diag(exp(mt), ... ,exp('ykt)))(1

k
= Z X €xp(1nt) Xn-
n=1

It is known that for the considered Markov chain one eigenvalue equals 0 (let
it be the first), and other eigenvalues (with numbers 2,... k) are negative.

Let us fix the initial state ¢ and the final state j of the Markov chain X (¢)
and consider the sojourn time T, (¢) in the state v € N on the interval (0, ).
Then for the conditional expectation

To(t,i, ) = E(T(1)o|X(0) =i, X(t) =)

we have

Further,

¢
/Pi’v(u)Pv,j (t —u)du
0

Lom

m
= / D Xim P u)Xnw Y X0 exp(y(t — 1)) Xp jdu
n=1 0=1

0
m

m
= Xim¥nw D, XvoXoexp(yt)
n=1 6=1,0#n

Yo — Tn

m
x (1= exp(—t(yo — ) + > XinXnwXomXn.j xp(nt)
n=1

m
=t Z XinXn,wXv,nXn,j eXp(’Ynt)

n=1
m m 1
+ Z Xi,nXn,v Z Xv,0X0,j — (exp(’}/@t) - eXp('Ynt))‘
n=1 0=1,0-41 10

Now we can apply formula (2.1). The conditional mixed second order
moments

T+ (4, ) = E(Ty(8)Tp+ (8)| X (0) = i, X(t) = j)
and conditional covariance

Cv,v* (t’ Z?]) = COV(TU(t)’ Tv* (t)|X(0) = iv X(t) = ])
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of the sojourn time in the states v, v* € N on the interval (0, t) are calculated

as
t

[ Pt Pustt = wyrie (¢ = 0. )

Tvﬂ)*(tviaj) = P, (t)
17]

¢
+/P¢7U*(U)Pv*7j(tu)7'v(tu,v*,j)du ,
0

C’U,v* (t,Z,]) = Tv,v* (t7ll7j) - Tv(t7i7j7 )TU* (t7ll7j)
3. Method of least squares

We begin with the estimation of the regression coefficients b ,(j), j =
1,...0k,c=1,...,q, u=1,...,p. Let

H=.... ... . (3.1)
E(Twm) ©@Twm)/) kg

The ordinary-least-squares (OLS) estimator for the multivariate linear re-
gression (1.3) is the following (Srivastava [6], p. 279):

B=H"H)'H Y.
This estimator is unbiased, because it follows from (1.2) and (3.1) that
E(Y) = HB.

The iterative joint-generalized-least-squares estimator takes into account
unequal weights of the observations (Turkington [7]). The iterative proce-
dure estimates alternately the regression parameters B and the covariance
matrices Cov(Yy,), n = 1,...,n, Cov(Y<*>), u = 1,...,p, of the responses Y’
and ¥ of the random term Z.

The procedure begins with the OLS B. On the first step, estimation of

the covariance matrices is based on B. For that, let us consider residuals
from (1.3):

UB)) = Yi) — (B(Tiy) @ 2(m)) B
=V ®2e)B + Z), n=1...,n,
Cov(U(B)(y)) = Cov((Viy) ® 7)) B) + Cov(Zy,).
The estimator (/Ja/(Y(n)) of Cov(Y(,)) is calculated as follows. If g, and
u(B)w) = Yoy — (B(T()) @ 2;)) B
are the observed values of Y, and
U(B)wm) = Yim) = (E(T()) ® 2(5)) B,
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then
Cov(Y(y)) = Cov(U(B) () = (u(B)) u(B) ),
i(é, n) = COV(U(E)(n)) - COV((V(n) ® x(n))§)7

where 3(B,7) is the estimator of X calculated for fixed B and the 7-th
observation.

As
COV(V(n) ® x(n)) = COV(T(n)) & (xa)m(n)),
we get that
S(B,n) = (u(B)y))" (u(B)() — B" (Cov(T(,) @ (x{,)x;))) B
and

S(B) = > S(B.n)
n=1

= % > [(u(B) ) u(B)y — BT Cov(Tyy) ® (2l e) Bl.
n=1

Finally we correct the previous estimator of Cov(Y(;)) with respect to (1.4):

Cov(Yyy)) = BT (Cov(Ty,) @ () 2m))) B + S(B).

The second step consists in estimation of B. Let us describe the corre-
sponding procedure suggested by Turkington [7] , p. 114. We remind that
if Ais an m X m-matrix and a; is its i-th column, then vecA denotes the
mmn-column vector

a1
vecA =
Qnp,
Let y = vecY, z = vecZ be the np-column vectors, and let 5 = vecB be the
gkp-column vector. Let ﬁan kqp and Vnpx kqp De the block-diagonal matrices
(Kollo and von Rosen [4], p. 73) with H and V, respectively, in the all p
diagonal positions. Here H is given in (3.1) and

nxkq
Then the model (1.3) is presented as

y=HB+VB+z
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Further, let C(B),. = Cov(Y<F> Y<¥>)_ It is a diagonal n x n matrix
with the estimators of Cov(Y;, ,, Yy+), 7 = 1, ..., n, on the main diagonal (see
formula (1.7)). The covariance matrix of the vector y is represented as a

partitioned np x np matrix with C(3),,, on the (u,v)-th position:

CB1  ClBhy CPBip1  CPB)y

Eovta) C(B)21  C(B)22 C(B)ap-1  C(B)2p
C(E)Np—l,l C(glp—w e C(glp—l,p—l C(Elp—l,p

CBlpa  CBhpz - CBhpp-1  CBpp

The joint-generalized-least-squares estimator is the following (Turkington
(7], p. 114):
8= [ﬁTCov(y)ﬁ]_lﬁTCOV(y) Y.
The next iteration begins from the first step using the last estimate B

and so on. The iterative procedure ends when the estimate changes become
small.

4. Discussion

Our previous experience (Andronov [2]) has shown that the obtained esti-
mates converge to the true values of the parameters very slowly. We cannot
use maximum likelihood method because the density of the distribution of
these sojourn times is unknown. We know only the Laplace transforma-
tion. In future we plan to use this transformation for parameter estimation
directly as we have done in the paper Andronov [2].

Acknowledgment

The author thanks the anonymous referee for careful reading and valuable
comments.

References

[1] A. Andronov, Parameter statistical estimates of Markov-modulated linear regression,
in: Statistical Methods of Parameter Estimation and Hypothesis Testing 24, Perm
State University, Perm, Russia, 2012, pp. 163-180. (Russian)

[2] A. Andronov, On a reward estimation for the finite irreducible continue time Markov
chain, J. Statist. Theory Practice, 2017, in press.

[3] R. Bellman, Introduction to Matriz Analysis, McGraw Hill Book Co., Inc., New York —
Toronto—London, 1960.

[4] T. Kollo and D. von Rosen, Advanced Multivariate Statistics with Matrices, Springer,
Dordrecht, 2005.

[5] A. Pacheco, L. C. Tang, and N. U. Prabhu, Markov-Modulated Processes & Semire-
generative Phenomena., World Scientific Publishing Co. Pte. Ltd., Hackensack, New
York, 2009.



50 ALEXANDER ANDRONOV

[6] M. S. Srivastava, Methods of Multivariate Statistics, Wiley-Interscience [John Wiley
& Sons|, New York, 2002.

[7] D. A. Turkington, Matriz Calculus & Zero-One Matrices. Statistical and Econometric
Applications, Cambridge University Press, New York, 2002.

TRANSPORT AND TELECOMMUNICATION INSTITUTE, LOMONOSOVA STR.1, R1GA, LATVIA
E-mail address: lora@mailbox.riga.lv



