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On expected score of cellwise alignments

Rino KLEMENT AND JURI LEMBER

ABSTRACT. We consider certain suboptimal alignments of two indepen-
dent i.i.d. random sequences from a finite alphabet A = {1, ..., K}, both
sequences having length n. In particular, we focus on so-called cellwise
alignments, where in the first step so many 1-s as possible are aligned.
These aligned 1-s define cells and the rest of the alignment is defined so
that the already existing alignment of 1-s remains unchanged. We show
that as n grows, for any cellwise alignment, the average score of a cell
tends to the expected score of a random cell, a.s. Moreover, we show
that a large deviation inequality holds. The second part of the paper is
devoted to calculating the expected score of certain cellwise alignment
referred to as priority letter alignment. In this alignment, inside every
cell first all 2-s are aligned. Then all 3-s are aligned, but in such way
that the already existing alignment of 2-s remains unchanged. Then we
continue with 4-s and so on. Although easy to describe, for K bigger
than 3 the exact formula for expected score is not that straightforward to
find. We present a recursive formula for calculating the expected score.

1. Introduction

Throughout this paper, X := (X1, Xs,...,X,) and Y := (Y1,Ys,...,Y,)
are two random vectors, usually referred to as sequences, so that all random
variables X; and Y;, ¢ = 1,...,n take their values in a fixed finite alphabet
A ={1,...,K}. We study the properties of certain similarity measures of
X and Y. The problem of measuring the similarity of two sequences is cen-
tral to many areas of applications including computational molecular biology
[2, B, 5, T4, 18] and computational linguistics, e.g., [10, 11l 12]. A popular
measure of similarity is the length of the longest common subsequence (LCS).
A longest common subsequence of X and Y is any common subsequence
that has the longest possible length. Let L,, be the length of LCS. Formally,
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L,, is the biggest k such that there exist two subsets of indices — an align-
ment — {i1,..., ik}, {j1,- -, Jkt C {1,...,n} satisfying i1 < is < ... < i,
J1<j2<...<jp,and X;, =Y;,X;, =Y,,...,X;, =Y. Any alignment
corresponding to maximal k is called optimal alignment. LCS (or equiva-
lently, an optimal alignment) is typically not unique, but all of them can
be found by dynamic programming algorithm called Smith—Waterman al-
gorithm, see, e.g., [2, 5] with complexity O(n?). However, for very long
sequences, this complexity can be still too high and so one seeks for com-
mon subsequences having the length close to L,. Besides the computational
cheapness those suboptimal common subsequences (sometimes called subop-
timal alignments) are often analytically easily tractable [16], I3]. This is a
clear advantage, since it is well known that L,, although easy to define, is
very difficult to analyze.

A straightforward way to define a suboptimal common subsequence is the
following: choose a letter, say 1 € A. Now going from left to right, align
as many 1-s in both sequences as possible. The result is a subsequence with
the length N{¥ A N}, where N{ and N7 are the numbers of 1-s in X and Y,
respectively. The aligned pairs of 1-s divide the sequences into cells, where
the first cell consists of pieces of X and Y-sequences up to the first aligned
pair of 1-s (including the 1-s); the second cell consists of the pieces of X and
Y-sequences up to the second aligned pair of 1-s and so on (see Figure [1).

2332122312133 122

321132311323221(232

FIGURE 1. An example of cells.

Such alignment is meaningful if the 1-s have relatively high frequency in
both sequences. However, after aligning 1-s, one can improve the whole
alignment by aligning also the letters {2, ..., K} inside every cell. This means
that aligning the rest of the letters should not disturb the already existing
alignment of 1-s. There are several possible ways to align the letters inside a
cell, we shall call all obtained alignments cellwise alignments, because they
share a common feature — first align 1-s to define cells and then perform any
alignment inside the cells. We require that all inside-cell alignments should
be performed along the same rule. Let Z; be the number of aligned letters
(including the pair of 1-s) in i-th cell. Then the length of the obtained pairs
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of common subsequence — the score — is
NFANY

B, := Z; Z;. (1.1)

In what follows, we shall study the long run behavior of different cellwise
alignments. To be able to distinguish the related (dependent) sequences
from unrelated (independent) ones, one has to study the long-run behavior
of By in the case X and Y are independent. So throughout the paper, we
consider the case, where X and Y are both independent i.i.d. sequences,
but the distribution of random variables X; and Y; can be different. In what
follows, the distributions of X; and Y} are denoted by P := (p1,...,pk) and
Q= (q1,---,qxK), respectively. Note that although X and Y are independent
ii.d. sequences, due to the fact that X and Y have fixed length n, the
scores of the cells Z1,23,..., Zya2,nv are not iid.. However, if instead of
the fixed length n, the both sequences had random length up to the m-th
cell, then obviously Z1,...Z,, would be an i.i.d. sequence and laws of large
numbers, large deviation inequalities and many other classical results would
immediately follow. This observation suggests that similar results could also
hold for score B,, and showing that is one objective of the present paper.

In particular, in Section [2] we prove the following large deviation inequality
(Theorem [2.2)): for every A > 0 there exist A(A) < oo, b(A) > 0 such that

B,
P(\? — 7| > A) < Aexp[-bn], Vn. (1.2)

Here v > 0 is a constant that depends on the distributions P and @, the
inside-cell alignment methods, but not on n. Obviously from (1.2)) it follows

that

B
— v, as. and in L.
n

The bigger 7, the better is the cellwise alignment so that knowing the value
of v (or being able to calculate it) provides valuable information about the
performance of B,,. Another application of is the statistical tests of
testing independence of X and Y. Knowing the constant A, b and ~, such
tests can be easily constructed. Those tests would be non-asymptotical,
because they hold for any n, not only for n big enough.

