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On Salagean type pseudo-starlike functions

Şahsene Altınkaya and Yeşım Sağlam Özkan

Abstract. We construct two new subclasses of univalent functions in
the open unit disk U = {z : |z| < 1}. For the first class £λ(β) of Salagean
type λ-pseudo-starlike functions, using the sigmoid function, we estab-
lish upper bounds for the initial coefficients of the functions in this
class. Furthermore, for the second class £λ (β, φ) we obtain Fekete–Szegö
inequalities. The results presented in this paper generalize the recent
work of Babalola.

1. Introduction

Let A denote the class of analytic functions f of the form

f(z) = z +
∞∑
n=2

anz
n (1.1)

in the open unit disc

U = {z : z ∈ C, |z| < 1} .
We denote by S be the class of all functions f ∈ A which are univalent in U.

Denote by S∗ the subclass of S of starlike functions, so that f ∈ S∗ if and
only if, for z ∈ U ,

<
(
zf ′(z)

f(z)

)
> 0.

For α > 0, let B1(α) denote the class of Bazilevic̆ functions defined in the
open unit disc U , normalized so that f(0) = 0, f ′(0) > 1, and such that, for
z ∈ U,

<

(
f ′(z)

(
f ′(z)

z

)α−1
)
> 0.
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This class of functions was studied first by Singh [12], and considered sub-
sequently by London and Thomas [6, 13].

If the functions f and g are analytic in U, then f is said to be subordinate
to g, written as

f (z) ≺ g (z) , z ∈ U,
if there exists a Schwarz function w (z) , analytic in U, with

w (0) = 0 and |w (z)| < 1, z ∈ U,

such that

f (z) = g (w (z)) , z ∈ U.

The Fekete–Szegö functional
∣∣a3 − µa2

2

∣∣ for normalized univalent functions
of the form (1.1) is well known for its rich history in the theory of geometric
functions. Its origin was in the disproof by Fekete and Szegö of the 1933
conjecture of Littlewood and Paley that the coefficients of odd univalent
functions are bounded by unity (see [5]).

Let f ∈ A and N = {1, 2, . . .}. We define the differential operators Dk, k ∈
N0 = N ∪ {0}, by (see [11])

D0f (z) = f (z) ,

D1f (z) = Df (z) = zf ′(z),

· · ·

Dkf (z) = D1
(
Dk−1f(z)

)
,

· · · .

We note that

Dkf (z) = z +
∞∑
n=2

nkanz
n.

Definition 1. Let f ∈ A. Suppose that 0 ≤ β < 1 and λ ≥ 1. Then
£λ(β) denotes the class of Salagean type λ-pseudo-starlike functions if

<

z
[(
Dkf(z)

)′]λ
Dkf(z)

 > β, z ∈ U. (1.2)

2. Preliminary considerations

Special functions can be categorized into three, namely, ramp functions,
threshold functions, and sigmoid functions. The most popular among these is
the sigmoid function because of its gradient descendent learning algorithm.
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It can be evaluated in different ways, most especially by truncated series
expansion. The sigmoid function of the form

h(z) =
1

1 + e−z

is useful because it is differentiable. The sigmoid function has the following
very important properties (see [3, 4, 8, 9]):

• It outputs real numbers between 0 and 1.
• It maps a very large input domain to a small range of outputs.
• It never loses information because it is a one-to-one function.
• It increases monotonically.

In the cases when k = 0, 1, 2 and λ = 1, 2, Figures 1 – 6 of sigmoid function
are given by Definition 1 using Maple.

Figure 1. For

λ = 1, k = 0.

Figure 2. For

λ = 2, k = 0.

Figure 3. For

λ = 1, k = 1.

Figure 4. For

λ = 2, k = 1.
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Figure 5. For

λ = 1, k = 2.

Figure 6. For

λ = 2, k = 2.

Let P denote the class of functions p such that

p(z) = 1 + p1z + p2z
2 + · · · = 1 +

∞∑
n=1

pnz
n,

and which are regular in the open unit disc U and satisfy <(p(z)) > 0 for
any z ∈ U . Here, p(z) is called a Caratheodory function [2].