Motivated by above-stated arguments, the second half of the paper, Sec-
tion [3] deals with exact calculation of the constant « for certain cellwise
alignments. We shall show that

B EZ;
= (ET¢V ETY)’
where EZ is the expected score of the first (and any) cell of infinite sequences
X1,Xo,...and Y1,Ys, ..., ET{ is the expected length of the first (and any)
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cell of X1, Xo, ... and E7{ is the expected length of the first (and any) cell of
Yi1,Ys, ... (see the beginning of Section [2|for the formal definition). Since all
cells have geometric distribution, their expected lengths are straightforward
to find. However, depending on the alignment, to find EZ; might be difficult.
In the paper, we focus on finding FZ; of an alignment called priority letter
alignment. This alignment first aligns all 2-s inside a cell. Then, it aligns
all 3-s without disturbing the already existing alignment of 2-s (and 1-s,
because cells are already fixed). Then it aligns 4-s without disturbing the
already existing alignments of 1-s, 2-s and 3-s and so on, proceeding always
from left to right in a cell or subcell. It turns out that when the number
of letters K is bigger than two or three, the exact calculation of EZ; might
be cumbersome. For example, finding FZ; for priority letter alignment is
almost trivial if K = 2, but the formula gets more and more intransparent
when K grows. Therefore, we present it recursively in K. It turns out that
in order to show the formula, it is convenient to represent a cell as a tree, this
formalism is established in Subsection Being able to calculate v allows
us to find the ordering of the alphabet A such that v would be maximal.
Intuitively, one could expect the ordering be such that

PIAGEZ2Pp2Ag2 2> 2 PK NGK- (1.3)

It turns out that this intuition would fail and we finish the paper with a
counterexample showing that it is not always the case.

To conclude the introduction, let us also mention that being able to calcu-
late v exactly is a clear advantage of using suboptimal common subsequences
over LCS. Namely, from subadditivity it follows that when (X,Y") are the
first n observations from an ergodic process, then there exists a constant v*
such that L, /n — v*, a.s. (see, e.g., [2,[7,6]). The constant v* is sometimes
called Chuvatal-Sankoff constant referring to the seminal paper of Chvatal
and Sankoff [4], where the existence of v* was observed. However, after more
than 40 years of study, the exact value of v* is not exactly known even for
the simplest case where X and Y are independent i.i.d. Bernoulli sequences
with probability 1/2. For an overview of the research related with estimating
Chvatal-Sankoff constant as well as for some bounds, see [7]. For a subop-
timal alignment, surely v < ~*, but if the difference is not that big, then
the lower score could be a fair price for computational cheapeness, analyti-
cal formulas and well-understandable statistical properties. Besides practical
use, knowing a lower bound of 4v* might help researchers restrict the search
space of optimal alignments in theoretical studies of the longest common
subsequence, see, e.g., [8, 9].

The study in the present paper continues the one in [I], where several
cellwise and other suboptimal alignments of binary sequences (K = 2) were
considered. The simulations in [1] show that many suboptimal alignments
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perform rather well, provided that the distributions P and Q) are asymmet-
rical, i.e., p1 = g2 # q1 = p2. As it becomes evident from the present paper,
the analysis of cell-wise alignments, in particular the exact calculation of v ,
becomes more involved when the number of letters K increases.

2. Large deviation inequality

Let us first formally define the cells in one sequence. Let X1, Xs,... be an
i.i.d. sequence from A. Let
=0, 7M=min{r>1:X,=1}, ..., 7y =min{r >n_1+1: X, =1}
We call

CF = (Xpr 410, Xog)y k=12,

k

a X-cell. Similarly, we define Y-cells C¥,CY, .. .. Let
f:Ax A—R"T

be a function that assigns to a pair of cells a non-negative score. Since we
are considering common subsequences, clearly the score inside the cell cannot
be bigger than the length of X-cell and the length of Y-cell. Therefore, for
every 1 = 1,2,...,

FCECY) < (7 =) A () = 1ly). (2.1)
Since sequences X1, Xo,... and Y1,Ys, ... are independent i.i.d. sequences,
clearly the random variables Z1, Zs, ..., where Z; := f(C¥,CY) are i.i.d. as
well. Recall that N{ (respectively, NY) is the number of 1-s in X (respec-
tively, Y) sequence. Formally, N{ = max{k : 7% < n}(N{ = max{k : 7} <
n}). Our object of interest is the cellwise score B, defined as in ([1.1J).

In what follows, let G(p) stand for geometric distribution with parameter
p. Thus, if 7 ~ G(p), then P(1 = k) = (1 — p)*~1p. Clearly T = Ty~
G(p1),7 — 101 ~ G(q1), k =1,2,..., and therefore for any fixed mq, mo, it
holds

mo m2
P(NY >mg) < P(rh, <n)=P()_Gi<n)=P(> Gi<—
i=1 i=1
(2.2)
mi mi
P(NY <mi) = P(r5, >n) = P(>_Gi>n) = P(Y Gi> — -my),
i=1 i=1

(2.3)

where G1,Go,... are i.i.d. random variables with distribution G(p;). The
inequality in (2.2]) follows from the observation that if Xi,...,X,, contains
strictly more than mg 1-s, then 7;; < n. The equality in (2.3) follows from
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the observation that X7, ..., X,, contains strictly less than m 1-s if and only
it >mn.