Lemma 1 (see [10]). If p ∈ P , then

|pn| ≤ 2, n ∈ N,

and ∣∣∣∣p2 −
p2

1

2

∣∣∣∣ ≤ 2− |p1|2

2
.

Lemma 2 (see [7]). If p ∈ P , then

∣∣p2 − tp2
1

∣∣ ≤

−4t+ 2 if t ≤ 0,

2 if 0 ≤ t ≤ 1,

4t− 2 if t ≥ 1.

Lemma 3 (see [4]). Let h be a sigmoid function and let

G(z) = 2h(z) = 1 +
∞∑
m=1

(−1)m

2m

( ∞∑
n=1

(−1)n

n!
zn

)m
.

Then G(z) ∈ P, |z| < 1, where G(z) is a modified sigmoid function.
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Lemma 4 (see [4]). Let

Gn,m(z) = 1 +
∞∑
m=1

(−1)m

2m

( ∞∑
n=1

(−1)n

n!
zn

)m
.

Then |Gn,m(z)| < 2.

Let Pβ denote the class of functions p such that

p(z) = 1 + p1z + p2z
2 + · · · = 1 +

∞∑
n=1

pnz
n,

and which are regular in the open unit disc U and satisfy <(p(z)) > β for
any z ∈ U .

We recall the following lemmas which are relevant for our study. They
were proved in [1].

Lemma 5. If z is complex number having positive real part, then, for any
real number t such that t ∈ [0, 1], we have <(zt) ≥ (<(z))t.

Lemma 6. Let p ∈ Pβ. If q (z) = [p (z)]t , t ∈ [0, 1] , then q (0) = 1 and
<(q (z)) > βt.

Lemma 7. Let p be analytic in U with p (0) = 1, and suppose that

<
(

1 +
zp′ (z)

p (z)

)
>

3β − 1

2β
, z ∈ U.

Then

<(p (z)) > 2
1− 1

β , 1/2 ≤ β < 1, z ∈ U,

and the constant 2
1− 1

β is the best possible.

3. Main results

Theorem 1. Let 0 ≤ β < 1 and λ ≥ 1. Then

£λ (β) ⊂ B1

(
1− 1/λ, β1/λ

)
.

Proof. Let f ∈ £λ (β). For some p ∈ Pβ, we have

z
[(
Dkf (z)

)′]λ
Dkf (z)

= p (z) ,

which shows that

z
1
λ

(
Dkf (z)

)′
[Dkf (z)]

1
λ

= p (z)1/λ .
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Hence, from Lemma 6, we get that

<

(
z

1
λ

(
Dkf (z)

)′
[Dkf (z)]

1
λ

)
> β1/λ.

Taking α = 1−1/λ, we have f ∈ B1

(
1− 1/λ, β1/λ

)
. The proof is completed.

�

Corollary 1. All Salagean type λ-pseudo-starlike functions are Bazilevic̆
functions of type 1− 1/λ, order β1/λ, and univalent in U .

Theorem 2. Let f ∈ £λ (β). For some p ∈ Pβ, the differential operator

Dkf (z) has the integral representation

Dkf (z) =


[∫ z

0
λ−1
λ

(
p(t)
t

) 1
λ
dt

] λ
λ−1

if λ > 1,

exp
∫ z

0
p(t)
t dt if λ = 1.

Proof. Since f ∈ £λ (β), there exist a function p ∈ Pβ such that

z
[(
Dkf (z)

)′]λ
Dkf (z)

= p (z)

and, thereby,

z
1
λ

(
Dkf (z)

)′
[Dkf (z)]

1
λ

= p (z)
1
λ .

Then, taking α = 1− 1/λ, we have

z1−α (Dkf (z)
)′

[Dkf (z)]
1−α = p (z)1−α

so that [(
Dkf (z)

)α]′
= αzα−1p (z)1−α .