For bounding the right hand side of (2.2)) and (2.3)), the following bounds
are useful: for any A > 1 and a < 1,

P G; > —m) <exp|-C(A)m|, P G; < —m) < exp|—C(a)m],
(3G > Lom) s el=Clym], P(3_Gi < om) < expl=Claym]
(2.4)
where C(A) = A—1—-1nA and C(a) = a — 1 — Ina. For the proof, see [§].
Fix p1 > A > 0, define
m1 = (pr —A)n, ma = (p1+ A)n,
and use (2.4]) to deduce

P(]Nf —pin| > An) < exp[—C( P

p1—A
< 2exp[—D(p1,A)n],

p1 )m]
pr+ A (25

Jma] + exp[—C(

where » »
D(p1,A) := C(—=" —A)AC(— +A).
(01.8) = O = 8) A OB 1+ )
Similarly
P(INY = qun| > An) < exp[~C(—E—)mi] + expl~C(—1—)m)]
o —A a+A (2.6)

< 2exp[—D(q1, A)n].
From (2.5) and (2.6), it follows that if A > 0 is small enough, then
P(\Nf ANY = (g1 Apr)n| > An) < 2exp[—D(q1, A)n] + 2 exp[—D(p1, A)n).

(2.7)
To see 1D note that when p; < ¢ and A < 5P then

{NYANY # Ni'}CAINY — a1l > An} U{|NY — p1| > An}
and therefore
P(‘Nf/\Nf/—(ql/\pl)n‘ > An) < P(\N{’—ql\ > An) +P<|N1x—p1| > An).

The large deviation inequality (1.2]) now follows from the following theorem
proven in [I5].

Theorem 2.1. Lel {Z,}n,>1 be non-negalive random wvariables so thal
EZ; = uz and for every A > 0 there exist constants A1(A), A2(A), B1(4A),
BQ(A), Nl(A), NQ(A) so that

P (Z ZZ — pzn < —An) < Al(A) exp[—B1 (A)n], zfn > Nl(A) (28)
=1
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(Z Z nzn = ) < AQ(A) exp[—Bg(A)n], zfn > NQ(A), (29)

and let M (n) be a non-negative integer valued random variable, that might
depend on the sequence Z1,Za, ..., Ly, suppose there exists u > 0 such that
for every Ay > 0 there exist constants A3(A1), B3(A1), N3(A1) so that

P (|M(n) = pn| > Ain) < A3(Ar) exp[=Bs(A1)n], if n = N3(A1). (2.10)
Then for all A > 0 there exist constants A(A), B(A) and N(A), so that

P Z Zi — (uzp) -n| > An | < A(A)exp[-B(A)n], n > N(A).

Moreover,

A(A) := Aj(e1) + Az(e2) + As(es),

B(A) := min {; (M — 2?) Bi(e1), (u + %AZ) 32(52)733(63)} ;

N(A) = max{Nl(al),Nz(EQ),N:i(ES)a M_2 N : A }7

oz P %
A A A
fl=—Fx, f2=— K, 3= —.
4(n—5) 81+ 52> 24z
From this theorem our main large deviation inequality almost immediately
follows.

Theorem 2.2. Let B, be defined as in (1.1 and let
7= Aq)EZ.

Then for every A > 0 there exist N(A) < 0o, A(A) < oo and b(A) > 0 such
that

B
P(|—" > A) < A(A)exp[=b(A)n], n > N(A). (2.11)

n
Proof. The proof is straightforward application of Theorem [2.I] First, we
have to show that the random variables Z1, Zs, ... satisfy large deviation

inequalities and . By the theory of large deviations, it suffices to
show that the moment generating function Mz(t) := Fexp[tZ;] is finite in
the neighborhood of 0. This immediately follows from , because 71 < 11
and so for every t > 0
MZ1( ) < MT 1( )

Since 11 ~ G(p1), we know that M, (t) < oo, when t is sufficiently close to
0. Thus the assumptions (2.8) and (2.9) are fulﬁlled with uz = EZ;. Then
take M(n) = N¥ A Ny and note that (2.7) implies Q-D W1th w=piAq.
Thus all agsumptions of Theorem [2.1} u are fulfilled and so ) holds. O
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Note that when (2.11)) holds for n > N, then there exist maybe different
constants A" and b’ so that with these constants (2.11)) holds for n > 1.

3. Priority letter alignment: Recursion for ~

In this section, we study the priority letter alignment described in the
introduction and we develop a recursive formula for calculating E£Z;. Before
doing that, we need some additional definitions.

3.1. Cells and trees. Let us consider the X-cells on i.i.d. sequence X =
X1, Xs,.... Clearly the sequence X is a concatenation of i.i.d. cells: X =
C1,Cy, . ... Every cell ends with 1 and this is the only 1 in the whole cell.
Let us study a cell C' := C] in more details. Let No — 1 be the number of 2-s
in a cell C. The 2-s in C partition a cell into i.i.d 2-subcells

C=(Cf,--,C%y),
where
C? = (Xﬂffﬁl’ . ,XT]?), =0, 77 =min{r > +1:X, € {1,2}}.

A 2-subcell ends with 1 or 2 and the rest of the letters in a 2-subcell are
3,..., K. Of course, it can be that there are no 2-s in a cell and so the only
2-subcell coincides with the original cell. Similarly, every 2-subcell Cf can be
further partitioned into 3-subcells ng, j=1,..., N3, that consists of letters
4,..., K (this part can be empty as well) but ends with a letter in {1, 2, 3}.
Every 3-subcell can be further partitioned into 4-subcells and so on. Thus, a
(K — 1)-subcell is nothing but a (possible empty) block of K-s ending with
any letter not being K. On figure [2] there is an example of subcells in the
first cell of one short sequence in case K = 4. 3-subcells are grouped by
2-subcells, groups separated by vertical lines.

K=4
sequence 2243432122312133122
First cell (22434321)

2-subcells in first cell (2) (2) (43432) (1)

subeells i first cell (2)](2)](43) (43) (2)| (1)

FIGURE 2. An example of subcells.
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Since X1, Xo,... are i.i.d. random variables, we see that the number of 2-

subcells in a cell C' is geometrically distributed: No ~ G (plp—:pz)’ the number

of 3-subcells in a 2-subcell C? is geometrically distributed N3 ~ G (%).