Hence

Dkf (z) =

{∫ z

0
αtα−1p (t)1−α dt

} 1
α

,

which gives the desired representation. �

Corollary 2. Let f ∈ £2 (β). Then Dkf (z) has the integral representa-
tion

Dkf (z) =

{∫ z

0

1

2
t−

1
2 p (t)

1
2 dt

}2

for some p ∈ Pβ.
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Theorem 3. If f ∈ A satisfies

<

{
λ
z
[
Dkf (z)

]′′
[Dkf (z)]

′ −
z
[
Dkf (z)

]′
Dkf (z)

}
> −1 + β

2β
, z ∈ U,

then f ∈ B2

(
2

1− 1
β

)
, 1/2 ≤ β < 1. The constant 2

1− 1
β is the best possible.

Proof. For z ∈ U, define

p (z) =
z
[(
Dkf (z)

)′]λ
Dkf (z)

.

Then

zp′ (z)

p (z)
=

Dkf (z)[
(Dkf (z))

′]λ p′ (z)
= 1 + λ

z
(
Dkf (z)

)′′
(Dkf (z))

′ −
z
(
Dkf (z)

)′
Dkf (z)

and thus

<
(

1 +
zp′ (z)

p (z)

)
= <

{
2 + λ

z
(
Dkf (z)

)′′
(Dkf (z))

′ −
z
(
Dkf (z)

)′
Dkf (z)

}

>
3β − 1

2β
.

This yields that

<

{
λ
z
(
Dkf (z)

)′′
(Dkf (z))

′ −
z
(
Dkf (z)

)′
Dkf (z)

}
> −1 + β

2β
,

which, by Lemma 7, implies

<(p (z)) = <

z
[(
Dkf (z)

)′]λ
Dkf (z)

 > 2
1− 1

β , 1/2 ≤ β < 1,

as required. �

Corollary 3. If f ∈ A satisfies

<

{
λ
z
[
Dkf (z)

]′′
[Dkf (z)]

′ −
z
[
Dkf (z)

]′
Dkf (z)

}
> −3

2
, z ∈ U,

then

<

{
z
[
Dkf (z)

]′
Dkf (z)

}
>

1

2
.

That is, f is starlike of order 1/2 in U.
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4. Coefficient inequalities for the function class £λ (β)

Theorem 4. Let a function f given by (1.1) be in the class £λ(β). Then

|a2| ≤
1− β

(2λ− 1) 2k+1
,

|a3| ≤
(
4λ− 2λ2 − 1

)
(1− β)2

4 (2λ− 1)2 (3λ− 1) 3k
,

and

|a4| ≤
(
24λ4 − 80λ3 + 84λ2 − 28λ+ 3

)
(1− β)3

24 (2λ− 1)3 (3λ− 1) (4λ− 1) 4k
+

1− β
24 (4λ− 1) 4k

.

Proof. Let f ∈ £λ(β). Then there exists a G(z) ∈ P such that

z
[(
Dkf(z)

)′]λ
Dkf(z)

= β + (1− β)G(z), (4.1)

where the function G(z) is a modified sigmoid function given by

G(z) = 1 +
1

2
z − 1

24
z3 +

1

240
z5 − 1

64
z6 +

779

20160
z7 − · · · .

Furthermore,

z

[(
Dkf(z)

)′]λ
= Dkf(z) [β + (1− β)G(z)] . (4.2)

Equating coefficients in (4.2) yields

λ2k+1a2 =
1− β

2
+ 2ka2, (4.3)

λ3k+1a3 + 2λ(λ− 1)4ka2
2 =

(1− β) 2k

2
a2 + 3ka3, (4.4)

and

λ4k+1a4 + 6λ(λ− 1)6ka2a3 +
4λ(λ− 1)(λ− 2)8k

3
a3

2

=
(1− β) 3k

2
a3 −

1− β
24

+ 4ka4,

(4.5)

and the desired inequalities follow from (4.3) – (4.5). �

Taking λ = 1 and k = 0 in Theorem 4, we have the following corollary.

Corollary 4. Let a function f given by (1.1) be in the class £1(β). Then

|a2| ≤
1− β

2
,

|a3| ≤
(1− β)2

8
,
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and
|a4| ≤ (1−β)3

48 + 1−β
72 .

Taking λ = 1, β = 0, and k = 0 in Theorem 4, we have the following
corollary.