Therefore, for any | < K, the number of l-subcells in a (I — 1)-subcell C*~1 is

geometrically distributed N; ~ G( %). Similarly, the number of K-s

in a K — 1-subcell is Ng — 1, where Ng ~ G(1 — pg).

In what follows, it is convenient to represent a (random) cell as a (random)
tree, where the root has Ry := Ny children each corresponding to a 2-subcell.
The i-th child of the root (node at level 2) has N3 ; children, each correspond-
ing to a 3-subcell. The number of nodes at level 3 is R3 := Zf\fl N3 ; and
this is the number of 3-subcells. The ¢-th node at level 3 has N4 ; children,

all together there are Ry := ngl Ny nodes at level four. Recursively, thus,

Ry
Ri:=>» Ny, 1=1,...,K—1, (Rg=0,R =1). (3.1)
=1

Thus, every I-level node in the tree corresponds to a [-subcell, and if
[ < K — 1, the number of its children equals to the number of its [ + 1-
subcells. The total number of [-subcells is R;. The children of the nodes
in level K — 1 are the leaves and the number of children of a node in level
K — 1 is the number of K-s in the corresponding subcell. Unlike other lev-
els, we shall denote the number of children of i-th node in level K — 1 as
Nk, —1, so that the total number of leaves is Rx = Ziﬁfl (Nk,;—1). Note
that Rk is the number of K-s in the cell. Note that R; is the number of
1,...,0 letters in the cell and Rx_1 + Rk is the length of the cell. The num-
ber of I-letters in the cell is B — R;_1, if | < K (see an example in Figure [3)).

Now, a random cell can be modelled as a random tree as follows: at first

generate Ry = Ny children of the root, where Ny ~ G(plpflm). Then generate

Ry iid. random variables N3i,..., N3 g, from distribution G(%).
These are the children of 2-level nodes. All together there are Rs 3-level
nodes and then generate R3 i.i.d. random variables Nyi,..., Ny g, from
distribution G(%) and so on. Thus Nj1,..., N g,_, are i.i.d. random
variables from G(%) and their sum is R; (recall ) From 1)

it easily follows that

R~G(—P =1, K1
Pttt
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K=4
First cell (22434321)

T
/1N

the length of a cell: R3+ Ry =6+2=28

2-subcells Ry = 4

3-subcells R3=1+1+3+1=6

leaves Ry =04+0+1+14+040=2

FIGURE 3. Cell as a tree.

Finally, for the nodes at level K — 1 generate again Rx_; i.i.d. random
variables N 1,..., Nk R, , from G(1 — px), but the number of leaves at
node i is not Nk ; as in other levels but Ny ; — 1.

Let T be a random tree obtained like that and to specify the distribution, we
sometimes write T'(p1,...,pK). Let Tf, 1 =1,..., Ny be subtrees at level 2.
Clearly they are independent and every subtree is T'(p1 + p2,p2, ..., DK —1)-
This observation is important in recursion.

In what follows, we also consider the random trees, where every node has
a different offspring distribution for the number of children. So the number
of nodes at level 2 is distributed according to law P;, attached to the root.
Given Ny children, we have thus P, 1, ... P» n, distributions, each attached to
a child. The i-th node at level 2 has N3 ; ~ P, ; children, and the j-th of them
has distribution P3; j,7 = 1,... N3; according to which the number of chil-

dren are distributed and so on. In this terminology, for a T'(p1, ..., pk)-tree,
P =G(gh;), Pi=G (%), all nodes at level three have distribution
(—2tP2tPs ) and so on.

p1+p2+p3+pa
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3.2. Alignments. Let X = Xy, Xs,... and Y = Y7,Ys,... be two inde-
pendent i.i.d. sequences with laws (pi,...,px) and (qi,...,qx), respec-
tively. We are interested in calculating the expected score of an alignment
Ef(C*,CY), where C* (CY) is a random cell in X (in Y). For that we
represent C* as a random tree T%(pi,...,px) and CY as a random tree
TY(q1,...,qK)- In order to facilitate the calculation, we represent the (ran-
dom) alignment as a (random) tree T' = f(T%,TY), where the number of
aligned [ letters (I < K) is Ry — Rj_1 and Rk is the number of aligned K'’s.
Therefore, the score of the alignment is g(T') := Rx_1 + Rx. Thus

Ef(C*,CY) = ERgk—1 + ERg = Eg(T),

and the tree-representation allows us to calculate Eg(T") recursively, namely

Eg(T) = E(fjg(Tf)). (3:2)

We consider closely two alignments. In order to help the reader to understand
the tree construction, we first consider so-called priority subcell alignment.
After that, we focus on the priority letter alignment which is the main ob-
jective of our paper.

In this section, we use the same notation as previously, just adding super-
script © or ¥ to indicate the X or Y-sequences. For example, IV}, stands for
the number of [-subcells in the i-th [ — 1 subcell of C*. Let 7

My := N3y ANY, M, = N /\N;fi, 1=3,....K.
3.2.1. Priority subcell alignment. Priority subcell alignment is the following:
first, we align the maximal number of 2-s, proceeding from left to right. We
obtain Re — 1 aligned letters, where Ry := M,. Then we align maximal
number of 3-s in the first My 2-subcells, again proceeding from left to right.
The number of 3-s we align in the i-th 2-subcell (out of first Rs subcells) is
M3 ; — 1. In total we align R3 — Ry letters 3, where

Rs
Rg = Z MS,i-
=1

In what follows, we consider these Rs 3-subcells only and so on, always
proceeding from left to right during aligning letters in subcells. Thus, after
aligning letters (I — 1), we have R;_1 (I — 1)-subcells. In i-th (I — 1)-subcell
we align M;; — 1 letters (), all together we shall have R; l-subcells, where

Ry_1
Rl::ZMM, 1=3,....,K —1. (3.3)
=1
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Finally, after aligning all letters K —1, we end up with Rx_1 (K —1)-subcells
and in each of them, we align maximal number of K-letters. Formally, in
i-th (K —1)-subcell we align Mg ; — 1 letters K. The number of aligned K-s
is

Rk 1

Ri =Y (M; —1). (3.4)

=1

In terms of trees, this procedure can be described as follows. First recall that
the nodes have ordering corresponding to cells. Then take one of the trees
and delete all subtrees starting from the nodes having index bigger than Ma.
In other words, keep the first My subtrees or, equivalently, Ms nodes at level
2. Now consider Mj subtrees TZ, . .. ’Tl%b and for every subtree Ti2 proceed
so: delete all subtrees in level 2 (level 3 in original tree) starting from nodes
having indexes bigger than Msz;. Then repeat the same procedure for sub-
subtrees. We end up with a reduced tree T' obtained from two independent
original trees T*(p1,--- ,pk) and TY(q1,...,qx). The number of nodes at
level [ in the reduced tree is R;, defined as previously by and . In
tree T', all nodes at level [ have the same offspring distribution

Pl = G(,Ol),

where

pri=1—(— Pl MLy g K—1.  (35)

pr+-+p1 gt Qi

The score of the alignment g(7") = Rx—1 + Rk is easy to find recursively

-1

Bg(T) = MR Bg(T?) =~ Bo(T*) = ——Bg(T*) == (][ ) -
=

There is an example of priority subcell alignment in Figure ] where the
alignment of one pair of cells is represented both letterwise and in terms of
trees in case K = 4. One can see that there are five 2-subcells (four 2-s) in X
and three 2-subcells (two 2-s) in Y which means that we can align two pairs
of 2-s and get three aligned 2-subcells (separated by solid lines on the figure).
Now we can’t align any 3-s in first 2-subcell as there are not any, while we
can align one pair of 3-s in the second and third 2-subcell. Now we can’t
align any more letters, because in the third 2-subcell we have two 3-subcells
in X and five 3-subcells in Y and there are no 4-s in first two 3-subcells of
Y (separated by dashed lines in the figure).
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K—4
First cell of X 2393420434231

First cell of Y 12[332[3133341

. 2 3 2 3 4 2 4 3 4 2 3 1
Alignment 35 3 3 5 3 3 3 3 1 _ _ _ _ _ _ 1
Score g9(T)=5

AL I\ I\

FIGURE 4. Priority subcell alignment.

3.2.2. Priority letter alignment. The description of priority letter alignment
is very simple: At first we align as many 2-s as possible, thus Ms—1 2-s. Then
we align as many 3-s as possible, without disturbing the existing alignment
of 2-s. While aligning we always proceed again from left to right. The
difference with the previously described alignment is that the 3-s outside M
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first 2-subcells have now chance to be aligned as well. Therefore the score
is bigger. Then after aligning 2-s and 3-s, so many 4-s as possible will be
aligned, without disturbing the existing alignment of 2-s and 3-s and so on.
Thus the score of priority letter alignment is greater or at least equal to the
previously considered priority subcell alignment (see Figure [5)).

K=4
First cell of X 232342434231
First cell of Y 42332333341
Alignment 23 234 2 434 23 1
4123323 3 33 4.1
Score g(T)=T7

FiGUuRE 5. Priority letter alignment.

In terms of trees, the procedure of building a new tree 7" out of two trees
T and TY is as follows: Suppose N3 > Nj. Recall that last N — (NJ — 1)
subtrees (from level 2) from T correspond to last N3 — (NJ — 1) 2-subcells,
separated by N3 — NJ 2-s. Remove these 2-s from the X-sequence. Then
these NJ — N3 + 1 subtrees become one subtree. The number of children of
the root of this subtree is

N2
1+ ) (Ng; - 1), (3.6)
j=N§

that equals to the number of 3-s plus one in the last N3 — N + 1 2-subcells
of X-sequence. Note that merging the redundant subtrees into one changes
the structure of merged subtrees in every level. For example, in Figure [0] is
shown that procedure based on one short pair of cells. One can see, that in
original tree T nodes a, b and c (all being 4-s in X-sequence) are children of
different nodes , but after last three nodes on level 2 of tree T® become one,
nodes a and b are now children of one node, while ¢ has still different node as
a parent. In terms of sequence it is explained by the fact, that originally 4-s
a and b were separated by 2 which we ignore as it places behind first M — 1
2-s in X. Nodes b and c are separated by a 3 in X-sequence, thus they will
remain separated after the first step.

If Ny > N3, then remove the redundant 2-s in Y-sequence, merging the
subtrees of TY. If Nj = Nj, then leave the subtrees unchanged. After
the merging procedure both trees; 7Y and (reduced version of) T* have M,
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First cell of X 232342434231
First cell of YV 42332333341

original trees

Q/QQ\\\Q ® o
g

Ng, =2 <3 =N,

FIGURE 6. Priority letter alignment represented by trees.
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nodes at level 2. Now continue this procedure on level of T?-subtrees — if, for
example N§; < Ny, then remove last N, — N3, 3-s in the first 2-subcell
on Y sequence and so the last N, — N§; + 1 subtrees of Tfy—tree become
one. Again, this merging changes all sub-subtrees of Tl2 Y as well. Then do
the same procedure for the next subtrees, T22 Y and T5% and so on. After this
procedure, in both (reduced) trees T* and TY, all nodes at level 2 have equal
number of children: -th node has Ms; children. Then start comparing the

subtrees having roots at level 3 and so on. When finished, both reduced trees
T? and TY are equal, and the output tree is T'.