Corollary 5. Let a function f given by (1.1) be in the class £1 = S∗.
Then

|a2| ≤
1

2
,

|a3| ≤
1

8
,

and

|a4| ≤
1

144
.

Remark 1. Corollary 5 is an improvement of the estimates given by
Babalola [1, page 145, Corollary 5].

Taking λ = 2, β = 0, and k = 0 in Theorem 4, we have the following
corollary.

Corollary 6. Let a function f given by (1.1) be in the class £2. Then

|a2| ≤
1

6
,

|a3| ≤
1

180
,

and

|a4| ≤
1

210
.

Remark 2. Corollary 6 is an improvement of the estimates given by
Babalola [1, page 145, Corollary 6].

5. Fekete–Szegö inequalities for the function class £λ (β, φ)

In the following, let φ be an analytic function with positive real part in
U , φ (0) = 1, and φ′ (0) > 0. Also, let φ (U) be starlike with respect to 1
and symmetric with respect to the real axis. Thus, φ has the Taylor series
expansion

φ (z) = 1 + C1z + C2z
2 + C3z

3 + · · · (C1 > 0) . (5.1)

Definition 2. A function f ∈ A is said to be in £λ (β, φ), 0 ≤ β < 1 ,
λ ≥ 1, if the following subordination holds:

z
[(
Dkf(z)

)′]λ
Dkf(z)

≺ φ (z) .
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Theorem 5. Let a function f given by (1.1) be in the class £λ (β, φ),
µ ∈ R, and let

M=
(2λ−1)24k(C2−C1)+4k(4λ−2λ2−1)C2

1

3k(3λ−1)C2
1

, N=
(2λ−1)24k(C2+C1)+4k(4λ−2λ2−1)C2

1

3k(3λ−1)C2
1

.

Then

∣∣a3 − µa2
2

∣∣ ≤


C2

(3λ−1)3k
− µC2

1

(2λ−1)24k
+

(4λ−2λ2−1)C2
1

(2λ−1)2(3λ−1)3k
for µ ≤M,

C1

(3λ−1)3k
for M ≤ µ ≤ N,

− C2

(3λ−1)3k
+

µC2
1

(2λ−1)24k
− (4λ−2λ2−1)C2

1

(2λ−1)2(3λ−1)3k
for µ ≥ N.

These inequalities are sharp.

Proof. Let f ∈ £λ (β, φ). Then there exist a function u, analytic in U
with u (0) = 0 and |u (z)| < 1, z ∈ U , such that

z
[(
Dkf(z)

)′]λ
Dkf(z)

= φ (u (z)) , z ∈ U. (5.2)

Next, define a function p by

p (z) =
1 + u (z)

1− u (z)
= 1 + p1z + p2z

2 + · · · . (5.3)

Clearly, <(p (z)) > 0. From (5.3), one has

u (z) =
p (z)− 1

p (z) + 1
=

1

2
p1z +

1

2

(
p2 −

1

2
p2

1

)
z2 + · · · . (5.4)

Combining (5.1), (5.2) and (5.4), we get

z
[(
Dkf(z)

)′]λ
Dkf(z)

= 1+
1

2
C1p1z+

(
1

4
C2p

2
1 +

1

2
C1

(
p2 −

1

2
p2

1

))
z2+· · · . (5.5)

From (5.5), we deduce that

2k (2λ− 1) a2 =
1

2
C1p1, (5.6)

3k (3λ− 1) a3 − 4k
(
4λ− 2λ2 − 1

)
a2

2 =
1

4
C2p

2
1 +

1

2
C1

(
p2 −

1

2
p2

1

)
. (5.7)

Now, from (5.6) and (5.7), it follows that

a3 − µa2
2 = C1

2(3λ−1)3k

{
p2 −

p2
1

2

[
1− C2

C1
+

µ(3λ−1)3k−(4λ−2λ2−1)4k

(2λ−1)24k
C1

]}
= C1

2(3λ−1)3k

(
p2 − tp2

1

)
,

where

t =
1

2

[
1− C2

C1
+

µ(3λ−1)3k−(4λ−2λ2−1)4k

(2λ−1)24k
C1

]
.
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By applying Lemma 2, the proof is completed. �
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