Let us now study the distribution of random output tree

T:T(p17"'7pK;QI7"'7qK)

given the two original trees T%(p1,...,px) and TY(q1,...,qK) are indepen-
dent. Recall that T has Ms nodes at level 2, so that T has Mj independent
subtrees TiQ, i1 =1,..., Ms, having roots at level 2. The independence comes
from the fact that the number of subtrees N3 (NY) is independent of sub-
trees in 7% (TY). The difference N§ — NJ has influence on the distribution
of the last subtree, but the previous subtrees have no influence on the last
one. The recursion is based on the observation that when i =1,..., My — 1,
then the subtrees T? are i.i.d. having the distribution

T(p1+p2,p3---,PK; @1 +G2,G3,-- -, qK)- (3.7)

To see that recall that the 2-level subtrees T2% (or Tfy) are i.i.d. with dis-
tribution T%(p1 + po2,ps, ..., pr) (or TY(q1 + q2,¢3,-..,qK)) and along the
first My — 1 subtrees the whole alignment procedure is exactly the same as
for the whole cell. In particular, these My — 1 subtrees TZ-2 have offspring
distribution Po; = G(p2), i =1,..., My — 1, where py is defined as in (3.5).
The distribution of the last subtree TJQV[2 is different. In what follows, we shall
denote that distribution by

U2(p17"'7pK;q17"'7qK>‘

When N§ > NJ, then the conditional distribution of U? equals to that of

D1 D3 PK
T( ) PRI §QI+Q27Q3a---7QK)- 3.8
1—p2 1—po I —p2 (3:8)
To see (3.8)) recall that removing 2-s means that a letter 2 is not any more an

end of a cell. Thus the number of 3-subcells is distributed along G( pll.)ﬁpg,) ’
_Pitbs ) and so on. So as for
P1+p3+p4

the whole tree T'(p1,...,PK;q1,---,qx) the number of first level subcells is

number of 4-subcells is distributed along G(
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distributed along G(-£.-) and the number of second level subcells is dis-

p1+p2
3 p1+p2 2 _
t1t11.01.1ted along G(p1 T ps +p3) and so on, then for subtree 7%, we need proba
bilities a1, as,...,ax, to be so that
ai D1 ar+ag+---ap  pr+p3+-o-+p

1=3,...,K—1.

(3.9)
Since the distribution of tree is determined by its offspring distributions, we
get that U? is distributed as

ar+as  pr+ps ar+az+-cagpn pr+pstocc+pier

T(a17a37"‘7QK;Q1+q27QS7"‘7QK)'

Now take
b1 Db

= y  api= )

1 —p2 I—po
and note that (3.9) holds. Similarly, when Nj < NJ, then the conditional
distribution of U” equals to that of

1=3,.. K,

al

q a3 aK )
- 1-q¢  1-¢
Finally, when Ny = NJ, then nothing is changed in level 2 so the conditional

distribution of U? is exactly the same as the distribution of other subtrees
TZ-2 i.e. asin 1} In this case all subtrees Tf, ... ,T]%/IQ are i.i.d..

T<p1 +Dp2,P3,- .., PK;

Let us now study the distribution of the subtrees of U2. Again, consider
the case N§ > Nj. Then U? has M} subtrees, where (recall (3.6])

Ny
M =Ny A1+ ) (N5 —1)). (3.10)
j=Nj

Again, all these subtrees are independent, the first M3 — 1 of them have the

distribution
+ K
T(pl pga P a"'aL;ql+q2+q3aQ4--'qu>~ (311)

1—p2 1—p2 I —p2
Let U3 be Mj-th subtree of U2. Since the procedure of building the trees is
the same in every subcell, we see that under the condition N3 > NJ, U3 has
the distribution

b1 b3 PK
U2< ) yeeey QQI+QQ7QS7-'-7QK>- 3.12
1—p2'1—po 1—po (3.12)

If N¥ = Nj, then U3 has the distribution
U*(p1 + P2, 035 - - - DK @1 + 42, G35 - - - 5 GKc)- (3.13)

Now clearly
Eg(T) = (EM, — 1)Eg(T?) + Eg(U?),
Eg(U?) = E[g(U?)|N§ > NJ]P(N§ > N3)
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Elg(U*)IN5 < N§]P(N5 < NY)
— E[g(U®)|N3 = Nj]P(N§ = NJ),
Elg(U*)|N] > N] = (E[MZ|Ng > NY] - 1)E[g(T*)|N§ > NJ]
Elg(U*)|N3 = N3],
Elg(U*)|N§ < N] = (E[MZ|Ng < NY] - 1)E[g(T*)|N§ < NJ]
Elg(U%)|N3 < N,
Elg(U*)|N§ = N] = (E[M;|N§ = N{] - 1)E[g(T*)|N§ = NJ]
E[g(U?)|N3 = N3],
where T2 is a random tree with distribution (3.7)) and T2 is distributed as any
of the first M3 — 1 subtrees of U2. We know that under condition N§ > NJ,

the subtree T is distributed as (3.11)), U? as (3.8)) and U? as (3.12)).

Let

ma(p1,p2; 1, q2) := EM: =
Pl
m3(p1, p2, p3; 41, G2, g3) = E[M3|N5 > NJ],
m4(p1, P2, P3; q1, 42, 43) := E[M3|N5 < NJ|
m3(p1, P2, P3; Q15 G2, 43) := E[M;|N5 = NJJ,
p*(p1,p2; q1, @2) == P(Ny > NJ),
p?(p1,p2; 41, q2) == P(N3 < NJ),
P’(p1,p2; q1, @2) := P(N3 = N3);
9x(p1,- - P Q1,5 - - 4K ) = Eg(T),
ug(p1,- .- PEI AL, - - -, 4K ) = Eg(U?),
Wi (p1, .- PKi a1, - - - ax) = E[g(U%)|N§ > NJJ,
We(p1,- - PR a1, - - -, ax) == E[g(U?)|N§ < NYJ,
(1, PR3 A1, - - - K) == Elg(U?)|N§ = N

With this notation, we have

9 (P1s-- - PEIQLs - - -5 k) = (Mma2(p1,p2; g1, q2) — 1)
X gr—1(P1 +DP2,P3,- - DK Q1 + G2,43, - - -, 4K )
+ur(p1,. ., PK; Qs - - -5 4K);
K1, PE3 Qs -5 qr) = Ui (D1, - PEG QL - - - )P (D1, D25 41, G2)

+u¥ (pr,- ., PES A1, - - - ar)PY (D1, P23 €15 G2)
— e (P1, - DK Q1 - -+ qK)PO (D1, D23 015 G2).-



ON EXPECTED SCORE OF CELLWISE ALIGNMENTS 159

Using (3.11) and (3.12]) we get

Ui (P1s - DK Q1 -5 qi) = (M3 (D1, P2, P35 41, 42, 43) — 1)

P1+Dp3 P4 K
><9K—2< ) yeres ;CJ1+Q2+Q3,(I4---,C]K)
1—p2 1—-p2 1—p2

P1 P3 PK
1_p271_p27"'a1_p2aq1+q23q3a"'aQK .

+UK71(
Similarly,
whe(pr, .. P, - ) = (ME(p1, P2, P35 415 g2, q3) — 1)

qg1+43 Q4 K
XgK—Q(pl+p2+p37p4a"'7pK; ; PR )
l—g2 1—¢q 1—q
q1 q3 dK
+uK—1(p1+p2>p37-"7pK; ’ sy )a
l—qg2 1—q 1—q

and from (3.13)), it follows that

W (D1, - DK - ar) = (M3 (D1, 2, P35 41542, g3) — 1)
X gk —2(p1 +p2 + D3, P4, -+ PEG QL+ Q2 + 43,45 -+, GK)
+ur—1(p1 + D2, D3, DK QL+ 2,03, - - 0K )-
Let us calculate mj(p1,p2,p3;q1,q2,q3). For this note that under NJ >

NJ, the difference Nj — N3 + 1 has G(555,) distribution. Then, because

the variables N3'; are independent of Nj — NJ it holds that

Ny
p1
1+ Ni.—1)~G . 3.14
j%%y( 3,J ) (p1—|—p3) ( )
—'2

Reader can verify (3.14) via straightforward calculations. Therefore (3.10)
is distributed as minimum of two independent geometrically distributed ran-

H ; +q2 p1
m variabl ne havin rameter —4 nd another . Therefor
dom variables, one having paramete Ttaatas @ d anothe D1ipa erefore,

under N§ — Nj > 0 we have Mj ~ G(p%), where
p3 a3
oi=1- .
& (pl +p3)(Q1+CI2+Q3)
Similarly, under N§ — N < 0 we have M3 ~ G(p}), where
Yy a3 P3
pyi=1— .
2 (91+Q3)(p1+p2+p3)
Finally, under Nj — NY = 0, Mj has the same distribution as Mjz, thus
G(p2). Therefore,

m3(p1, P2, P3; 41,42, 43) = —

m4(p1, p2. P3; Q15 G2, q3) =

)

l\?‘d‘ H@a"“
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0 1
mS(p17p27p3; q1, 42, QS) — g
Finally, let us find p'(p1,p2; g1, q2). The reader can easily check that
P°(p1, P25 q1, q2) = pidi
e (p1 +p2)(q1 + q2) — p2g2’
pi(q1 + q2)
pY(p1,p2; 01, q2) = ;
( ) (p1 +p2)(@1 + q2) — P2go
q1(p1 + p2)
P (p1,p2;q1, q2) = .
( ) (p1 +p2)(q1 + q2) — p2ge

Now all components of our recursion are known and given, for every two
K — 1-dimensional probability vectors (p,...,p_,) and (¢}, ..., qk_1), one
can calculate

gK—l(p/D s 7lefl; q/17 st 7qIK71)7 U’K—l(pllv s 7p/K71; Qia s 7q/K71)‘
Using these functions, one can also calculate gx (p1,...,PK;q1,---,qK) and
ug (1, PE; QL5 - - - QK )-

Let us specify the beginning of the recursion. Take K = 3. Then

93(P1, P2, P3; 01, 42, q3) = (m2(p1,p2: q1,92) — 1)g2(p1 + P2, P35 41 + G2, G3)
+ u3(p1, P2, P3; 41,42, G3)-

For two level tree, the score of the cell is just the number of nodes, hence

92(p1 + P2, p35q1 + G2, 43) = ma(p1 + P2, P3; @1 + G2, G3),
u3(p1,p2, P3; 41, G2, G3) = M3 (P1, P2, P3; 41, G2, G3)P" (P1, P25 1, G2)
+ m5(p1, p2, P33 41, 42, 43)P” (P1, P23 41, 42)
— m3(p1, P2, p3; 41, 42, 43)P° (D1, P2; 41, @2).-

Let us see how the recursion also applies for K = 4. So,

94(p1, P2, D3, P43 415 G2, 43, @a) = (ma(p1,p2; @1, q2) — 1)
x g3(p1 + P2, 13, P45 q1 + G2, 43, q4)
+ u4(p1, P2, P3, P43 41, G2, 43, G4),

u4(p1, P2, P3, P13 41, G2, G35 Ga) = g (P1, D2, P3, P43 41, G2, G3, 44)P" (P1, P23 1, 42)
+ uf{(p1, P2, 3, P4s 41, 42, 43, 44)PY (D1, P23 €1, 42)
— u3(p1, P2, D3, P43 @1, G2, 43, 4a)P° (P1. P23 01, @2),

uf (p1, 2, P3, Pas 41, 42, 43, 41) = (M3 (p1, P2, P3; @1, g2, q3) — 1)

pP1L+DpP3 P4

( , Pq1+ g2 + 3, qa)
I—p2 1—po
P1 p3 y2

1—p2’1—pa'1—po

X g2

+u3( §QI+Q27(]37Q4)7
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u{(p1, P2, P3, P43 41, G2, 43, 4a) = (MY (P1, P2, P35 Q15 42, 43) — 1)
q1tq3 g4 )
"1-qg ' 1-q¢
1 : q3 ’ q4 )7
=g 1=q2 1—¢q
uf(p1, P2, P3: P13 41, @2, 43+ a) =(m3(p1, P2, P31, @2, G3) — 1)
X 92(p1 +p2 +p3,pa5q1 + g2 + Q3,€J4)

+ u3(291 + D2,P3, P45 q1 + G2, g3, Q4)~

X g2 (pl + p2 +P3, P4

+ u3 (p1 =+ D2, P3, Pa;

4. Comparing the formulas

Let us compare EZ1 =: gk (p1,---,PK;q1,---,qx) of priority letter align-
ment with EZ; =: ¢j(p1,....PK;q1,---,qK) of priority subcell alignment.
Clearly gk > g, but as we see, the difference depends on the distributions.
Moreover, we compare both numbers with the best possible cellwise score,
namely the expected length of LCS. Let that be gy (p1,...,Px:q1,---,qK)-
This function cannot be calculated recursively, so we estimate it by simula-
tions. In the second part of the section, we study the order of letters 2, ..., K
that would give the maximal gr. We present a counterexample showing
that the intuitively best ordering does not necessarily give the biggest
gk - Since due to the recursive formula, for any ordering of (p1,...,px) and
(q1,---,qK), we can calculate g and the corresponding v = gi /(ET{VETY).
This means that in practice the best ordering can be easily found. Of course
the probabilities p; and ¢; might not always be known, but can be easily
estimated via relative frequencies.

4.1. Comparison of methods. We first compare two described methods:
priority subcell alignment and priority letter alignment. Let K = 4. During
the comparison we always use the intuitively best ordering of letters .
We define symmetrical distribution as follows

1 2 3 4

P 1/4+4¢ 1/44¢ 1/4—¢ 1/4—c¢ (4.1)

Q 1/4+¢ 1/4+¢ 1/4—c 1/4—¢,
where ¢ € [0, %] In Figure |7| there are presented theoretical expected values
of constants v = (p1 A q1)gx (priority letter alignment) and 4" = (p1 A ql)g/K
(priority subcell alignment) in case of every € € [0,1]. One can see that if
€ is close to 0, we have a distribution close to uniform distribution and in
that case the difference is relatively big. The more ¢ increases, the less there
are 3-s and 4-s in sequences and the smaller is the advantage of priority
letter alignment. This is fully understandable, because the case e = 1/4
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0.65-

0.60-

0.55-
Method

> — Priority letter

---- Priority subcell

0.50-

0.45-

0.40-

0.00 0.05 0.10 0.15 0.20 0.25

FiGURE 7. Comparison of priority letter and priority subcell alignments.

corresponds to the case K = 2 and for binary sequences the priority letter
and the priority subcell alignments are the same.

Now we look at the same P and @, but we try to get an overview on
how far from the score of the LCS is our priority letter alignment. To get
a better comparison on the methods we add one more alignment — cellwise
LCS, where we first divide our sequences into cells and then we find LCS in all
the pairs of cells. The last cell is “unfinished”, because it does not necessarily
end with 1. However, it is taken into calculations as well. Asymptotically
the effect of the last unfinished cell is negligible. When one sequence has
more cells than another, then these redundant cells are considered as the one
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Method
2 — LCS
A ---- Cellwise LCS
.‘;;“" - = Priority letter
il
b
.‘:‘;.
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Ficurg 8. Comparison of Priority letter alignment with LCS methods.

big cell and still used in comparison. The sum of all the scores of LCS from
every cell is the score of cellwise LCS alignment. We know, that the length
of global LCS cannot be smaller than the length of cellwise LCS and priority
letter alignment cannot do better than cellwise LCS. In Figure |§| there are
presented all three described lines. For 15 different € value, 30 simulations
with sequence length 2000 were made and an average was calculated. One
can see, that again the biggest difference between all the methods is when
the distribution is close to the uniform distribution. When ¢ increases, the
number of 3-s and 4-s decreases and the number of cells increases which
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means that the priority letter alignment is basically same as cellwise LCS.
The global LCS is still substantially better than the others.

4.2. Ordering of the letters. Studying both of the methods described
before (priority subcell and priority letter alignments), one can see, that the
ordering of the letters has quite large influence on the score of the alignment.
We shall now present a counterexample showing that the ordering does
not always give the best possible score. Let us have p = ¢ = (0.45,0.45,0.1).
All possible scores of priority letter alignment are:
Ordering 0%

123 061111

132 061128

321 0.41548

So ordering 1,3,2 gives us a counterexample that the ordering is not
always the best and in this case aligning 3-s before 2-s gives better score,
although pa A g2 > p3 A q3. Furthermore, as the score of the priority letter
alignment is a continuous function of probabilities, one can found similar
counterexample where p; # po. However various calculations indicate that
letter with the highest p; A ¢; should always be aligned first.
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